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MOMENTS AND DIFFERENTIAL EQUATIONS

by

*Gordon G. JOHNSDN

RESUMEN. 5e presenta un metodo elemen-
tal, basado en la teoria de momentos de
Hausdorff, para construlr soluciones de
sistemas lineales de ecuaciones diferencia
les con coeficientes polinomiales y fun-
Clones forzadoras de variacion acotada.

This work pr~sents an elementary method of con-
structing solutions to systems of linear differen-
tial equations with real polynomial coefficients
and forcing functions of bounded variation, using
results from Hausdorff moment theory [6J.

* This research was conducted while the author was
a senior resident research associat~'of the Na-
tional Aeronautics and Space Administration
(NASA) Lyndon B. Johnson Space Center.
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§1. Approximation by step functio~s associated to
moments. Suppose f is a real function with do

main the number interval [O,lJ which is continuous
or of bounded variation. If n is a nonnegative in
teger, the~ the sta~em~nt that cn is the nth moment
60ft f means

(1)
u'

where the integral is the subdivision refinement
Stieljes integral Xl] and j is the identity func-
tion. The number se~~i~c~ so d~fined, is the mo-
ment ~equenee geneftate by f.

The functions that will be used to approximate
the solutions to the differential equations are
step furi~tions th~t are described neit. If

00

{cn}n=o is a number, sequence and a is a number,
then, there is an associated step function se-

.. 00quence {f } each term of which is defined on
n n=l

[O,1J as follows.
I f xis in [0 , 1J, then ther e is a un ique in t e g er
k such that x is in [k'/n,(k+1)!n),

k n-t .
fn(x) = a+It=oc(n,t)Ii=Oc(n-t,i)(-l)lci+t

where C(u,v) is the binomial coefficient. The num
ber a is called the initial point [21.

If th~ number s~quence {c } -0 is a momentn n=
sequence generated by a function f and a = f(O),

00

then {fn}n=1 converges pointwise to f on [0,1J
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iff is b0 un ded va r :iat ion 0n [0 , 1], see [3 J, [4J ,
and [9]. The following lemma is found in [8J, and
with its help it is proved that the convergence is

uniform in case f is continuous.

LEMMA. T6 £ > 0 and 0 < d ~ 1/2, th~~~ ~x1~t~
it po~1t1v~ 1ntege~ N ~ueh that, i6 n > N, and
z E: (d,l-d), th~n

zl-P (x) < £ 6d~ ztd ~ x~ 1,
n

n . t n-tL. C(n,t)x (i-x) and·,zc [k/n,-'
t=kt1

(ktl)/n).

THEOREM. 16 f 1.6 eont1nuou.6 on [0, 1J and
00 •{cn}n=o ~~ th~ moment ~equenee g~n~~at~d by f, then

00

the a~~oe1ated 6tep 6unetion 6equenee, (fn}~=1'
eonve~ge.6 uni6o~mly to f on [O,lJ.. .

P~oo6. Let £: > O. There is a <5 > 0 such that
If(x)-f(y)! < e if x,YE:[0,1] and [x-y ] < o. More-
over if d = 0/3, then there is aN> 0 such that
if z E:. [d, l-d] and n > N, then by the lemma

where pZ = 1_Qz and II I is the norm of the su-
n n

premum. Let

{ 1 if 0 « x ~ w
s (x) _.

0 if < x .~ 1",. w
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1
fo each vI E: (0,1). Since I f dSo Z

imple integra ion by parts gives
then

:: ( z ) and a

Ii dQzf ,- -fn(z),
0 n

liz
If(z)-fn(z)1 : If dfSz-f fdOnl

o 0
z+d z

+ If {f(z)+f-f(z) d(St-Q )
z~d n

z-·d
~ If f d(Sz-Q~)'

o
1

+ If f
z-td

ztd z. z+d z
+ If f(z)d(Sz-Qn>1 + II {f-f(z)}d(Sz-Qn)1

z-d . . . z-d
z IZ+d ztd Z~2~fl£/(~lf~tl) + f(z)(S -Q) '.t £v des -Q )

z n z-d z- z n

< £/4 t £/4 + £/2 t 2£ : 3£,

where V denotes
00

{fnln:l converges
that f(O) : fn(O)
itive integer n.
integer. Then

he total variation function. Hence
uniformly to f on [d,l-d]. Note
and f(l) :::f (1) for every pes-o -
Let z E:. [O,d] and n a positive

If(z)-f (z)1n

1
: Iff

o
1 1.~ If f(O)d(S _Qz)1 + If {f(O)-f}d(S _.Qz)1

o z n 0 z n

1
1 lz~ If(O) (S _Qz) I t £V (S -Q )z n 0 0 z n

< 2£.

Similarly for z C [l-d, 1J .
uniformly te f on [0,1 .

Hence {f }oo 1 converges
n n=

A
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§ 2. Con s t rue t ion 0 f S01 uti 0 ns t 0 1 i n ear s y 5 t em s •

Consider now the system F' = PF+G, where F and G
are olumn vectors and P is a square matrix wi h
real polynomial entries. We shall con~truct the
solution offue two dimensiohal case only, and note

t· '.

that ~he higher dimensional cases are entirely sim
ilar.

Suppose gl and ~2 are functions of bounded var
iation on [0,1J and P is a 2X2 matriz each entry
of which is a polynomial, Puv = ~:=oat'uvjt, 1. ~ u,
v ~ 2. Note that some at may be zero. Then the- uv

system is

[: :1 - r::: :::][ ::] + [: :]

For each non-negative integer n, let

c 'n,l
1

f' -.:n'd'F= J 1' .
o

C n,2
1· ,"

= f jndF2,
o

.'~ 1

1 n
dn,l::: f j d~l'

o '
d n,2

1 n- f j dg ,
0' ,

Then for each non-negative integer n

1
f ."r :c := J 1. n , 1 o

1 .
d j ,- f j n ( ~ 11 F 1+ P 12 F 2 +g 1 r d j

o
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m
- It=o(atll!(n+t+l»Cn+t+l,l

Similarly

·m
+ F2(1)lt=oa 22/(n+t+l) + g2(1)!(n+l)

m- I. Cat22!Cn+t+l»Cn+t+l 2 - dn+1 2/(n+l)
L=O "

Rewriting the expression for eland c 2 we haven, n,
for each non-negative integer n,

m
= (I~=Oatll/(n+t+l»Fl(l) (A)

and
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m
c 2 t r (a,t21 (n+ttl»c 1 2n , t=o n-ftt •

m
+ I_ (at22!Cntttl»c t 1 1t-o nt + ,

( B)

m
t (Lt=oat22!(nft+l»F2(l)

ror e a'ch 'integer t in [O,m] 'let

~" "and for each positive integer i and each.in~eger
k , where i < k ~ mti, let Ai,k =(l/(k-1)Ak-_i_l'~

Let Au,v be the 2x2 zero m~trix, if u ~ v ~ 1 or
if v ~ mt!; and let'X = (A).u,v

Le t I. .denot e t:he 2x~.identity. ma t r Ix and let
I denot~ the infinite matrix having ~ at each en-
tryon the main diagonal and the 2x2 zero matrix
elsewhere. Let

r =[;~:~:]
and for each positive integer i,

m _
H. = I. (l!(tti»AtF1. l=O

and let H denote the column vector [Hi]
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For each positive integer i define

and

G.'~

Define column vectors ~ = (Ci), D = (Di) and ~ =

(G.). We then are able to write equations A and~
B as

Note that each of ~, D and H is in R. xR.
00 00

[7] ,
[10], and I+A is a bounded linear transformation
from R.ooxR.oo int~ R.ooxR.oo•
inverse, then

Hence if I+A has a bounded

and themo~ents for F1 and F2 would be determined,
from whi~h ~e could construct the associated s~ep
funct.ion sequence, which will converge uniformly
to F1 and F2 on [O,lJ, with. F1(1) and F2(1) spec-
ified. The initial points a1 and a2 are deter-
mined from Co,l' Co,2' Fl(l) and F2(1).

Let us now demostrate the I+A is invertible.
Observe the [Auv] + 0 as u +00 and hence there is
a V such that if u is an integer greater than V,
then
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'u, +1 A u,rn a

f :
IL .

o ,\utl,m u+1

has norm less than 1~ It the follows that

r I Ii.u,ut1
! aIB ::

I
I

I
L

. . . A u,mtn o

A .u+l,u+2···

has a bounded inverse [5J, and then it is easily
established that (ItA,-l exists and is a bounded
linea transformation.

It should be noted that the technique, with
little modification, holds if the entries in ma-
trix P are real analy ie functions with dom~i~
containing [0,1].
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