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ABSTRACT. If ~ is the category whose
objects are the sets {O,1, ... ,n} with weak
ly monotonic functions as morphisms, ~o is
the opposite category, ~oS is the category
of simplicial sets (covariant functors ~o
~ Set¢), and y:~ ~ Top is the functor which
sends {O,1, ... ,n} to the topological ~(n)
(standard n-simplex in ~n+1), then it is
well known the existence of a pair of ad-
joint functors: the geomet~ie ~ealization
R¥:~oS ~ Top and the ¢ingula~ eomplex 6unc
tD~ Sy:Top ~ ~oS, both built by ststemati~
manipulation of the ~(n)'s. The purpose of
this paper is: (1) to construct general-
izations of Ry and Sy for any functor
Y:O ~ A, where A is arbitrary and A is a
category having coproducts and pushouts,
(2) to show that any pair of adjoint func
tors R:OoS ~ A and S:A ~ oOS comes from ~
such constructions, and (3) as a result,
to find conditions for R to commute with
finite products.

RESUMEN. Sea ~ la categor1a de conjun-
tos [n] = {O,1,2, ... ,n} con funciones mon~
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tonas como morfismos, ~oS la categorla de
conjuntos simpliciales (funtores contrava-
riantes ~ ~ Set~) y Y:~ ~ Top el funtor que
envia [n] a ~(n), el n-simplejo canSn Lco de
~n+l, entonces es bien sabido como construir
un par de funtores adjuntos asociados a Y:
la 4ealizaei6n geomet4iea Ry:~oS ~ Top y el
6unto4 ~ingula4 Sy:Top ~ ~oS. El objeto de
este articulo es: (1) construlr generaliza-
ciones de Ry y Sy para cualquier funtor
Y:o ~ A donde 0 es una categoria arbitraria
y A tiene coproductos y sumas amalgamadas
("pushouts II), (2) mostrar que cualquier par
de funtores adjuntos R:OoS ~ A y s:A ~ coS
proviene de tal construccion para algun Y,
y (3), usando 10 anterior, hallar condicio-
nes para que R conmute con productos fini-
tos.

Introduccion. In Algebraic Topology it is well
known the existence of a pair of adjoint functors:
the geomet4ie 4ealization and the ~ingula4 6uneto4,
both built by systematic manipulations of the topo~
ogical simplexes ~(n).

In [4J it was shown that actually each functor
y:~ ~ Top induces adjoint functors Sy:Top ~ ~oS
and Ry:~oS ~ Top (~oS = simplicial sets) and that
~f Ry commutes with finite products, then many as-
pects of the clasical Algebraic Topology can be
developed for the new "model" Y. A similar proce-
dure was developed for the category of simplicial
sets instead of Top.

More generally we are interested in the posi-
bility of a theory parallel to the generalization
ln [4J, developed when the model Y is taken from a
category C to a category A with products and push-
houts.
114



Examples of that kind of changes can be found
in (a) the subdivision functor at the simplicial
level due to KAN [9J, (b) the realization used by
SEGAL in [6J in which ~ has been simplified, (c)
the n-skeletons of simplicial sets in which the
category ~ has been "truncated", (d) Milnor's rea~
ization II :fj,°S .. Top which does not commutes with
finite products, something undesirable in many
circunstances ([lJ Chap.III,§3). and which has
forced topologists to replace Top by categories
with better properties (cf[8), for example the
category K of Kelley spaces, (e) significantly dif
ferent of the category Top (but keeping ~) are the
category Cat of small categories and the category
fj,°_G~ of simplicial groups.

As for the contents of this article, suppose
given a functor Y:a .. A. We call ~ingula~ 6un~to~

do 0a~~o~iate to Y to the functor Sy:A .. a S (a S =
category of contravariant functors a .. Set) defined
by Sy(A) = A(y( ),A), and by composition on the
arrows. Under some conditions (for example when A
is a co-complete category) Sy admits a left adjoint
that we denote by Ry:aoS .. A.

Models being crucial in our study, since it is
possible to obtain information on Ry and Sy from
the properties of Y , it is natural to ask whether
or not a pair of adjoint functors (R,S), R:ao .. S
and s:A .. aOS, is defined by a model 'Y:a .. A. We
answer this affirmatively: eve~y adjoint pai~ i~
de6ined by a model (prop.l.10). Thus the functors
mentioned above (except possibly Segal's [6J) and
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also the functor Ne~v:Cat ~ ~oS are defined by moi
els. For the last one it is its left adjoint which
is considered as a realization.

In fact we show that the study of models Y E. SA
and the study of adjoint pairs (R,S):CoS ~ A are
equivalent from the categorical point of view
(Theorem 1.6): In PA(cos,A) denote~ the catego~y
06 adjoint pai~~ (R,S) then the "~e~t~iction" nunc
to~ (R,S)~ Rol 6~om PA(OoS,A) into cA i~ an equi~
alence On catego~ie~ (here I:C ~ coS denotes the
canonical inclusion functor).

Once this is done it is possible to provide in
formation on the realization functor Ry (and the
singular functor 5y) based upon the properties of
model Y. We do it as far as commutativity of Ry
with products is concerned by showing that:
R:CoS ~ A commutes with finite products if it com-
mutes with products of the form l(x)Xt(y) and if
the functor (-)xR(X) admits a right adjoint, for
each X in 60S.

For the case A = coS it is known that if
E :coS ~ S denotes the evaluation functor F~ F(x),x
R commutes with a certain type of limit if and
only if ExoR does for each x in c. In general, Ry
commutes with a certain type of limit if and only
if RE Y does for each x in c. That reduces thex
problem of commutativity of R:CoS ~ coS with pro-
ducts to the more simple case or functors RZ for
Z:c ~ S. We used in [7] the results obtained in

[2J ir order to characteriza RZ:CoS ~ S as a Mil-
no~-type realization through optimal pairs (x,y)
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with xcX(n), ycZ(n), where x is non degenerated
and y is an interior point. That is possible if Z
admits no co-simplicial points and its interior
points are stable under codegeneracies. Then there
are necessary and sufficient conditions on Z:~ + S
(resp. Z:~ + ~oS) in order that RZ commutes with
finite products.

As an application we show that Kan's first sub-
division does not commute with finite products.

TABLE OF CONTENTS.
O. Natural transformations between adjoint pairs.
1. On the equivalence of the categorj oA, of

models over A, and the category PA(ooS,A), of
adjoint pairs.

2. When R; from an adjoint pair (R,S):OoS + A,
commutes with finite products?

3. Decomposition of realizations in oOS in terms
of realizations in S.

4. Conditions on models y:~ + S for Ry to commute
with finite products.

5. Kan's first subdivision does not commute with
finite products. Other examples.

§O. Natural transformations between adjoint pairs.
We recall in this paragraph the existence of a
bijection AM+ ~ from T~dn~ (F,G) onto T~dn~ (G,f),
where T~dn~ stands for natural transformations
and F,G:A + B are left adjoints of F,G:B + A, re~
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spectively. For A:F ~ G
morphism AB:G(B) ~ F(B)
of the composition

and B an objet of B, the
if defined with the help

0.1 (G(B),G(B» := B(GG(B),B)
*

A . G ( B ):. B ( F G ( B ) , B )

:= A(G(B),F(B»

where the tw~ isomorphisms are given by adjointness
*and AG(B) maps u~ uoAG(B). The desired morphism

XB is then the image of the identity of G(B) by the
F -map 0.1. If we denote by ~ :idA ~ FF and

F - .~ :FF ~ 1dB the natural transformations defining
adjointness, then the morphism XB is explicity
given by

'0.2 XB:G(B) F .,.FFG(B)r(A_ jFGG(B)
~G(B) G(B)

There is another way to define XB, by its behavior
with respect to each arrow A ~ G(B) of the category
A. It is sumarized in the following theorem:

0.3. THEOREM. The natu~al t~an~60~mation
t:G ~ F de6ined by (0.2) i~ the only one ~uch that
60~ each A c A and each A c; B the 60llowing dia.g~am
commute~, whe~e ad - i~omo~phi~m 06 a.djointne~~:

adG-_..:.....=..--~~A(A,G(B):)B(G(A),B)
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�e. 6o~ each U:G(A) ~ B one ha~ the equation
F - Gad (UOAA) = ABoad Cu ) •

P~oo6: D.M. Kan [10J proved the existence and
uniqueness of a natural transformation ~ which
makes the above diagram commutative. What we want
to show here is that with the definition we gave
of ~ the above diagram commutes. Let v denote
ad(u), where u:G(A) ~ B, and consider the follow-
ing diagram

F(A)

F(V)!
FG(B)

The square commutes since A is a natural transfor
Gmation. As for the triangle, ~BoG(v):G(A) ~ B is

the map which corresponds by adjointness to v.
But ad(v) = u, since ad is an isomorphism, thus
the triangle commutes. Next we map this diagram by
F and extend fue left part by the naturalness of
fF:idA ~ FF, to get the following commutative dia
gram
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The composition of dotted arrows is ~BoV =
XBoad(u), while from the composition of the broken

- ~Farrows one gets F(uo~A)OTA which equals ad(uoAA).
That ends the proof of 0.3. I

0.4. NOTE. From the unicity of X it follows
that if F ~ G ~ H are natural transformations and
if H is a right adjoint of H, then~o~ = ~o~; and
also if lG denotes the identical natural transfor
mation G + G then iG = 1~. Consecuentl~ ~ is an
isomorphism if and only if X is one too. In fact:

0.5. THEOREM. The map ~~ X ~~ a b~ject~on be-
tween the ~et~ T~an~(F,G) and T~an~(G,F).

P~oo6. The map is injective since of X = ~ then
for each A in A, B in Band u:G(A) + B it holds
that ~Boad(u) = ~Boad(u) and from Theorem 0.3 it
follows that ad(uo~A) = ad(uo~A). Since ad is a
bij~ction, then UO~A = uO~A. Taking B = G(A) and
u = idG(A) one gets that AA = ~A for each A in A.
That the map is onto can be proved using the op-
posite categories and applying the existence theo
rem for A instead of X. •

0.6. NOTE. Another helpful characterization of
the relation between A and X is given by means of
the formulae obtained from Theorem 0.3., as fol-
lows
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It is also convenient to notice that the natural
transformation ~:G + f is the only one having the
following property with respect to A: in order
for a diagram

to commute rt ~ necessary and sufficient that the
diagram

commutes. In fact using again the formula of Theo
rem 0.3, we get ~Boad{a) = ad{aoAA) = ad{B).

§1. On the equivalence of the category ~A, ~
models over A, and the category PA{~oS,A), of ad-
joint pairs. Let ~ and A be two categories. We
denote by Sand oOS the categories of sets and
presheaves of 0 (contravariant functors 0 + Sand
natural transformations) respectively; 0 is em-
bedded' in oOS by means of a fully faithful functor
.:0 + oOS which to each object X assigns the repr~
sentable functor '(X) = O{-,X). We recall the lemma
of Yoneda and Grothendieck.

1.1. LEMMA. The ~et 06 natu~at t~an~60~mation~
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e(X)"" F, whelt.e F£OoS, Ls in a one to one c.olt.lt.e~-

pondenc.e with the ~et F(X). Molt.e plt.ec.i~etythe map
A ~ Ax( idx) denine~ a one to one and onto nunc.tion:
Tlt.an~(e(X),F) ~ F(X).

Taking F = ley), the following chain of iso-
morphisms oOS(e(X),e(y» = Tlt.an~(e(X),'(Y» ~
e(Y)(X) = o(X,Y) shows that e is fully-faithful.

Now we establish a useful notation for adjoint
functors: R:B ....A i~ tent adjoint to s:A ....B will
be written (R,S) i~ an adjoint pailt.or more simply
(R,S):B ....A i~ adjoint. In what follows we will
also need to mention explicitly the isomorphism of
adjointness. It will be agreed that the statement
(R,s,a) i~ adjoint means that a:A(R( ),-) ....
B(-,S( » is a natural isomorphism.

1.2. DEFINITION. Given two adjoint pairs
(R,S,a):B ....A and (R1,Sl'S):C ....B, we define the
composition (R,S,a)o(R1,Sl'S) as the adjoint pair
(RR1,SlS,y) where y:A(RR1( ),-) ....C(-,SlS( » is
given, for each X in C and each Y in A, by yX,Y =
X SY R1X,YS '. oa . We will write the transformation y

as Soa.

1,3. NOTE. Given an adjoint pair (R,S,n):B ....A
a awe will denote by ~ :RS ....1A and f :lB ....SR the nat

ural transformations defined by'(and defining) a.
With this notation the formulae of Note 0.6., be-
come, for each natural transformation ),,:R....R' and
X in Band Y in A:
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and

As a consequence of these formulae we are able to
define natural transformations between adjoint
pairs giving only A or, equally well X

1.4. DEFINITION. (a) By a natural transforma-
tion A:(R,S,a) -..(R' ,S' ,a') between adjoint pairs,
we mean a natural transformation A:R -..R'. We com-
pose them in the obvious way. (b) PA(B,A) will
denote the category whose objets are adjoint pairs
(R,S,a):B -..A and whose morphisms are natural trans
formations between them.

Now we will exhibit a natural functor
PA(ooS,A) ~ 0 and then we will face the questions
of under which condition on the category A the
functor M admits adjoint or better even is an equi~
alence of categories. The reason why we are inter-
ested in this question is that the objets of oA can
be visualized as a generalization of the acyclic

models of algebraic topology. In fact, some of
these objets will be used in order to develope
"homo to py theories" on A. It is the subject of
"Fully Simplicial Catego ies" by the authors. (to
appear) .

M is defined in the following way; if
(R,S,a):ooS -..A is an adjoint pair we take
M(R,S,a) = Rot. If A:(R,S,a) -..(R1,Sl,a1) is
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a natural transformation, then M(A):Roi ~ R10i is
taken to be Ai(X):R(i(X» ~ R1(i(X» for each X
in o.

1 .5. Wit h no con d i t ion son the cat ego ry A,neither..
on 0, there exists, associated with each Y:o ~ A a
"singular" functor Sy:A ~ coS, which under some
conditions admits a left adjoint. Sy is given by
the formulae: (a) Sy(A):Oo ~ S is the functor
Sy(A)(?) = A(y(?),A); (b) if f:A ~ A' is a mor-
phism of A, then Sy(f) is the natural transforma-
tion A(y(?),A) ~ A(y(?),A') induced by composition
with f.

The procedure just described actually defines
a contravariant functor

Func(A,ooS),

If we assume that for each Sy there exist Ry
and ay,such (Ry,Sy,ay) is an adjoint pair then one
has defined a functor oAJ PA(ooS,A), y- (Ry,Sy,ay) ...
More precisely if in the category A every Sy admits
a left adjoint in the standard sense, for example
when A is co-complete, then let e:oboA~ObPA(oPS,A)
be a map such that 8(y) = (R,Sy,a), which exists
because of the axiom of choice. We will denote
(Ry,Sy,ay) by 8(y). The functor
p = p8:oA ~ PA(ooS,A) is then. d~fined in the fol-
lowing way: p8(y) = 8(y). If f:y ~ Z is a morphism
in oA then Sf:SZ ~ SY' we take p8(f) to be the nat
ural transformation A:8(y) ~ 8(Z) such that ~ = Sf'
Recall that there exist a formula which relates A
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and ~ when the isomo~phism of adjointness "have been
given, 'which .is actually what e. is good for (see
Note 1.3 and "de f Ln i t i on 1.4 (an, That formula applied
to our case is

where X is an object of oOS. When ~ is Sf then
aA = p (f). From Note 0.4 it follows that for each

a, pa is in fact a covariant functor.

1.6. THEOREM. The~e ex~~t~ a natu~a£ ~~omo~-
ph~~m u between Mope and the ~dent~ty 6un~to~ 06
oA. Al~o the~e ~x~~t~ a natu~al ~~omo~ph~~m v
bet~een paoM and the ~dent~ty 6un~to~ 06 PA(oOS,A).
Con~equently when a excsx«, :the ~a:tego~tf-PA(ooS,A)
and A 4~e equ~valen:t.

P~006. In order to define u we need to define
a natural isomorphism u = {uyly oA' where
Uy:RyoO ~ Y. Recall that for uy to be an isomor-
phisms it is necessary and sufficient that for
each x in 0, Uy,x:Ry(t(x»~ Y(x) is an isomorphism
in A. We take Uy as the unique morphism in A,x
whose image by the following chain of ismomorphisms
is the identity of y(x):

ay 0 y gA(Ry(t(x»,y(x»~o S(t(x),Sy(Y(x» .. )

Sy(y(x»(x) def A(Y(x),y(x»

where ay is the isomorphism of adjointness of
e(y) = (Ry,Sy,ay) and y:g. stands for the isomor-
phism of Yoneda-Grothendieck of Lemma 1.1.

Equivalently uy x can be defined as the unique
•

125



morphism such that for each A of A, the map
k~ koUy ,x
composition By

is the isomorphism
x A(or 8y' ):

o
A(Ry'(x),A) ~ <s°S('(x),Sy(A))

def
Sy(A)(X) = A(y(x),A).

inverse to the

y.gj,.

In what follows, if f:y + Z is a morphism in
oA, we will use the notation Rf:Ry + RZ for the
natural transformation on the realization which
defines, and is defined by, p6(f). We need to
prove that for such an f:y + Z the following dia-
gram commutes:

Ryo,
uy

;;. y

(Rf),l if
Rzo, • Z

Uz

this is equivalent to the commutativity, for each
object x in <5 and each A in A, of the following
diagram

A(y(x),A)

IA(fx,Al
A(Z(x),A)

A(uZ ,A),x

consequently, it is enough to prove the commutativ-
ity of
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! By ,
A(Ry6(x),A)~6°S('(X),Sy(A))~Sy(A)(X)=A(Y(X)~A)

A(Rf i(xl,A) 6
0
S(i(X)'SfjA) S ]= A{f A)], 'I f,A,x x'

A(RZ6{x),A)~6°S(i(x),SZ(A))---+SZ(A)(x)=A(Z(x),A)aZ y.g.

From left to right the squares commute, the first
one by Theorem 0,3 and the second by naturality of
y.g.

d f i hi' h i eWe now e lne t e natura lsomorp 1sm v:P oM~l,
Let (R,S,y):6°S ~ A be an adjoint pair. Then, e
M(R,S,y) = Roi, and therefore P M(R,S,y) = e(Roi),
which we can write as 6(Roi) = (RRi,SRi'~')' We need
to exhibit a natural transformation between RSi
and R. But from Theorem 0.3, since y and aRi are
given, it suffies to give a natural transformation
- -v(R,S,y) = v:S ~ SRi' We take

VA,x:S(A)(X) ~ SRi{A)(x)

to be the map inverse of the composite isomorphism

B(y):RRi{A)(x)=A(R(i(x)),A) l.6°S{i(x),S(A))

y.gi--S(A)(x) .

-That V is natural follows from the commutativity
of the diagram

S
1.7. SR'i ll~ SRi

ii(R' ,S' 'Y')I lii(R,S,Y)
S'----)~ S

~
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where A:R ~ R' is a natural transformation, X was
clarified in Note 1.3, ~:Roi ~ Rloi is the restri~
tion of A to cS, and (R' ,S' ,y'), (R,S,y) are adjoint
pairs.

This commutativity is equivalent to that of the
following diagram for each A IE:. A and x E:. cS:

S~-_..:...-_...,.~SRi (A)( x )

(:)ldef
(?)o~ :

X
(?)' :> A(Ri(x),A)

. Ol\i(x)

( 1)

( 3 )

( 2 )

X A,x

Square (1) commutes by definition of S~. Square
(2) commutes because given y,y', and A, then ~ is~
by Theorem 0.3, the unique natural transformation
which leaves diagram of the kind (2) commutative.
Fi~aly, square (3) commutes by definition of the
isomorphism of Yoneda-Grothendieck. That ends the
proof of Theorem 1.6 .•

Let's assume that we are gi~en a natural trans
formation A:R ~ R'.

We want to give explicitly the diagram of real
izations corresponding to the diagram 1.7; if we
denote by Y and Y' the restrictions Rot and R'o4,
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by U:y ~ Y' the restriction of A, and v = V(R,S,y)'
v'= V(R' ,5' ,y')' then the dual diagram of 1.7 is

1.8. RURy, ( Ry

V'l 1v

R' ( A R

Notice that since in this diagram v and v' are
isomorphism (because v' and v are isomorphisms)
then

1.9. COROLARY. (a) In o~de~ no~ RU to be an
i~omo~phi~m it i~ ne~e~~a~y and ~u6nieient that A
be an i~omo~phi~m. Mo~eove~ in ~o~ an x, Ax i~ an
i~omo~phi~m then ~o i~ (RU)X' and eonve~~ely.
(b) Let s , y'€.:<SA and f:y ~ y' be a natu~al t~an.6-
6o~mation. Tn o~de~ 6o~ f to be an i.6omo~phi~m it
i.6 neee.66a~y and .6u66ieient that Rf (~e.6peetively
5f) be an i.6omo~phi~m.

EVERY ADJOINT PAIR IS DEFINED BY A MODEL. We
formalize the idea of "modeling" an adjoint pair,
as follows:

1.10. PROPOSITION. Fo~ any adjoint pai~
(R, 5) : ooS ~ A the~e exi.6t y c <SA and an Ls amo~phi.6m
IT : S .: 5 y' Con ve,'t.6el y, 9iven Z E: <SA, i 6 5 Z admit.6 a
le6t adjoint R then the~e exi.6t.6an i.6oma~phi.6m-Roi ~ z.

P~oo6. In the proof of Theorem 1.6, arid inde-
pendently of the existence of e, the isomorphism
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Roi + Z is implicity given. -

§2. When R, from an adjoint pair (R,S):OoS + A,com-
mutes with finite products? Let us recall the fal

lowing

2.1. LEMMA. Eve4Y' object 06 oos ~~ the ~nduc-
t~ve l~m~t On 4ep4e~entable object~, that ~~ to
sau objet.6 On the nOJLm i(x) w~th x co.

To explain the meaning of this lemma, let
XC oOS and let o/X denote the category whose ob-
jets are pairs (x,a) where x Co and a E:.X(x). A
morphism ~:(x,a) + (x',a') is a morphism ~:x + x'
in <5 such that X(~)(a') = a, in other words II is
such that the following diagram commutes:

• (u )i(x) ..i(x')~/
X

(recall that X(x) :::oOS(i(x),X), thus ac X(x)
represents a transformation .(x) + X denoted also
by a; this also justifies the notation o/X for
this category, known as the category of objets of
i (<5) over X).

Let F = FX denote the "source functor"
o/X + oOS given by the formulae F(x,a) = '(x),
and for u i Cx vc ) + (x' ,a'), F(~) = i(~):i(x) +i(x').

We define a natural transformation A:FX + eX
(where cX:<5/X + 60S is the constant functor of
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value X) by A(x,a) = a, which induces a morphism
A' :ljm FX ~ X as a consequence of the natural bi-
jection Hom(FX'cX) ~ Hom(llm FX'X),

What lemma 2.1 ~ay~ ~~ that lim FX ex~~t~ ~n
oOS and that A' ~~ an ~~omo~ph~~m, OO~ eve~y objeet
XC oOS. Moreover the isomorphism is natural. In
fact if f:X ~ y is a morphism of oOS, it induces a
functor l:o/x + o/X, (x,a)¥+ (x,foa), which itself
induces a morphism f' :llm FX ~ 11m Fy such that the
following diagram commutes

fl
lim Fx ) 1im Fy+

"X 1
f

l,'y
X ~ y

The proof of Lemma 2.1 can be taken almost word by
word from the one in [1J for the case 0 = ~.

2.2. PROPOSITION. Let U,V:ooS + A be f.uneto~~
wh~eh eommute w~th ~nduetive l~m~t~ and let
y:u ~ v be a natu~al t~an~6o~mat~on. Then, in o~-
de~ oo~ y to be an i~omo~phi~m ~t i~ neee~~a~y and
~uo6ie,[ent that no~ eaeh oo i e.c : x E:C the aJt.~ow
Y'(x):U'(x) ~ V.(X) be an ,[~omo~phi~m.

P~ooO. It is sufficient to consider the diagram
of the pag. 132, where y* FX stands fot the Gode-
ment's composition of the natural transformations
idFX:FX ~ FX and y:U ~ V. The top square commutes
since it does so for each one of the structural
arrows involved in 11m UoFX' The natural transfor
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Yx

mation y* FX is an isomorphis since it can be fac-
tored as

u
""Y ~ A
V

(here "source" (x,a) = x ). By hypothesis the res-
triction of y to a is an isomorphism and, a 6o~ti~
~i, when restricted to a/X. That ends the proof of
proposition 2.2.

2.3. THEOREM. Let A be a eateao~y with ~inite
p~od'uet~, and R:aoS -+ A a 6uneto~ whieh ~ati.66ie.6
the 6ollowing two eondition.6 6o~ a given X:
(a) R(?XX) and R(?)XR(X) eommute with induetive
iimit~.
(b) the natu~al t~an.66o~mation R(?XX) -+ R(?)XR(X)
indueed by the p~ojeetion~ i.6 an i.6omo~phi.6mwhen
~e.6t~ieted to element.6 06 the 60~m i(x) with x E: o.
Then, the a~~ow R(YXX) -+ R(y)xR(X), indueed by the



pltojec.;t.ion~,i/, an i/,omoltphi/,m, 00lt eveltlj Y E:. 60S.
The proof is an inmediate consequence of the

previous proposition.

2.4. THEOREM. Let A be a c.ategolty wi~h 6inite
pltoduc.t/" and R:6°S ~ A be a c.ovaltiant nunc.tolt
whic.h admit/' a Itigth adjoint and /,uc.hthat 00lt

eac.h XE:6°S the nunc.tolt (-)xR(X) c.ommute-6 with in-
duc.tive limit~. 16 601t eac.h x,yc6 the c.anonic.al
altltow R('(x)x'(y)) ~ Ri(x)xRi(y) i~ an i~omoltphi~m,
then R c.ommute~ with oinite pltoduc.t/,.

Pltoon. The natural transformation
R(?xi(y)) ~ R(?)~R(i(y)) is an isomorphism. In fact
it is a particular case of the previous theorem
when X = iCy). Since R admits right adjoint and
by hypothesis (-)xR(X) commutes with inductive li~
its,the composite R(?)xR(X) also commutes with
inductive limits. Since the functor (- ixv . 60S ~ 60S
admits a right adjoint then R(-xV):6°S'~ A also
commutes with inductive limits. Thus for each
R E:.6°S, and each y e; 6 the canonical arrow
R(Yx'(y)) ~ R(y)xR('(y)) is an isomorphism. Consid
ering y.fixed, it follows that R(Yx?) ~ R(Y)XR(?)
is a natural isomorphism on the representable ob-
jects '(y). We apply theorem 2.3 to conclude that
for each X, R(YXX) ~ R(Y)xR(X) is an isomorphism.
That ends the proof.

2.5. COROLLARY. Let (R,S):6°S ~ A be an adjoint
pailt. 16 601t eac.h xc6°S, the nunc.tolt (-)xR(x):A~A

admit~ a Itight adjoint, then R c.ommute~ with 6inite
pltoduc.t/,in and only in R c.ommute~ with 6inite pltO~
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u~t~ 06 ~ep~e~entable obje~t~, i.e.:
R(i(x)xi(y» = R(i(x»XR(i(y».

For example when A is a category of presheaves,
then the functor (-)xZ r z c A ) admits a right ad-
.joint, and the corolary applies. In particular in
the categories of sets and simptlc~l sets. Also
the corollary applies when A is the category of
groups, the category of Kelley spaces, and the cat
egory Cat of small categories, see §4.4.

This last example permits us to generalize the
proof in §2 of [3], to give the following.

2.6. PROPOSITION. Let (R,S) a~ in ~o~olla~y
2.5. be de6ined by a model Y:O ~ A ~u~h that
SoY ~ i and RoS : idA' Then R ~ommute~ with 6inite
p~odu~t~.

P~006. It follows from the natural isomorphisms
R(i(x)xt(y» ~ R(S'Y(x)xS'Y(y» ~ R(S(Y(x)xy(y»),
~ RS(Y(x)xy(y» ~ Y(x)xy(y) ~ Rt(x)xRt(y) .•

An example of this situation is the pair
(G,~) where N:Cat ~ ~os is the nerve functor. These
results on functors commuting with finite products
generalize that of the realization functor
II :~os ~ Kelly as presented in [i}.

A~OTHER VERSION OF PROPOSjTION; 2.2. Let
(R.,S.):ooS ~ A (i = 1,2) be two adjoint pairs,

J. J.

and A:R1 ~ R2 a natural transformation. With the
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notation of §1, we establish the following work-
able version of proposition 2.2:

2.7. THEOREM. The oollowing ~tatent~ a~e equi~
alent:
(i) A i~ an i~omo~phi~m.
(ii) ~ ~~ an i~omo~phi~m. ,
(iii) SA' i~ an i~omo~phi~m (A = A*i = ~e~t~i~-

tion 00 A to ~ep~e~entable objet~).
(iv) RA' i~ an i~omo~phi~m.,
(v) A i~ an i~omo~phi~m.

p~o 0 o. (i) ~ ( iI ) and (i iI ) ~ (iv ) are 0bv i°us;
(ii) 4+ (iii) fol'lows from 1.7; (i) #>(v) is obvi-,
ous; (v ) ~ (iii) sin ce SA' is the irnage 0f A by
the functor s:oA -+ Fun(A,ooS) .•

2.8. NOTE. If for each XC oOS the functor
(-)xR(X):A -+ A admits a right adjoint( )R(X):A-+A
then we can consider the following pairs of ad-
joint functors:

oOS( - )XX. ooS ~ A ~ oOS ( )~ oOS

<50 S ~ A ( - ) x R ( x ). A ( ) R ( X ~ A ~ 00 S •

In order to prove that the two functors
oOS -+ A given by the compositions of the left
parts are isomorphic it is sufficient (and n~ces-
sary) to prove that the functor A -+ ooS, given by
composition on the right, are isomorphic. That
happens, and can be seen easily, when
R(e(x)xi(y» = Ri(x)xRi(y). However if what is
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wanted is to show that the canonical map
R(Xxy) + T(X)xR(Y) associated with the projections
is an isomorphism, then the machinery of this par~
graph is needed.

§3. Decomposition of realizations in 60S in terms of
real ization in S. Let's consider a realization
functor Ry:~oS + ~oS associated with a model
Y:~ + ~oS. Since realizations of this kind can be
a little complex, we will show that they can be de
composed in realizations ~oS + S associated with
models ~ + S. It will follow that a realization of
the first kind commutes with a limit if and only
if each one of the realization of the second kind
in its decomposition commutes with that limit.
Sinc~ we have shown that the behaviour of the lim-
its of a realization depends of the behaviour on
models, the work of deciding whether or not Ry co~
mutes w;th products can be highly simplified. This
is the method we will use to show that Kan's first
sub-division does not commute with products.

3.1. LEMMA. Let E:~oS + S and Y:~ + ~oS be nun~
t04~. 16 E adm~t~ a 4~ght adjoint then the4e exi~t~
a natu4al i~om04phi~m e = eE,y:SyOSE~ = SEY. AI~o
EoRy = REy (Notat~on~ 06 1.5).

P4006. Let C be a set and· x E: ~. Then
(SEY(C»(x) = S(EY(X),C), Since E has a right ad-
joint then by Theorem 1.6, E = REt and its right
adjoint is SEt- Then

136



By composition of adjoint pairs the last statement
of the lemma follows. •

An important particular case of 3.1 is that of
the "evaluation" functor E :ooS -+ S, where x runsx
over 0, given by Ex(F) = F(x). On the arrows it is
defined in the obvious way. These functors admit
right (and left) adjoints, namely SE z. More explix· -
citly this functor is given on each C E: S and each
tCo by (SEX.(C))(t) = S(o(x,t),C). The formula in
3.1 becomes RE Y = E oRy for each x in 6. Is isx x
clear from this last formula that if Ry commutes
with a limit so does RExY' Conversely and thanks
to the properties induced in oOS by the evaluation
functors we have:

3.2. PROPOSITION. Fo~ ea~h F:o -+ 60S the ~ol-
lowing ~tatement~ a~e equivalent: (a) the natu~al
map a:l,im(RyoF). -+ Ry(lim F) L6 an i~omo~phi~m;
(b) ~o~ eve~lJ xc6, the natu~al map
lim(RExyOF) -+ RExy(lim F) i~ an i~omo~phi~m.

P~oo6. It is to be shown that if F stands for
Ry then the canonical morphism F(lim U) -+ lim FU
is an ismorphism in 60S. But that is so if and
only if for f'Nery xC tS, the associated map
E F:lim U -+ E lim FU is an isomorphis. But since

x.. x·+
ExF (by hypothesis) and Ex commute with lim then
the conclusion follows. •
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3.3. NOTE. The formula RExY = ExoRy provides us
(with the help of 1.6) of a mechanism which allows
us to determine one realization, within the family
of all the functors adjoint to Sy, by fixing the
realizations at the set theoretical level.

3.4. COROLLARY. Ry:~oS ~ ~oS eommute~ w~th 6~~
~te p~oduet~ ~6 and only ~6, 6o~ eve~y ~ntege~~
p,n,m ~ 0, the eanon~eal map

RE y(~.[nJxfl[mJ) ~ Yf n ) xY(m)
p p p

~~ a b~yeet~on.

§4. Conditions on models Y:~ ~ S for Ry to commute
with finite products. A point y of a model Y is ~~
te~~o~ if fo~ eaCh monOmorphism W of ~, if 9 belongs
to Im(Y(W» then w is art ld~Dtity: Recall_the follow
ing propierties on a model Y, defined in [2].

• f.MO.l. Y doe~ not have eo-~~mpl~e~al ~ub-~et~
w~th only one po~nt ~n eaeh d~men~~on:

MO.2. 16 Y ~~ an ~nte~~o~ po~nt 06 Y then ~o ~~
Y(a)(y) 60~ eaeh ep~mo~ph~~m a 06 ~ (wheneve~ de-
6inedJ. In other words~ Y is stable for interior
points by co-degenerancies.

In [2] we proved that MO.l in equivalent to
eveJLyy ~ Y" adm~t~ a un~que deeompo~it~on
y = Y(3)(y'), wh~~e a i~ a monomo~ph~~m 06 ~ and
y' ~~ an ~nte~~o~ po~nt . A co-simplicial set with
this property was called an Eilenberg-Zilber type
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cosimplicial set.
Given a simplicial set X and a co-simplicial

set Y we will say that a pair (x, y) ~ .u. X (n.)xy ( n )n
is optimal if x is non-degenerate and y is an in-
terior point.

Conditions MO.1 jnd MO~2 on'a model Y:~ + S
allow us to determine optimal representative on the
equivalence classes of Milnor's relation ~J. With
thedr help we now specify the condition on Y in
order that Ry commutes with finite products.

We know that Ry commutes with finite products
if andrnly if for each n,m ~ 0 the canonical map
Ry(~[nJx~[mJ) + 'Ry(~[nJ )xRy(~[mJ) is bijective.
Since furthermore Ry(~[nJ) is canonically isomor-
phic to yen) the composite
f = 'Pn,m:Ry(~[nJx~[mJ) + Y(n)xY(m) is the one in-
duced to the quotient by the maps
(a,B,Z)fW'o+ (Y(a)(Z),Y(B)(Z)) where CL: [rJ + [n],
8: [rJ + [m], Z E:.Y(r) (for r ~ 0).

The properties MO.1 and MO.2 on the model Y
imply that in each equivalence class [(CL,B,z)]
there exists one and only one optimal representa-
tive. Therefore ~ is inyective if and only if for
any pair of optimal representative (a,B,z) and
(a ',B ',z ') if I.f( a ,B , Z) = f( a ',B ',Z') the n CL = CL',

B = B'· and Z = Z'.
This fact can be translated in terms of the

model Y in the following way: first recall that a
pair [m] ~ [rJ ~ [n] is by definition non degene~
ate if whenever there exist an epimorphism
0: [rJ + [pJ and arrows a': [pJ + [n], S': [p] + [m]
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such that a'a = a and B'a = B, then a = identity.
We then define condition MO.3 for the model Y as
follows:

MO.3. Fo~ eve~y pai~ 06 non degene~ated diag~am
em] ~ [rJ ~ [n] and [m] ~' [r'] ~' [n], u the~e
exi~t Z E: Y(r) and Z' E: Y(r') ~uch that Y(a)(Z) =

Y(a' )(Z') and Y(B)(Z) = Y(B' )(Z') then a = a',
B = B' and Z = Z'.

Equivalent let Y(a,B):Y(r) ~ Y(n)xY(m) denote
the map induced by a nondegenerated diagram
[m] ~ [rJ ~ [n], then Y satisfies MO.3 when the
images by the Y(a,8)'s of the set of interior
points are pairwise.disjoint. With this definition
we have:

4.1. PROPOSITION. Suppo~e that Y ~ati~6ie~
MO.1 and MO.2. In o~de~ that fm,n be injective 6o~
eve~y nand m it i~ nece~~a~y and ~u66icient that
Y ~ati~6ie~ MO.3.

The necessary and sufficient condition on Y for
fn,~ to be onto is also evident:

MO.4. Fo»:each nand m, and (u,v)E:.Y'(n Ix Yf m )
tne»:« exi~t p >,. 0, w E:. Y (p) and a diag~am
en] ~ [pJ ~ em] t,uch that Y(a)(w) = u and
Y(8){w) = v ,

4.2. THEOREM. 16 a model Y:~ ~ S ~ati~6ie~
MO.1~ and MO.2, then in o~de~ that Ry:~oS ~ S com-
mute~ with 6inite p~odu.ct~ it i~ nece~t,a~y and
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�u66icient that Y �ati�nie� MO.3 and MO.4.

4.3. COROLLARY. Let
6uncto~, i6 nO~ each n,
MO.2 then a nece��a~y and
in o~df!JL'that Ry:f!.°S .. f!.°S

p~oduct� i� that 6o~ each
MO.3 and MO.4.

Y:f!. .. f!.°S be a cova~iant
EnoY �ati�6ie~ MO.1 and
�u66icient condition
commute� with 6inite
n, E oY ha� p~ope~ti~�n

§5. Kanis first sub-division does not commute with
products. Other examples. We first give an alter-
native definition of Kan's first sub~division
Sd:f!.°S .. f!.°S as follows. Since Sd is a realization
functor we first give the model which defines it
and denote it by f!.1:f!... f!.°S; f!.' associates to each
en] the re rv e NP 0 ( [n]) of Po ( en] ),the category as-
sociated with the ordered set of non-empty sub-
sets of en] r cr . [1J). More explicity.

~'[n]p = {(Ao, ... ,Ap)l~ 1 AoC;A1, ... C;:A2c;[n]}

and if w: [pJ .. [q] then f!.'[nJw = w*:~' [n]q" f!.'.[nJp
is given by W*(Ao"" ,Aq) = (BO"" ,Bp) where
B. = A (.). The definition of f!.' is completed as-

.1 W.1

soc ia tin g to <5:[nJ .. [m] the arrow <5* :f!.' [n] ..f!.' [m]
which in each p is given by <5*(Ao, ... ,Ap) =
(<5(Ao)',···,<5(Ap»'

INotice that Sd = Rf!." On the other hand f!.

satisfies in each simplicial degree MO.1 and MO.2
(Cf [2]). Th~s is order to show that Rf!."does not
commute with finite products we need to show that
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E o~' fails for some p to have either MO.3 or MO.4.
p

We will show that actually E 06' fails to have MO.3
p

for each p. We cannot assure anything about MO.4
but we have the impression that it holds.

5.1. PROPOSITION. Fo~ edch p ~ 0, the model
6p' = E o~' doe~ not ~dti~6Y MO.3.P ,

P~oon. (a) A point in dimension 2 of Y = 60 is
a non empty sub-set AO of [2J. It is interior if it
is [2J itself. We consider the diagrams
[lJ ~[2J ~ [lJ, [lJ ~ [2J ~' [1J where a = oO=B',
B = oO=a'. Notice that (a;B) '1 (a' .B'), both are
non degenerate. and ([2J) is an interior point in,
dimension 2 of 60 = Y. Now we take, with the not~
tions of MO.3, Z = Z', ([2J)c Y(2) (that is to say
r = r = 2). It is clear that Y(a)(Z) = ([1J) =
y(a' )(Z') and Y(B)(Z) = ([lJ) = Y(B' )(Z'). However
a '1 a' and 8 '1 B'. ,

(b) More generally we take for Y = 6p'
m=n > p+l and consider the diagram en] ~ [n+l] ! [ri]

en] "~' [ ] 8' [J nand ~ n+l ~ n where a = 0 = B' and
n-lB = a = a'. Next we consider Ao = {O}, A1 =

{O.l}, ..., Ap_1 = {(0,1, ...,p-l}, Ap = [n+1J and
Z = ·Z' = (AO'''' ,Ap) C Y(n+l). It is clear that
Y(a)(Z) = Y(a' )(Z') and Y(8)(Z) = Y(B' )(Z'). How-
ever a '1 a'.

5.2. OTHER EXAMPLES. When Y:~ ~ Top, the set
theoretical part can be faced at the light of §4

because the underlying set of Ry(K) is precisely
Ry(K) where r is the underlying cosimplicial set
142



of the cosimplicial space Y. That is the case when
n 'Y is the cosimplicial space of the topological ~ s.

It is well known that the map

I ~ [n] x~ [m] I -+ ~nx~ m

[cx,e,t]- (cx"'(t),e*(t))

is a set theoretical isomorfism. In the proof of
this is implicit that of MO.3 and MO.4, it can be
found in [8J and [12].

This generalizes to any case in which the unde~
lif~ng ~et 6uneto~ has a left adjoint. For example
when R is the le£t adjoint of Ne~v:Cat + AOS,
whose model is the cosimplicial category of the
.categories associated to finite ordered sets (the
category associated to [nJ = t o ;»; ••• ,n} is s"
with set of objects [n] and a morphism p + q when-
ever p ~ q l . In this case yO has a point and y1

has two, both of which belong to yl, therefore
MO.l holds. On the other hand since the only in-
terior point is OE:.YO, then MO.2 and MO.3 are
obvious, so is MO.4. Therefore, at the set theo-
retical level, Ry (the left adjoint of Ne~v) com-
mutes with finite products. The categorical part
can be completed easily from the isomorphism

which is obvious, using 2.5.
A A O. f'When in a model Y:u + , Y 1S not the 1nal

object of A, then, except for trivial situations,
Ry does not commute with finite products. This is

143



so because

while

This is the case with the realization of models of
form RC(Y) (the right cut of Y) given by (RC(y»n
= yn+1, with the same faces and degeneracies as Y,
except for the last face and degeneracy of each
level which are omitted.

Back to the case of the topological ~n,s, since
RC(Y)o = y1 = ~1 then RZ (with Z = RC(Y» does not
commute with finite products. It is clear however
that it has a co-simplicial point namely n~ pn,
pn = {(O,O, ...,l)} C RD+2.

If we consider Z-P (it happens to be a cosim-
plicial space again) it has no cosimplicial points.

010Let (Z-P) = ~ -P . Then RZ_p does not commutes
with finite products. Here MO.2 and MO.3 also hold
but MO.4 fails. As shown in [11J, its realization
functor (resp. singular functor), however, is hom~
topically equivalent to the Geometric Realization
(resp. usual Singular Functor). It is shown there
also the fact that Z is, as far as it concerns to
realization, homotopically Dull.
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