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ON A PROBLE~ OF SAMUEL
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RESUMEN. Se demuestra que- si A es un
dominio eticlideano con respecta a una fun
ci6n que vale 1 en los primo~ de A, y ade
m~s A es una k-~lgebra finitamente generi
da sabre un cuerpo kSfA que contiene to--
dos los invertibles de A, entonces k es
algebr~icamente cerrado y A = klx], el
anillo de palinomias en x con coeficientes
en k. Por otra parte, el cuerpo de frac-
ciones de A debe tener genus O.

Interest in euclidean rings was revived with
the appearance of an exce~lent and interesting pa-
per of Samuel [3J. Sinee then more than 20 papers
have appeared on this topic. In this paper we
consider the following problem of Samuel. Let A
be a unique factorization domain. Then every noo-

_ e1 er.zero element a of A is ~f the form a - un1 ~..n~ ,
where u is a unit of A, the n. are primes of A and

l

the ei ~ 0 are integers for 1 ~ i ~ r. Set ~(a) =
1



e1+···+er·

with respect to ~?

Under what conditions is A euclidean

Before considering this question, we give some
examples of domainswhich are euclidean with respect
to a function of ~he typ~ ~.

1. A = k[x], the polynomial ring with coeffi-
cients in an algebraically closed field k.

2. A semilocal principal ideal domain (see
Pro p. 5 in [3]).

3. A principal ideal domain A such that
A* ~ (~)* is surjective for all a in A, where A*Aa
is the set of all units of A.

4. If A is euclidean for a function 8 then lo-
calizing A at all primes II such that 8(Il) ~ 2,

we find that the localized ring is euclidean for
a function of the type ~.

Now we c~nsider the following two general
cases.

CASE 1. A eontain~ a fiield k. In this case we
suppose that A is a finitely-generated k-algebra.
This also includes thp. case when characteristic of
A is not O. Since A is euclidean ~e find that the
transcendental degree of. Kover k is 0 or 1, i.e.
either A is a field or K is an algebraic function
field in one variable over k . Thus A = nvP(S P'
where S is a finite set of primes of K and v isp
the valuation ring of K at ~he prime P.
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CASE 2. A doe~ not contain a 6ield. Th s t

eha acteris-ic of A is 0 a d r:c:« we now s s u me

~hat A is a finilely-generaLed ~-algebra. Since A
. '

1S euc idean, we find that K, the quotient field
of A, isanumber field. Thus A =- nv', whereSret 5 p
is a finite set of primes of K containing all the
archimedean primes A and vp is the valuation ring
of K at the prime P.

In view of these examples we may assume that
A is contained in all but a finite number of va1-
uation rings of K, where K is the field of frac-
t50ns of A.

Next we state, without proof, a theorem of
.,iueenand Weinberger (pag.58 in [2J). Let A ::
~vp be a p~inc~pal ideal doma~n, #(5) ~ 2, ~uch
that it6 quot~ent 6~eld K i~ a global 6ield. We
al~o a~~ume a ce~ta~n gene~al~zed Riemann hypothe-
6~~ ~~ K i6 a numbe~ 6~eld. Then A ~6 eucl~dean
and the 6malle~t algo~ithm e on A i~ given b~

wh e.~ e

B(x) = I ordp(x)np' x i 0Pts
Dp = 1 i6 A~':- (~)~.:i6 .6uttfective, and

oth e.~Wi6e.= 2

In view of this we find that if a subring A

of a global field K is euclidean for a function
of the type <P such that <p (II) = 1 for all primes n

.Ii.

of A , then A is a localization at a large number
of primes of K, i .e . S is infinite. We also need
'he following.
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THEOREM [Cunnea, 1J. L~t K be an afgeb~aic 6un~
tion 6ield in one va~iabl~ ove~ an algeb~aieally
clo~ed 6ield k. - Let A be a ~ub~ing 06 K ~ueh that
k CA, K iLJ a 6ield un 6~aetion.6 06 A and A i~ eon-
tain~d in all but a 6inite numbe~ o~ valuation
~ing.6 06 K. Then A i~ a unique 6aeto~ization domain
i6 and only i6 genu.6 06 K i.6 O.

Using this result we prove th~ following theo-
rem.

MAIN THEOREM. Le~ A be a domain which i.6 not a
6iefrf.and .6ueh that k' = {oJ U{units of A} i.6 a 6ield.
Let K be the quotient field 06 A. SuppO.6e now that
A i.6 a 6initely-gene~ated k-algeb~a which i.6 eu-
clidean 6o~ a 6unetion ~ 6ueh that ~(rr) = 1 6o~ all
p~ime.6 IT 06 A. Then k' i6 algeb~aieally elo6ed and
the genu6 06 K i.6 o. Mo~eov~A, A = k[x], the pol!
nomial ~ing in x with eoe66ieient6 in k.

P~o06. Since A is euclidean and K is the field
of fractions of A, we find that the transcendental
degree of Kover k is less than or equal to 1. Now
trans.deg.(K/k) = 0 implies that A is integral over
k and thus a field, a contradiction to our hypoth-
esis. Thus trans.deg.(K/k) = 1. Choose x in A such
that x is transcendental over k. Ley f(x) be an
irreducible pol nomial in k[x] and let

be its pri~e decomposition in A, where u is a uni~
of A and the 11; are primes of A, 1 ~ i -~r. Now

, ,..
k = {a} U {units of A} an dlf>(II1) = 1 i~ ply that
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A '[irA": k] = 1:,
1

i.e. [k I x I ]" =T"f'"fXIT: k ' 1 ,

i. e. degree of f(x} = 1.

Thus we see that k is algebraically closed. It now
follows that K is an algebraic function field over
an algebraically closed field k. Since A is eucli-
dean, using the result of Cunnea we find that the
genus of K is 0 and thus K = k(x), a rational field.
Since k[x] S A ~k(x) and all the units of A are in k ,
we find that A = k[x] and whence the result.
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