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~ CONJECTURE CONCERNING THE EXISTENCE OF

CERTAIN COMBINATORIAL DESIGNS

by

Osvaldo MARRERO

ABSTRACT, This note presents a conjec
ture about the existence of a particular
class of combinatorial designs; the consi
derati'on of this particular class of de--
signs was suggested during the course of
previous work on modular Hadamard matrices.
It is hoped that work on the conjecture
will lead to effective general techniques
to study incidence matrices whose main fea
tures are: they have more columns than -
rows, and each pair of distinct rows has
the same inner product.

A eombinato~ial de~ign consists of a finite
collection of subsets of a finite set satisfying
certain prescribed conditions. A few examples of
combinatorial designs are: (V,k,A)-de.6ign~ (~lfm-

met~ic balanced incomplete block de~ign~) and
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(b,v,r,k,A)-de~.ign~ (ba.la.nced .incomplete block de-
~.ign~l [1,4J; ps eu do (V,k,A)-de~.ign~ and (m,v,k1,
A1,k2,A2,f,A3)-de~.ign.6 [2,3]. This article is
concerned with a particular class of (m,v,k1,A1,
k2,A2,f,A3)-designs; a conjecture about the exis-
tence of this particular class of designs is stated
at the end of the paper.

Throughout the sequel, J will denote the matrix
having all its entries equal to 1, and I will de-
note the identity matrix. Subscripts will be used
whenever it is necessary or convenient to emphasize
the order of a matrix; thus, A will be an m bym,n
n matrix, and A will be a square matrix of orderm
m. The transpose of the matrix A will be AT. Fi-
nally, I X I will denote the cardinality of the set
X.

Each combinatorial design is completely deter-
mined by its .inc.idence ma.t~.ix. Let the subsets

o • , X m
(1 ~ f ~ m), the subsets X1,X2,ooo,Xm
form an (m,v,k1,A1,k2,A2,f,A3)-de.6ign

X1,X2, •.. ,Xm of a set X = {x1,x2' .• o,xv} form some
combinatorial design; then the incidence matrix of
this design is the m by v (O,1)-matrix [aij] de-
fined by taking ao 0 = 1 if XoE X. and a .. = 0~J J ~ ~J
if xj 1Xi' for 1 ~ j ~ v and 1 ~ i ~ m 0

Let X be a set of v elements, and let X1'X2'o
be subsets of Xo For a fixed integer f

are said to

if

I X Is
={k1when

k2 when

1 ~ s ~ f;

f t1 ~ s ~ m;
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°1 when 1 ~ r, s ~ f and r 1= s ;

I X n X I = °2 when f+1 ~ r, s ~ n and r 1= s .
r s ,

A3 when 1 ~ r ~ f and f+1 ~ s ~ m;

and 0 < A1 < k1 < v-1; 0 < A2 < k2 < v-1; 0 ~ A3
< k1,k2" If A is the incidence matrix of such a
design, then

where M is a (O,1)-matrix satisfyingf,v

and N is a (O,1)-matrix satisfyingm-f,v

The class of (m,v,k1,A1,k2,f,A3)-designs is one
of two classes (the other one is the class of pseudo
(v,k,A)-designs) which were defined and considered
during the course of study of modular Hadamardmattices
[2,3J. For the explicit relationship between each
type of these designs and a corresponding class of
modular Hadamard matrices, the reader is referred
to [2,3J; in particular, Theorem 3.4 in [3] estab-
lishes the connection between the class of (m,v,
k1,A1,k2,A2,f,A3)-designs considered in this arti-
cle and a corresponding class of modular Hadamard
matrices.
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The particular class considered in this paper
is the one having parameters m = 12q+9, v = 12q+10,
k1 = 2q+2, A1 = q+1, k2 = 6q+S, A2 = Sq+4, A3 = q+1,
and f some fixed i~teger satisfying 0 ~ f ~ 12q+9,
where q is a nonnegative integer, The existence of
this particular class of designs has been deter-
mined only for q = 0, q = 1, and q = 2 [3, Theo-
rem 4.1J. It is simple to show that these designs
exist when q = 0 or q = 1 [3, Section 4J; however,
the proof that this author wrote to show that these
designs do not exist when q = 2 appears to be unduly
complicated. It is known that the parameters f
and q of a combinatorial design as described above
must satisfy the following: if x = (4q+3)«f+1) -
(6q+S», then x must be a solution of the Diophan!
ine equations

2x + y2 = «4q+3)(6q+S)+2(q+1»2 ( 1)

[3, Lemma 401J, When q = 2, to prove the nonexis-
tence of the particular class of designs under con
sideration, one determines first from Equation (1)
that if such a design exists, then f must equal 160
In terms of the appropriate incidence matrix A, it
follows that such a design exists if and only if
there exist (O,1)-matrices M16,34 and N17,34 which
satisfy

[ M

J
MMT = 3116 + 3J16A =

N NNT = 3T' + 14J17~17

and the inner product of each row vector of M with
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each row vector of N must be 30 The proof of non-
existence of such a matrix A is accomplished by
showing that such a matrix M16 34 cannot exist.,
Apparently~ what makes the proof of the nonexis-
tence of such a matrix so complicated is that it
has more columns than rows; indeed, if M were of
order 34 by 16 instead, then there is a very well
known determinant method (cfo the proof of Theorem
101 on p099 of [4]) which easily shows that it ca~
not existc But there seem to be no general tech-
niques avaible to enable one to determine the ex-
istence of (O,l)-matrices 8 having m < nandm,n
satisfying

T58 = (k-A)I + AJ ;

thus, this author hopes that research on the prob-
lem which follows will lead to the discovery of
new techniques that may be used to deal with such
incidence matrices 80

PROBLEM 0 Let f be a o~xed ~ntege~ 4ati4oying
o ~ f ~ 12q+9c Vete~mine p~eei~eilj oo~ wh~eh non-
negative ~ntege~~ q the~e exi~t~ a (O,l)-mat~~x

A = [Mf,12q+l0 ]

N12q+9-f,12q+l0
(2 )

40 that eaeh On the oollow~ng hold~:

MMT ~ (q+l)I + (q+1)J ;

NNT ~ (q+1)I + (5q+4)J ( 4 )
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and

( 5 )
(q+l)J

NN
T

Of course, it follows from Theorem 3.4 in [3J
that this Problem is equivalent to: Vete4m~ne p~e-
c~~ely 604 wh~ch nonnegat~ve ~ntege~~ q the~e ex~~t
H(4q+3,12q+l0) mat~~ce~. Some unpublished incon-
clusive research of this author has led him to for
mulate the following:

CONJECTURE. A (O,l)-mat~~x A ~at~~6y~ng (2),

(3), (4) and (5) ex~~t~ ~6 and only 06 q = 0 04
q = 1.

***
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