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ON THE SET OF OPERATORS HAVING A GIVEN
SIMPLY CONNECTED SPECTRAL SET

Mahmoud KUTKUT

ABSTRACT. We study some properties of
the set of operators having a given com-
pact simply connected set as a spectral set.
Such set of operators is arcwise connected,
and closed in the uniform (norm) topology if
the spectral set is convex. Also we study the
"tensor product" of such two sets of opera-
tors.

RESUMEN. Se estudian algunas propiedades
de la familia de operadores que poseen un
conjunto dado, compacto y simplemente conexo,
como uno de sus conjuntos espectrales. Estos
operadores forman un conjunto conexo por ar-
cos el cual es cerrado en la topologia de la
norma si el conjunto espectral es conexo. Tam
bién se estudia un "productos tensorial" en-
tre tales familias de operadores.

Consider an infinite dimensional complex Hil-

bert space H, and let L(H) denote the algebra of
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all operators on H. If AE€L(H), then the 4spectrum
0(A) of A is defined to be the set of all complex
numbers )\ for which A-A is not invertible. A sub-
set X of the complex plane € is said to be a 4pec-
trnal set of an operator A, if O(A) ¢ X, and for

every anaiytic function Y on X, we have

TPl ¢ 1Pla -

We dencte by 0(X) the set of all operators in L(H)
having X as a spectral set. In this paper we study

some properties of 0(X).

LEMMA 1. 1§ X = D, the closed unit disc, then
0(D) 48 a convex subset 04 L(H).

Proof: By von Neumann's theorem [6], D is a
spectral set of an operator A€L(H) if, and only
if |A] € 1, and thus 0(D) is the set of all contrac
tions on H. Let A,Be€ 0(D) then |JA] < 1, [B] < 1,
and for te[o,lj,

fta+(1-t)B|| < t]a] + (1-t)|B]

< t+(1-t) = 1.

This implies that tA+(1-t)B€ 0(D), for every
tE:[O,l], thus 0(D) is a convex subset of L(H). ®

COROLLARY 1. 0(D) 44 arcwise connected.

THEOREM 1. If X 4{& a compact simply connected
subset of €, then 0(X) 48 arcwise connected.

Proof. Let T,S€ 0(X), by von Neumann's theorem
[6] there are operators A,B€0(D), such that
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T = P(A) and S = Y(B), for some analytic homeomor-
phism $:D + X, which exists by the Riemann mapp-
ing theorem (see [1] page 221). Since, by Corollary
1, 0(D) is arcwise connected, there is 6:[0,1] =+
0(D), a continuous function such that 8(0) = A and
6(1) = B. Now consider Po8:[0,1] »0(X), since
and 6 are continuos, o6 is continuos and $8(0) =
P(A) = T, Po6(1) = ¥(B) = S. This implies that

@

0(X) is arcwise connected.

For TEL(H), the numerical nange W(T) of T is
defined by

W(T) = {A€C:\ = (Te,e), for e€H, "e" = 1}.

To prove O0(X) is closed in the norm topology for a

convex set X, we need the following two lemmas.

LEMMA 2. I{§ (T )cCL(H) converges weakly zo
TeL(H), and £§ Y 44 a compact subset of € such
that W(T,)cCY for every n, then W(T)CY.

Proog: If A CﬁTTW} then for every € > 0 there
is awmit vector e €H such that |((T-A)e,e)| < g,

which implies
| ((T_-M)e,e)| € | ((T -Tle,e)|+[((T-D)e,e)]| < 2e.

Thus we have d(A,WZTn)) < 2¢ for every n > N, so
that d(A,Y) < 2e, where d is the distance function.

Since Y is compact and € is arbitrary, A€Y,

or W(T)c Y. ®

LEMMA 3. T4 (Tp) cL(H) converges (in noam) to
TcL(H), then $(T,) converges (im noam) to P(T),
149



§on any analytic function ¥ .
k k
Proofi: First we prove that T converges to T

for every positive integer k. For k = 2 we have

2 2
It -1 < [ T,-THIT+7]

6—2-%2M=€,
where M = max{'Tn+Tﬂ:n = 1,2,...5}. Assuming the

induction step for k we obtain, for k+1,

k+1 _k+1 k+1 _k k k+1
(R sl R I Al Sk RS o6 4 sl

k k _k
< [T r_-1l + fod fri-T}] .

Let M = max{"Ti", {T):n = 1,2,...},. then, we ob-
tain

k+1 k+1 € €
i e KRR
k

n
m

s

This implies that TE converges to T , for every
positive integer k, and thus for any polynomial Pm
we have that P _(T ) converges to Pm(T), and taking

the limit on m we obtain for any analytic function

¥ that P(T ) converges to (). B
Now, we prove the following:

THEOREM 2. I{ X 4é a compacil convex subset of €,
then 0(X) 48 unifonmly closed, i.e. closed in the
noam opernaton topology.

Proofi: Let (Tn)c_O(X) such that (Tn) converges
in norm to TE€L(H). Since X is a convex spectral set

of Ta for every n, we have by Williams theorem which
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says that W(A) is the intersection of all convex

spectral sets of A, see Williams [9]:
WZTn)C:X, n = 1,2,

Lemma 2, implies that W(T) cX. In [4] it is shown
that W(T) contains 0(T) for any operator TEL(H),
thus 0(T)c X. To end the proof of the theorem we

have to show that

IPeml < [P,

for any function ¥, analytic on X. By Lemma 3, 9(Tn)

converges (in norm) to ¥(T), so that

IPCT < IFCT)- (T + [P )],

Since X is a spectral set of Tn’ n=1,2,..., we
have [T )| € |¥P]e> n = 1,2,... . This implies
that

"‘f(T)" < €‘+"\an ’

and since € is arbitrary, the theorem is proved. 2

Let X and Y be subsets of €, O(X)C.L(Hi) and
0(Y)< L(H,), where Hy and H, are two Hilbert spaces,
1f HIQH2 denotes the tensor product of Hl and H2
then we define the "tenson product" 0(X)RO(Y) to be

0(Xx)80(Y) = {T®S €H,BH such that T€0(X) and

1¥%9
seo(y)}.

If XY = {xy:x€ X, ye Y}, then one can ask which is
the relation between 0(X)B80(Y) and 0(XY). For this
we need a proposition and two lemmas. The propo-

sition comes from [7].
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PROPOSITION. I4{ X 448 a compact simply connected
spectral set of an operatorn A€ L(H), then there 4is
a noamal operator NE€L(K) such that o(N)c3aX ( the
boundary of X) and for any analytic function on

X, we have
PLPNIP, = P(A)P, , (%)
whene Py 44 the projection of the Hilbert space K

onto H (HCK). Any operator satisfying (x) L& sadid
to be a nonmal dilation of A.

LEMMA 4. 1§ N, and N, are normal operatons, then

the tenson product N,8N, {8 normal.
Proof: consider,

(N18N2)*(N18N2)-(N18N2)(N18N2)*

& & E3 E3
(N10N2)(NlﬁNz)‘(N18N2)(N18N2)

® % * %
(N1N1)8(N2N2)-(N1N1)8(N2N2)
+ (N, N®)R(NEN_ Y- (N, N¥)e (N N)
171 272 171 9% 9.7
Thus we have,

% *
(NleNz) (N18N2)—(N18N2)(N18N2)

3 % % * t3
-N,N7)BN N, + N N/B8(N N, -N,NJ) ,

L *
= (NN 1Ny

171
this equality proves the lemma. ®

LEMMA 5. 1§ N, and N, are nqnmaz dilations of
T and S nespectively, then N,8N, 44 a nonmal dilaz
Lon of T@S.

Proof. If N, and N, are normal dilations of T
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and S then we have
Pﬂlqa(nl)Pﬁi = %E(T)pﬂl
PH2$3(N2)PH2 =‘P2(s)pH2 .

for any analytic functions ?1 and 43 on neighbor-
hoods of G(Nl) and O(Nz), respectively, where
PH1=K1 > H1 and PH2:K2 * H, are aprojections. Now,
by lemma 4, N18N2 is normal and for any analytic

function Y on a neighborhood of 0(N18N2), we have

Py, an,P(N 8N IPH aH, = Phjen, PN, 8PN, )Py gy,

pHi?(Nl)Pﬂlapﬂzv(N2)pH2

(T)PHie‘P(s)PH2 = ?(TBS)PuinHQ

This implies that N19N2 is a normal dilation of
TRS. ®

Now we come to our third main result.

THEOREM 3. If X, Y are simply connected sub-
sets of ¢, then 0(X)B0O(Y) € 0(XY).

Proof. Let TRS€ 0(X)R0(Y), then X is a spectral
set of T and Y is a spectral set of S. By the prop
osition above there exist normal dilations N,1 and
N, of T and S, respectively, such that o(N,)c3X
and O(N2)c,3Y. Lemma 5 implies that N 8N, is a
normal dilation of TRS; i.e., PH‘P(leNz)PH =
?(TOS)PH, for any analytic function ¥ and P:K > H,
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where H = H18H2CK = K19K2.
Since 0(N19N2) O(N1)°(N2)’ see [2], we have

0(N19N2)CLXY, and since N,@N, is normal, XY is a

spectral set of N18N2, see [u]. Thus for any ana-

lytic function ‘¥ on XY, we have

Iven )l < IP]e -

This implies that

Ipcres)| = [P p(N,aN,) |
< [Py eN )]l s 1Pla >

and since o(TRS) = o(T)o(S)C XY, we conclude that
TRS € 0(XY), i.e. 0(X)R0(Y)C O(XY). ®
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