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CONDITIONS FOR A REALIZATION FUNCTOR
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ABSTRACT. If A is the category whose
objects are the sets {0,1,...,n} with weak
ly monotonic functions as morphlsms, A is
the opposite category, A°S is the category
of simplicial sets (covariant functors A°
+ Sets), and Y:A +» Top is the functor which
sends {0,1,...,n} to the topological A(n)
(standard n-simplex in RP*1), then it is
well known the existence of a pair of ad-
]OIHt functors: the geometrndic realization
Ry:A°S + Top and the singufar complex func
ton Sy:Top + A®S, both built by systematic
manlpulatlon of the A(n)'s. The purpose of
this paper is: (1) to construct general-
izations of Ry and Sy for any functor
Y:§ » A, where A is arbitrary and A is a
category having coproducts and pushouts,
(2) to show that any pair of adjoint func
tors R:8°S - A and S:A + §°S comes from
such constructions, and (3) as a result,
to find conditions for R to commute with
finite products.

RESUMEN. Sea A la categoria de conjun-
[n] = {0,1,2,...,n} con funciones mond
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tonas como morfismos, A®°S la categoria de
conjuntos simpliciales (funtores contrava-
riantes A > Sets) y Y:A » Top el funtor que
envia [n] a A(n), el n-simplejo candnico de
Rn+1, entonces es bien sabido como construir
un par de funtores adjuntos asociados a Y:
la nealizacién geométrica Ry:A°S + Top y el
gunton singufanr Sy:Top + A°S. El objeto de
este articulo es: (1) construir generaliza-
ciones de Ry y Sy para cualquier funtor

Y:5 + A donde § es una categoria arbitraria
y A tiene coproductos y sumas amalgamadas
("pushouts " ), (2) mostrar que cualquier par
de funtores adjuntos R:8°S + A y S:A » §°8
proviene de tal construccidn para algin Y,
y (3), usando lo anterior, hallar condicio-
nes para que R conmute con productos fini-
tos.

Introduccidn. In Algebraic Topology it is well

known the existence of a pair of adjoint functors:
the geometnic nealization and the singulan functon,
both built by systematic manipulations of the topol
ogical simplexes A(n).

In [u] it was shown that actually each functor
Y:A » Top induces adjoint functors SY:Top + A°S
and RY:AOS + Top (A®°S = simplicial sets) and that
if Ry commutes with finite products, then many as-
pects of the clasical Algebraic Topology can be
developed for the new "model” Y. A similar proce-
dure was developed for the category of simplicial
sets instead of Top.

More generally we are interested in the posi-
bility of a theory parallel to the generalization
in [u], developed when the model Y is taken from a

category 6 to a category A with products and push-

houts.
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Examples of that kind of changes can be found
in (a) the subdivision functor at the simplicial
level due to KAN [91, (b) the realization used by
SEGAL in [6] in which A has been simplified, (c)
the n-skeletons of simplicial sets in which the
category A has been "truncated", (d) Milnor's real
ization II:AOS + Top which does not commutes with
finite products, something undesirable in many
circunstances ([1] Chap.TIT,§3), and which has
forced topologists to replace Top by categories
with better properties (cf[S]), for example the
category K of Kelflfey spaces, (e) significantly dif
ferent of the category Top (but keeping A) are the
category Cat of small categories and the category
A°-Gn of simplicial groups.

As for the contents of this article, suppose
given a funetor Y:8 + A, We call singular functon
associated £o Y to the functor Sy:A » 6°S (8°S =
category of contravariant functors § + Set)defined
by SY(A) = A(Y( ),A), and by composition on the
arrows. Under some conditions (for example when A
is a co-complete category) SY admits a left adjoint
that we denote by RY:GOS + A,

Models being crucial in our study, since it is
possible to obtain information on RY and SY from
the properties of Y, it is natural to ask whether
or not a pair of adjoint functors (R,S), R:86° = S
and S:A » 6°S, is defined by a model 'Y:8 » A. Ve
answer this affirmatively: every adfoint pairn A4
defined by a modef (prop.1.10). Thus the functors

mentioned above (except possibly Segal's [6]) and
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also the functor Neav:Cat » A®S are defined by mod
els. For the last one it is its left adjoint which
is considered as a realization.

In fact we show that the study of models Y& SA
and the study of adjoint pairs (R,S):8°S » A are
equivalent from the categorical point of view
(Theorem 1.6): I§ PA(S8°S,A) denotes the category
0f adjoint pains (R,S) then the "resindiction" func
ton (R,S)» Roé from PA(S°S,A) into SA 48 an equiv
alence of categories (here é:86 + 8°S denotes the
canonical inclusion functor).

Once this is done it is possible to provide in
formation on the realization functor Ry (and the
singular functor SY) based upon the properties of
model Y. We do it as far as commutativity of Ry
with products is concerned by showing that:

R:8°S » A commutes with finite products if it com-
mutes with products of the form é(x)xé(y) and if
the functor (=)XR(X) admits a right adjoint, for
each X in 6°S.

For the case A = §°S it is known that if
EX:GOS + S denotes the evaluation functor Fa> F(x),
R commutes with a certain type of limit if and
only if ExoR does for each x in 6. In general, Ry
commutes with a certain type of limit if and only
if REXY does for each x in §. That reduces the
problem of commutativity of R:6°S + §°S with pro-
ducts to the more simple case of functors RZ for
Z:5 » S. We used in [7] the results obtained in
(2] ir order to characteriza RZ:GOS + S as a Mil£-

nor-Lype realization through optimal pairs (x,y)
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with x€X(n), ye Z(n), where x is non degenerated
and y is an interior point. That is possible if Z
admits no co-simplicial points and its interior
points are stable under codegeneracies. Then there
are necessary and sufficient conditions on Z:A + §

(resp. Z:A + A®°S) in order that R, commutes with

Z
finite products.
As an application we show that Kan's first sub-

division does not commute with finite products.

TABLE OF CONTENTS.

0. Natural transformations between adjoint pairs.

1. On the equivalence of the category §A, of
models over A, and the category PA(6°S,A), of
adjoint pairs.

2. When R, from an adjoint pair (R,S):6°S » A,
commutes with finite products?

3. Decomposition of realizations in §°S in terms
of realizations in S.

4L, Conditions on models Y:A » S for Ry to commute
with finite products.

5. Kan's first subdivision does not commute with

finite products. Other examples.

§0. Natural transformations between adjoint pairs.

We recall in this paragraph the existence of a
bijection Am> X from Trans (F,G) onto Trans (G,F),
where Trnans stands for natural transformations

and F,G6:A » B are left adjoints of F,G:B + A, re-
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spectively. For A:F » G and B an objet of B, the
morphism XBzé(B) + F(B) if defined with the help
of the composition ®
o - A G(B) pora
0.1 (G(B),&(B)) = B(GG(B),B) ————> B(FG(B),B)
= A(G(B),F(B))

where the two isomorphisms are given by adjointness

3
and Az g,

XB is then the image of the identity of G(B) by the

map 0.1. If we denote by ?F:idA -+ FF and

wF:F? +> idB the natural transformations defining

maps umw uOAG(B). The desired morphism

adjointness, then the morphism XB is explicity

given by
0.2 Xp:G8(B)——> FFG(B)gry———3 F6C(B)
-_——E—P I-?(B).
F(yg)

There is another way to define XB’ by its behavior
with respect to each arrow A > G(B) of the category

A. It is sumarized in the following theorem:

0.3. THEOREM. The natural transgormation
A:G ~ F defined by (0.2) {8 the only one such that
§on each A€ A and each A€B the following diagram
commutes, wherne ad = Lsomorphism of adjointness:

adG =
B(G(A),B) — = A(A,G(B))
( )-AA AB-( )
B(F(A),B) ”F > A(A,F(B))
ad
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ie. fon each u:G(A) = B one has the equation
adF(uOAA) = XBoadG(u).

Pnooé: D.M. Kan [10] proved the existence and
uniqueness of a natural transformation X which
makes the above diagram commutative. What we want
to show here is that with the definition we gave
of X the above diagram commutes. Let v denote
ad(u), where u:G(A) + B, and consider the follow-
ing diagram

A

F(A) ——> G(A) —Y4—s

F(v) G(v) vs

FG(B) -A—>G§(B)
G(B)

The square commutes since A is a natural transfor
mation. As for the triangle,wgoG(v):G(A) + B is
the map which corresponds by adjointness to v.
But ad(v) = u, since ad is an isomorphism, thus
the triangle commutes. Next we map this diagram by
F and extend the left part by the naturalness 6f
?F:idA + FF, to get the following commutative dia
gram
e . FOp Flu)
A eeweesm FF(A) wc-2“o FG(A) wco-» Fﬂ(B)

v F(v) fG(v)..’ f(wg)
v ot
é(B)'-F-~>?F(§(B))-">5G§(B)'

Pa(s) F(Agz(p))
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The composition of dotted arrows is ABov =
XBoad(u), while from the composition of the broken
arrows one gets f(uaXA)o?i which equals ad(uokA).

That ends the proof of 0.3. @

0.4. NOTE. From the unicity of X it follows
that if F i G 3 H are natural transformations and
if H is a right adjoint of H, then ﬁ:i = Xoﬁ; and
also if 1G denotes the identical natural transfor
mation G + G then 1g * 15. Consecuently, A is an
isomorphism if and only if A is one too. In fact:

0.5. THEOREM. The map A~> X {4 a bijection be-
tween the sets Trans(F,G) and Trans(G,F).

Prcof. The map is injective since of X = §i then
for each A in A, B in B and u:G(A) = B it holds
that XBoad(u) = ﬁBoad(u) and from Theorem 0.3 it
follows that ad(uOAA) = ad(uouA). Since ad is a
bijection, then uOAA = uou,. Taking B = G(A) and
u = idé(A) one gets that A, = u, for each A in A.
That the map is onto can be proved using the op-
posite categories and applying the existence theo

rem for A instead of A. @&

0.6. NOTE. Another helpful characterization of
the relation between A and A is given by means of
the formulae obtained from Theorem 0.3., as fol-
lows

- F, G
= A=
Ap = ad (¥gotg(gy)
F < G
ad ()\A) = )\G(A)O‘PA
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It is also convenient to notice that the natural
transformation A:G » F is the only one having the
following property with respect to A: in order

F A

A B

A ////,
G(A)” o

to commute it is necessary and sufficient that the

diagram

XB

commutes. In fact using again the formula of Theo

A

rem 0.3, we get XBOad(a) = ad(aod,) = ad(B).

§1. On the equivalence of the category SA, of

models over A, and the category PA(8°S,A), of ad-

joint pairs. Let § and A be two categories. We

denote by S and 8°S the categories of sets and
presheaves of § (contravariant functors § + S and
natural transformations) respectively; § is em-
bedded in 8°S by means of a fully faithful functor
§:8 » 8°S which to each object X assigns the repre
sentable functor 6(X) = 8§(-,X). We recall the lemma

of Yoneda and Grothendieck.

1.1. LEMMA. The set of natural thransformations
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§(X) » F, where Fe 8°S, 48 4in a one to one cornes-
pondence with the set F(X). More precisely the map
Awr A (idy) defines a one %o one and onto function:

~

Trans (6(X),F) > F(X).

Taking F = #(Y), the following chain of iso-
morphisms 6°S(é(X),8(Y)) = Trans(8(X),8(Y)) =
$(Y)(X) = 8(X,Y) shows that 6 is fully-faithful.

Now we establish a useful notation for adjoint
functors: R:B > A (s Left adfoint to S:A > B will
be written (R,S) 44 an adjodint pair or more simply
(R,8):B » A (8 adfjoint. In what follows we will
also need to mention explicitly the isomorphism of
adjointness. It will be agreed that the statement
(R,S,a) {4 adjoint means that a:A(R( ),-) =~

B(-,S( )) is a natural isomorphism.

1.2. DEFINITION. Given two adjoint pairs
(R,S,a):B » A and (Rl,Sl,B):C + B, we define the
composition (R,S,a)o(Rl,Sl,B) as the adjoint pair

(RR1’S1S’Y) where Y:A(RRl( )o=) =+ C(-,sis( )i Yis

given, for each X in C and each Y in A, by Yy
X,sy RiX,Y
B”"’7 "oa

as Boa.

. We will write the transformation Yy

1.3. NOTE. Given an adjoint pair (R,S,a):B = A
we will denote by $*:RS » 14 and P%:1g + SR the nat
ural transformations defined by (and defining) a.
With this notation the formulae of Note 0.6., be-
come, for each natural transformation A:R =+ R' and

X in B and Y in A:

122



T ] a
Ay = alby °Agi(yy)

and
]

- 5 ™
aldy) = Apeex)°Px

As a consequence of these formulae we are able to
define natural transformations between adjoint

pairs giving only A or, equally well X

1.4. DEFINITION. (a) By a natural transforma-
tion A:(R,S,a) + (R',S',a') between adjoint pairs,
we mean a natural transformation A:R =+ R'., We com-
pose them in the obvious way. (b) PA(B,A) will
denote the categdry whose objets are adjoint pairs
(R,S,a):B - A and whose morphisms are natural trans

formations between them.

Now we will exhibit a natural functor
PA(8°S,A) 3 § and then we will face the questions
of under which condition on the category A the
functor M admits adjoint or better even is an equiv
alence of categories. The reason why we are inter-
ested in this question is that the objets of 8A can
be visualized as a generalization of the acyclic
models of algebraic topology. In fact, some of
these objets will be used in order to develope
"homotopy theories” on A, It is the subject of
"Fully Simplicial Categories" by the authors (to

appear).

M is defined in the following way; if
(R,$,0):86°8S + A is an adjoint pair we take

M(R,S,a) = Roé. If X:(R,S,a) > (Rl,sl,al) is
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a natural transformation, then M(A):Roé - Rloi is
taken to be A‘(x):R(S(X)) -+ Rl(i(x)) for each X

in §.

1.5. With no conditions on the category A,neither::
on §, there exists, associated with each Y:8 - A a
"singular" functor SY:A + 6°S, which under some
conditions admits a left adjoint. Sy is given by
the formulae: (a) SY(A):Go + S is the functor
SY(A)(?) = A(Y(?),A); (b) if f:A + A' is a mor-
phism of A, then SY(f) is the natural transforma-
tion A(Y(?),A) - A(Y(?),A') induced by composition
with f.

The procedure just described actually defines

a contravariant functor

S(?):GA + Func(A,68°S), Ya+ Sy

If we assume that for each SY there exist RY
and Qy such (RY’SY’aY) isPan adjoint pair then one
has defined a functor 6A — PA(8°S,A), Yo (Ry’sY’aY)“'
More precisely if in the category A every SY admits

a left adjoint in the standard sense, for example

when A is co-complete, then let 8:0b8A - ObPA (§°S,A)

be a map such that 8(Y) = (R,Sy,a), which exists
because of the axiom of choice. We will denote
(RY’Sy’aY) by 6(Y). The functor

P = PO.GA » PA(8°S,A) is then defined in the fol-
lowing way: Pe(Y) = 6(Y). If f:Y » Z is a morphism
in 6A then SgiS, * Sy»> we take Pe(f) to be the nat
ural transformation A:0(Y) » 6(2Z) such that A = Sg-
Recall that there exist a formula which relates A
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and A when the isomorphism of adjointness "have been
given, ‘which is actually what 8 is good for (see
Note 1.3 and definition 1.4 (@), That formula applied

to our case 1is
o az
ay(Ay) = ARZ(X)OV; :

where X is an object of §°S. When X is Sf then
A= Pe(f). From Note 0.4 it follows that for each

6, Pe is in fact a covariant functor.

1.6. THEOREM. There exists a natural L{somon-
phism u between Mop® and the L{dentity functon of
SA. ALso thene exists a natural {somorphism v
between POoM and the Ldentity functon of PA(8°S,A),
Consequently when & exists, the category PA(S®S,A)
and A ane equivalent.

Proog. In order to define u we need to define
a natural isomorphism u = {uY}Y SA where
uY:RYoG > Y. Recall that for uy to be an isomor-
phisms it is necessary and sufficient that for
each x in §, uY,x:RY(C(x))* Y(x) is an isomorphism
in A. We take U

Y,
whose image by the following chain of ismomorphisms

as the unique morphism in A

is the identity of Y(x):

a
ARG (8(x)),Y(x) — 8°S(§(x),8,(v(x)) L&y

Sy (Y(x))(x) def  A(v(x),¥(x))

where Oy is the isomorphism of adjointness of
6(y) = (RysSysay) and yig. stands for the isomor-
phism of Yoneda-Grothendieck of Lemma 1.1.

Equivalently Uy , can be defined as the unique
s
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morphism such that for each A of A, the map

k A kou.Y " is the isomorphism inverse to the
. i X,A

composition BY (or BY ):

a
AR 6 (x),A) —> 86°S(6(x),54(n)) L:Es

GBY Kivimd A%

SY(A)(x)

In what follows, if f:Y =+ Z is a morphism in
SA, we will use the notation Rf:RY -> RZ for the
natural transformation on the realization which
defines, and is defined by, Pe(f). We need to
prove that for such an f:Y * Z the following dia-
gram commutes:
Uy

RYO‘ —_— Y

(Rf)‘ f

R,08§ ——» 7
z u,

this is equivalent to the commutativity, for each

object x in 8 and each A in A, of the following

diagram -1

A(uY x,A) = BY
A(R 8(x),A) € > ACY(x),A)
A(Rf"(x),A) A(fx,A)
A(Rzi(x),A) € - A(Z(x),A)

da |

A(u'Z,x’A) § BZ

consequently, it is enough to prove the commutativ-
ity of
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By
a
A(RYG(x)%A)—£6°S(8(x),SY(A))y'g'SY(A)(x)=A(Y(x)+A)

A(R JA) 6°S(8(x),S

£,6(x £la) s = A(E,A)

f,A,x

) =
A(de(x),A)a;6 S(‘(X)’SZ(A))§T§?SZ(A)(X)'A(Z(X)’A)

From left to right the squares commute, the first
one by Theorem 0.3 and the second by naturality of
y.g.

We now define the natural isomorphism V:P60M+1.
Let (R,S,Y):8°S + A be an adjoint pair. Then
M(R,S,Y) = Rod, and therefore PeM(R,S,Y) = B(Roé),
which we can write as B6(Rod) = (RR‘,%u;H“).We need
to exhibit a natural transformation between RS‘
and R. But from Theorem 0.3, since Yy and apg are
given, it suffies to give a natural transformation

v = v:8 > .
U(R,S,y) v:S SRC We take

GA,X:S(A)(X) - SR‘(A)(X)

to be the map inverse of the composite isomorphism

Y
B(Y):RR‘(A)(x)=A(R(‘(x)),A) - 8°S(8(x),S(A))

Y-85 5(A)(x) .

That v is natural follows from the commutativity

of the diagram

s
u
1294 SR'C ———+-SR‘
V(R',s',y") Y(R,s,Y)
S'—s—>$



where A:R - R' is a natural transformation, X was
clarified in Note 1.3, M:Roé =+ R'oé is the restric
tion of A to &, and (R',S',Y'), (R,S,y) are adjoint
pairs.

This commutativity is equivalent to that of the

following diagram for each A€ A and x€§:

S
|
SR,‘(A)(x) - SR‘(A)(x)
def|(=) (=)|def (1)
¥ (R)oY . =2 ¥
A(R"é6(x),A) rek > A(Ré(x),A)
) §(x)
y' Y (2)
v XAO(?) v
8°S(é(x),S'(A) 8°S(é(x),S(A))
Yy.8- y.8.. . (3)
v
S'(A)(x) — S(A)(x)
Ap
s X

Square (1) commutes by definition of S Square

uo
(2) commutes because given Y,Y', and A, then A is,

by Theorem 0.3, the unique natural transformation
which leaves diagram of the kind (2) commutative.

Finaly, square (3) commutes by definition of the
isomorphism of Yoneda-Grothendieck. That ends the

proof of Theorem 1.6. ®

Let's assume that we are given a natural trans
formation A:R =+ R'.

We want to give explicitly the diagram of real
izations corresponding to the diagram 1.7; if we

denote by Y and Y' the restrictions Roé and R'o§,
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by u:Y - Y' the restriction of A, and v = V(R,s,Y)’

) s : :
v f U(R',S',Y')’ then the dual diagram of 1.7 is

1.8. R

Notice that since in this diagram v and v' are

isomorphism (because v' and v are isomorphisms)

then

1.9. COROLARY. (a) In order for Ry to be an

Lsomonphism Lt i8 necessanrny and sufficient that A
be an {somorphism. Moreover L4 4or an X, Ay L8 an
L{somonphism then 80 4is (Ru)X’ and convensely.
(b) Let Y, Y'€ S8A and f:Y - Y' be a natural zthans-
gormation. In ondern fon f to be an Lisomorphism it
{8 necessdanry and sufficient that Re (respectively
Sg) be an L{s0monphism.

EVERY ADJOINT PAIR IS DEFINED BY A MODEL. We
formalize the idea of '"modeling" an adjoint pair,

as follows:

1.10. PROPOSITION. For any adfoint pain
(R,8):8°S +» A thene exist Yec SA and an {somorphism
M:s Sy- Convensely, given Z € 8A, L4 S, admits a
Left adfjoint R then thene exists an Lsomorphism
Ro& » Z.

Proof. In the proof of Theorem 1.6, and inde-
pendently of the existence of 8, the isomorphism

129



Ro® + Z is implicity given. ®

§2. When R, from an adjoint pair (R,S):8°S » A, com-

mutes with finite products? Let us recall the fcl

lowing

2.1. LEMMA. Every object of 6°S 4s the 4induc-
tive Limit of representable objects, that i3 to
say objets of the form &(x) with x 6.

To explain the meaning of this lemma, let
X€ 8°S and let §/X denote the category whose ob-
jets are pairs (x,a) where x €8 and a €X(x). A
morphism p:(x,a) > (x',a') is a morphism p:ix > x'
in § such that X(u)(a') = a, in other words u is

such that the following diagram commutes:

é§(x) ————————»C(X )

NS

(recall that X(x) = 68°S(é(x),X), thus a€ X(x)
represents a transformation #(x) + X denoted also
by a; this also justifies the notation §/X for
this category, known as the category of objets of
¢(8) over X).

Let F = Fy denote the "source functor"

§/X » 8°S given by the formulae F(x,a) = é(x),

and for p:(x,a) > (x',a'), F(u) =é(u):é(x) >dé(x").

We define a natural transformation A:Fx -+ Cy

(where c,:8/X + 8°S is the constant functor of

X
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value X) by A( a, which induces a morphism

X,0)
A':1im Fy > X as a consequence of the natural bi-
jection Hom(Fx,cx) = Hom(1ljim FysX).

What Lemma 2.1 says 44 that 1im Fy ex{ists in
6°S and that A' 4is an isomorphism, 4on eveny object
X € 8°S. Moreover the isomorphism is natural. In
fact if £:X + Y is a morphism of 698, it induces a
functor f:8/X + 8/X, (x,a)» (x,foa), which itself
induces a morphism f':1im F, + 1im F_, such that the

> X > Y
following diagram commutes

f'

lim Fx _"_—>lim FY
1] 1]
A X Jk 3 4
> ONRL A

The proof of Lemma 2.1 can be taken almost word by

word from the one in [1] for the case § = A.

2.2. PROPOSITION. Let U,V:8°S =+ A be functons
which commute with inductive Limits and Lei
Yy:U + V be a natural transformation. Then, Ln on-
den for Y to be an Lsomorphism Lt L& necessary and
sufficient that fon each object xe€d 2Zhe arrow

Y‘(X):U‘(X) + Vé(x) be an Lsomorphism,

Proof. It is sufficient to consider the diagram
of the pag. 132, where Y% FX stands fot the Gode-
ment's composition of the natural transformations
idPX:Fx +> Fx and y:U =+ V. The top square commutes
since it does so for each one of the structural

arrows involved in lim UOFX. The natural transfor
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; %
lim(Y Fy)

lim(UoFx) >-lim(VoFx)

o =

i —> im F
U(lim Fy) F V(lim x)
lim Fx
-
m'ﬂlz =lv<x'x)
u(x) > V(X)
Yx
mation Y* Fy is an isomorphis since it can be fac-
tored as
8
sourc )
g U
0g — >
§/X = - §°8S P A
iy \"
(here "source" (x,a) = x). By hypothesis the res-

triction of Yy to § is an isomorphism and, a fo0rZti0
ni, when restricted to 6/X. That ends the proof of

proposition 2.2.

2.3. THEOREM. Let A be a cateaory with finite
products, and R:8°S » A a functor which satisfies
the gollowing two conditions fon a given X:

(a) R(?xX) and R(?)xR(X) commute with inductive
Limizts.

(b) the natunral transformation R(?xX) - R(?)xR(X)
induced by the projections L& an Lsomorphism when
nestrnicted to elements of the form é(x) with x €8é.
Then, the arnow R(YxX) = R(Y)XR(X), Lnduced by zthe
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profections, 48 an isomorphism, for every Y e 8§°S.
The proof is an inmediate consequence of the

previous proposition.

2.4, THEOREM. Let A be a category with {inite
products, and R:6°S » A be a covariant functor
which admits a nigth adfoint and such that foxr
each X €8°S the functor (-)XR(X) commutes with 4in-
ductive Limits. 14 forn each x,yed the canonical
annow R(8(x)x8(y)) > RE(x)IXR&(y) L8 an Lsomorphism,
then R commutes with findite products.

Proof. The natural transformation
R(?xé(y)) » R(?)xR(é(y)) is an isomorphism. In fact
it is a particular case of the previous theorem
when X = #(y). Since R admits right adjoint and
by hypothesis (-)XR(X) commutes with inductive lim
its, the composite R(?)XR(X) also commutes with
inductive limits. Since the functor (-)xV:8°S~+§°S
admits a right adjoint then R(-xV):6°S + A also
commutes with inductive limits. Thus for each
R€68°S, and each ye€ 8§ the canonical arrow
R(Yx§(y)) » R(Y)xR(8(y)) is an isomorphism. Consid
ering Y fixed, it follows that R(Yx?) - R(Y)xXR(?)
is a natural isomorphism on the representable ob-
jects &(y). We apply theorem 2.3 to conclude that
for each X, R(YxX) » R(Y)xR(X) is an isomorphism.
That ends the proof.

2.5. COROLLARY. Let (R,S):8°S + A be an adfoint
pain. 1§ for each X 6°S, the functor (-)xR(X):A~*A
admits a night adjoint, then R commutes with findite
products £if and only if R commutes with finite prod
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ucts of representable objects, £L.e.:

R(6(x)xé(y)) Z R(&(x))IxR(d(y)).

For example when A is a category of presheaves,
then the functor (-)xZ (Z€A) admits é right ad-
joint, and the corolary applies. In particular in
the categories of sets and simplicidl sets. Also
the corollary applies when A is the category of
groups, the category of Kelley spaces, and the cat
egory Cat of small categories, see §u.4.

This last example permits us to generalize the

proof in 8§82 of [3], to give the following.

2.6. PROPOSITION. Let (R,S) as 4in corollanry
2.5. be degined by a modef Y:8 - A such that
SoY > & and RoS idy. Then R commutes with findite
products.

Pnooﬁ. It follows from the natural isomorphisms
R(6(x)xd(y)) = R(S*Y(x)xS*¥(y)) = R(S(Y(x)xY(y)))
= RS(Y(x)xY(y)) = Y(x)xY(y) Ré(x)xRé(y). ®

]

An example of this situation is the pair
(G,N) where N:Cat - A°S is the nerve functor. These
results on functors commuting with finite products
generalize that of the realization functor

|| :A°S + Ke£Ly as presented in [1].

ANOTHER VERSION OF PROPOSITION. 2.2, Let
(Ri,Si):GOS + A (i = 1,2) be two adjoint pairs,

and )\:R1 - R2 a natural transformation. With the
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notation of §1, we establish the following work-

able version of proposition 2.2:

2.7. THEOREM. The foffowing statents are equiv
alent:
(i) X 48 an Lsomonphism.
(ii) A 44 an {somonphism.
(iii) S,+ 44 an isomonphism (X' = A*§ = nestric-
tion of A to nepresentable objets).
(iv) ?A' L8 an Lsomonphism,
(v) A 48 an Lsomorphism.

Proof. (i) «» (ii) and (iii) <> (iv) are obvious;
(ii) < (iii) follows from 1.7; (i) < (v) is obvi-
ous; (v) © (iii) since Sy' is the image of N by
the functor S:8A + Fun(A,8°S). ®

2.8. NOTE. If for each X€6°S the functor
(-)XR(X):A +» A admits a right adjoint ( )R(X):A-*A
then we can consider the following pairs of ad-

joint functors:

Ry o iafig gog £ e g0g

R(X)
Bpgal, atsdRReE 0 L L Biats

603(-)")( 603

In order to prove that the two functors
§°S + A given by the compositions of the left
parts are isomorphic it is sufficient (and neces-
sary) to prove that the functor A =+ 603, given by
composition on the right, are isomorphic. That
happens, and can be seen easily, when
R(#(x)x8(y)) = Ré(x)xRé(y). However if what is
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wanted is to show that the canonical map
R(XXY) + T(X)XR(Y) associated with the projections
is an isomorphism, then the machinery of this para

graph is needed.

§3. Decomposition of realizations in 89S in terms of

realization in 8. Let's consider a realization

functor RY:GOS + §°S associated with a model

Y:5 » 6°S. Since realizations of this kind can be
a little complex, we will show that they can be de
composed in realizations §°S » S associated with
models 6 = S. It will follow that a realization of
the first kind commutes with a limit if and only
if each one of the realization of the second kind
in its decomposition commutes with that limit.
Since we have shown that the behaviour of the lim-
its of a realization depends of the behaviour on
models, the work of deciding whether or not Ry com
mutes with products can be highly simplified. This

is the method we will use to show that Kan's first

sub-division does not commute with products.

'3.1. LEMMA. Let E:86°S » S and Y:86 » 86°S be func
tons. 14 E admits a night adjoint then there exists
a natural Lisomorphism e = QE,Y:SYOSEG * Spy. Also
EoRy = Rey (Notations of 1.5).

Proof. Let C be a set and x€ 6. Then
(Spy(C))(x) = S(EY(x),C), Since E has a right ad-
joint then by Theorem 1.6, E = RES and its right

adjoint is SE" Then
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(8py(C))(x) = 6°S(Y(x),SE‘(C)) = (Sy(Sgg(C)))(x) .

By composition of adjoint pairs the last statement

of the lemma follows. §

An important particular case of 3.1 is that of
the "evaluation" functor EX:GOS + S, where x runs
over §, given by E ,(F) = F(x). On the arrows it is
defined in the obvious way. These functors admit
right (and left) adjoints, namely Sg _g. More expli
citly this functor is given on each C€ S and each
t€ 8§ by (ngg(C))(t) = 8(6(x,t),C). The formula in
3.1 becomes REXY = EXORY for each x in §. Is is
clear from this last formula that if Ry commutes
with a limit so does Rp,Y. Conversely and thanks
to the properties induced in §°8 by the evaluation

functors we have:

3.2. PROPOSITION. For each F:8 + 8°S the fol-
Lowing statements are equivalent: (a) the natural
map a:lim(RyoF). + Ry(1im F) L4 an Lsomonphism;
(b) for every xe 8, the natural map
1im(RE y°F) + Rp_y(1jim F) 4{s an Ls0morphism.

Proof. It is to be shown that if F stands for
Ry then the canonical morphism F(1jm U) * 1im FU
is an ismorphism in 8°S. But that is so if and
only if for every x€ 8, the associated map
E_.F:1im U » E_ 1im FU is an isomorphis. But since

X + X T*
ExF (by hypothesis) and E, commute with 1im then

the conclusion follows. 8
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3.3. NOTE. The formula RExY = Ex°RY provides us
(with the help of 1.6) of a mechanism which allows
us to determine one realization, within the family
of all the functors adjoint to SY’ by fixing the

realizations at the set theoretical level.

3.4. COROLLARY. R,:A°S + A°S commutes with fin
ite products 4if and only L§, for every Lintegenrs
p,n,m > 0, the canonical map

REPY(A.[n]XA[m] )+ ¥(n) x¥(m),

48 a biyection.

§4. Conditions on models Y:A + S for Ry to commute
with finite products. A point y of a model Y is 4n
Zenion if for each monémorphism w of A, if y belongs

to Im(Y(w)) then w is an identity. Recall the follow
ing propierties on o model Y, defined in [2].

MO.1. Y does not have co-simplicial sub-sets
with only one point Ain each dimension.

MO.2. I§ y 48 an intendion point of Y then s0 4is
Y(o)(y) §or each epimorphism o of§ A (whenever de-
§ined). In other words, Y is stable for interior
points by co-degenerancies.

In [2] we proved that MO.1 in equivalent to
every ye Y" admits a unique decomposition
y = Y(3)(y'), where 3 {8 a monomorphism of A and
y' 44 an interdion point . A co-simplicial set with
this property was called an Eilenberg-Zilber type
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cosimplicial set.

Given a simplicial set X and a co-simplicial
set Y we will say that a pair (x,y) € Q-X(n)XY(n)
is optimal if x is non-degenerate and y is an in-
terior point.

Conditions M0O.1 and MO.2 on'a model Y:A + S
allow us to determine optimal representative on the
equivalence classes of Milnor's relation [7]. With
thedr help we now specify the condition on Y in
order that Ry commutes with finite products.

We know that Ry commutes with finite products
if andonly if for each n,m > 0 the canonical map
RY(A[n]XA[m]) *.RY(A[n])XRY(A[m]) is bijective.
Since furthermore RY(A[n]) is canonically isomor-
phic to Y(n) the composite
Y= ?n’miRY(A[n]XA[m]) + Y(n)xY(m) is the one in-
duced to the quotient by the maps
(a,B,2)m (Y(a)(2),Y(B)(Z)) where a:[r] - [n],
B:[r] » [m], 2Zev(r) (for r > 0).

The properties MO.1 and MO.2 on the model Y
imply that in each equivalence class [(a,B8,2z)]
there exists one and only one optimal represenfa-
tive. Therefore P is inyective if and only if for
any pair of optimal representative (a,B,z) and
(a'sB'52') if Y(a,B,2) = P(a',B',Z') then a = a',
B =RB' and Z = Z'.

This fact can be translated in terms of the
model Y in the following way: first recall that a
pair [m] E [r] % [n] is by definition non degener
ate if whenever there exist an epimorphism

o:[r] + [p] and arrows a':[p] + [n], B':[pl > [m]
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such that a'c = o« and B'c = B, then 0 = identity.

We then define condition MO0.3 for the model Y as

follows:

MO.3. Fon every painr 06 non degenenated diagram
[m] < g [r] $ [a] and [m] [r'] [n], 44 thenre
exist Z2€Y(r) and Z2'€ Y(r') such that Y(a)(Z) =
Y(a')(Z') and Y(B)(Z) = Y(B')(Z') then a = a',
8 =8" and Z = 3"

Equivalent let Y(a,B):Y(r) + Y(n)XY(m) denote
the map induced by a nondegenerated diagram
[m] E [r] $ [n], then Y satisfies M0.3 when the
images by the Y(a,B)'s of the set of interior

points are pairwise disjoint. With this definition

we have:

4.1. PROPOSITION. Suppose that Y satisfies
MO.1 and M0.2. In onder that ¥™°" be injective for
every n and m it {8 necessary and sufficient that

Y satisfies MO.3.

The necessary and sufficient condition on Y for

?n’m to be onto is also evident:

MO.4. Forn each n and m, and (u,v)e Y(n)xY(m)
thene exist p > 0, weY(p) and a diagram
[n] & [p] 8 [m] such that Y(a)(w) = u and
Y(B)(w) = v.

4.2. THEOREM. If a model Y:A + S satisf4ies
MO.1, and MO.2, then in order that RY:A°S + S com-
mutes with findite products Lt 448 necessary and
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sufficient that Y satisgies MO.3 and MO.4.

4.3. COROLLARY. Let Y:A + A°S be a covariant
functor, if fon each n, E_oY satisfies MO.1 and
MO.2 then a necessary and sufficient condition
in onder that RY:A°S + A°S commutes with f§inite
products 4is that for each n, E oY has propernties
MO.3 and MO.4.

§5. Kan's first sub-division does not commute with

products. Other examples. We first give an alter-

native definition of Kan's first sub-division
Sd:A°S + A°S as follows. Since Sd is a realization
functor we first give the model which defines it
and denote it by A':A >+ A®S; A' associates to each
[n] the rerve NPO([n]) of Po([n]),the category as-
sociated with the ordered set of non-empty sub-

sets of [n] (cf.[1]). More explicity.

A'[n]) = {(Ags..osa) ¢ # AgcAy,...CA, S n])

1] 4
and if w:[p] -+ [q] then A'[njw = w¥:A [n]q* A'[n]p
. . %*
is given by w (AO""’Aq) = (Bo,...,Bp) where
Bi = Aw(i)' The definition of A' is completed as-
sociating to 6:[n] + [m] the arrow §,:A' [n] A [m]
which in each p is given by 6*(A0,...,Ap) =
(6(Ao),...,6(Ap)).

Notice that Sd = Rpt. On the other hand A'
satisfies in each simplicial degree M0O.1 and MO0.2
(Cf [2]). Thus is order to show that R, does not

commute with finite products we need to show that
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EPOA' fails for some p to have either MO.3 or MO.4.
We will show that actually BPOA' fails to have MO.3
for each p. We cannot assure anything about MO.4

but we have the impression that it holds.

5.1. PROPOSITION. Fon each p > 0, the model

b, = BpoA'doeA not satisfy MO.3.
]

Proof. (a) A point in dimension 2 of Y = A, is
a non empty sub-set A of [2]. It is interior if it
is [2] itself. We conslder the diagrams
1] ¢ [2] 8 111, [1] & [2] & [1] where a = 0°=8",
B = 0%°=a'. Notice that (a,B) # (a',B'), both are

non degenerate, and ([2]) is an interior point in
L

dimension 2 of AO = Y. Now we take, with the nota
tions of M0.3, Z,/' = Z', ([2])€_Y(2) (that is to say
r =r' = 2). It is clear that Y(a)(2) = ([1]) =

Y(a')(2') and Y(B)(Z) = ([1]) = Y(B')(Z'). However
o # a' and B # B'.
(b) More generally we take for Y =

A, p?
m=n > p+1 and consider the diagram [n] 2 [n+1] 5 3 [n]
"=
},

and [n] . & [n+1] E' [n] where a = 0 = and

B = 0" 1 = a'. Next we consider Ay = {o A, =
fo,1},..., Ay 4 = {(0,1,...,p-1}, A = [n+1] and
Z = 2' = (Ao,...,Ap) e Y(n+1). It is clear that

Y(a)(Z) = Y(a')(Z') and Y(B)(Z) = Y(B')(Z'). How-

ever @ ¥ a'.

5.2. OTHER EXAMPLES. When {:A + Top, the set
theoretical part can be faced at the light of §u
because the underlying set of RY(K) is precisely
RI(K) where Y is the underlying cosimplicial set
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of the cosimplicial space Y. That is the case when
'
Y is the cosimplicial space of the topological A" s,

It is well known that the map

|A[n]xA[m] | = A"xA™

[a,8,t]a> (a®(t),8%(t))

is a set theoretical isomorfism. In the proof of
this is implicit that of MO.3 and MO.4, it can be
found in [8] and [12].

This generalizes to any case in which the undexn
Lying set functor has a left adjoint. For example
when R is the left adjoint of Neav:Cat -+ A°S,
whose model is the cosimplicial category of the

_categories associated to finite ordered sets (the

category associated to [n] = {0,1,...,n} is y"?
with set of objects [n] and a morphism p + q when-
ever p ¢ q). In this case v% has a point and Y1

has two, both of which belong to Yl, therefore
MO0.1 holds. On the other hand since the only in-
terior point is Oe;Yo, then MO0.2 and MO.3 are
obvious, so is MO.4. Therefore, at the set theo-
retical level, Ry (the left adjoint of Neav) com-
mutes with finite products. The categorical part

can be completed easily from the isomorphism
RY(A[m]XA[n]) = YmXYn

which is obvious, using 2.5.
0o . :
When in a model Y:A - A, Y 1is not the final
object of A, then, except for trivial situations,

RY does not commute with finite products. This is

143



so because

n
<

RY(A[n]xA[OJ)s RY(A[m])

while
0
RY(A[n])XRY(A[O]) = YoxY"©.

This is the case with the realization of models of
form RC(Y) (the right cut of Y) given by (RC(Y))"
= Yn+1, with the same faces and degeneracies as Y,
except for the last face and degeneracy of each
level which are omitted.

Back to the case of the topological An’s, since
RC(Y)0 = Y1 = A1 then R, (with Z = RC(Y)) does not
commute with finite products. It is clear however
that it has a co-simplicial point namely nM pn,
p® = {(0,0,05:,20F 2 274}

If we consider Z-P (it happens to be a cosim-
plicial space again) it has no cosimplicial points.
Let (Z-P)o = Al-PO. Then R, , does not commutes
with finite products. Here MO.2 and MO.3 also hold
but MO.4 fails. As shown in [11], its realization
functor (resp. singular functor), however, is homo
topically equivalent to the Geometric Realization
(resp. usual Singular Functor). It is shown there
also the fact that Z is, as far as it concerns to

realization, homotopically null.

%%
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