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ABSTRACT. We study some properties of
the s~t of operators"having"a given com-
pa-c-t simply connected set as a spectral set.
Such set of operators is arcwise connected,
and closed in the uniform (norm) topology if
the spectral set is convex. Also we study the
"tensor product" of such two sets of opera-
tors.

RESUMEN. Se estudian algunas propiedades
de la familia de operadores que poseen un
con junto dado, compacto y simplemente conexo,
como uno de sus conjuntos espectrales. Estos
operadores forman un conjunto conexo por ar-
cos el cual es cerrado en la topologla de la
norma si el conjunto espectral es conexo. Tam
bi~n se estudia un "productos tensorial" en=-
tre tales familias de operadores.

Consider an infinite dimensional complex Hil-
bert space H, and let L(H) denote the algebra of
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all operators on H. If A E:L(H), then the <!lpec..t.1Lum
a(A) of A is defined to be the set of all complex
numbers A for which A-A is not invertible. A sub-
set X of the complex plane re is said to be a <!lpec.-
t:.1Lal<!let:of an operator At if a(A) C X~ and for
every analytic function ~ on X, we have

II f (A ) II ~ /I 'P II GO •

We denote by O(X) the set of all operators in L(H)
having X as a spectral set. In this paper we study
some properties of O(X).

LEMMA 1. 16 X = D, the clo4ed un~t d~4c, then
0(0) ~~ a convex ~ub~et 06 L(H).

P.1L006: By von Neumann's theorem [6J, 0 is a
spectral set of an operator A E:L( H) if, and only
if IIA~ ~ 1, and thus 0(0) is the set of all contrac
tion son H. Let A, B E: 0 ( 0) the n II A II ~ 1, II B II ~ 1,
and for t E: [O,lJ,

~tA+ (1 - t )B II ~ t /I A II + (1 - t )II B II
~ t+(1-t) = 1.

This' implies that tA+( 1-t)B E: O( 0), for every
r e; [0,1J, thus 0(0) is a convex subset of L(H) .•

COROLLARY 1. 0(0) ~<!l a.1Lcwi<!le connected.
THEOREM 1. 16 X ~~ a compact <!l~mply connected

4ub4et: 06 ¢, then O(X) ~~ a4CW~<!le connected.
P.1L006. Let T,SE:O(X), by von Neumann's theorem

[6J there are operators A,BE:O(D), such that
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T = ~(A) and S = ~(B), for some analytic homeomor-
phism ~:D ~ X, which exists by the Riemann mapp-
ing theorem (see [lJ page 221). Since, by Corollary
1, oeD) is arcwise connected, there is e:[O,lJ ~
oeD), a continuous function such that e(O) = A and
e(1) = B. Now consider "Poe:[O,l] ~O(X), since
and e are continuos, foe is continuos and foe(o) =
f(A) = T, ~oe(l) = feB) = S. This implies that
O(X) is arcwise connected. -

For T~L(H), the numeJr..-ic.a..t Jta.nge Wet) of Tis
defined by

W (T) = {A E:'(I : A = (T e ,e ), for e €:. H, II e II = 1}.

To prove O(X) is closed in the norm topology for a
convex set X, we need the following two lemmas.

LEMMA 2. 16 (Tn)CL(H) c.onveJtge.6 wea.k.tlj to
TE:L(H), and -i6 Y -i.6 a. c.ompa.c.t ~ub~et 06 (I s u.eh.
tha.t W(Tn)CY 60Jt eveJtlj n, then WTf)CY.

PJtoon: If A cW'TIT, then for every c > ° there
is a m Lt vector eCH such that I«T-A)e,e)1 < c ,
which implies

Thus we ra v e do.,W(Tn» < 2e: for every n > N, so
that d~A,Y) < 2e:, where d is the distance function.
Since Y is compact and e: is arbitrary, AE::.Y,
or wme Y. •

LEMMA 3. 16 (Tn) e L (H) co n veJtg e s (-in no Jtm I to
TeL(H), then 'f(Tn) c.onveJtge~ (-in noJtm! to ~(T),
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60Jt any analyti.c. 6unc.t.lon 'P.
Ps.o o 6; First we prove that Tk converges to Tk

n
for every positive integer k , For k = 2 we have

c
~ 2'M2M = e: ,

where M = max{IT +T~:n = 1,2, ... ,}. Assuming the
n

induction step for k we obtain, for k+l,

Let M = max{~Tk~, ITI:n = 1,2, ..• },- then, we ob-n
tain

This implies that Tk converges to Tk, for every
n

positive integer k, and thus for any polynomial Pm
we have that Pm(Tn) converges to Pm(T), and taking
the limit on m we obtain for any analytic function
'flthat f(Tn) converges to '{>(T). •

Now, we prove the following:

THEOREM 2. In x i.~ a c.ompac.t c.onvex ~ub~et 06 ~,
then O(X) i.~ uni.60Jtmly c.lo~ed, i.e. c.lo~ed in the
noJtm opeJtatoJt topology.

PJtoo6; Let (Tn)CO(X) such that (Tn) converges
in norm to T E:.. L( H). Since X is a convex spectral set
of Tn for every n, we have by Williams theorem which
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says that WTAT is the intersection of all convex
spectral sets of A, see Williams [9J:

wrr-) ex, n = 1,2, ...n

Lemma 2, implies that W(T) c x . In [4J it is shown
that WTf) contains aCT) for any operator TE:L(H),
thus a(T)c X. To end the proof of the theorem we
have to show that

for any function f,analjtic on
converges (in norm) to 'f( T), so

X. By Lemma 3, f(T )
n

that

Since X is a spectral set of Tn' n = 1,2, ... , we
ha v e ~ 'P< Tn) II -s II f II (Xl , n = 1, 2 , ...
that

This implies

and since £ is arbitrary, the theorem is proved .•

Let X and Y be subsets of e , O(X)CL(H1) and
O(Y)CL(H2), where H1 and H2 are two Hilbert spaces,
If H1QH2 denotes the tensor product of H1 and H2
then we define the iI.:ten.boJt pJtoduc...:t" O(X)~O(Y) to be

O(X)~~{Y) = {T8SE.H18H2 such that T~O(X) and
SC.O(Y)}.

If XY = {xy:xC X, Yt: v I; then one can ask which is
the relation between O(X)80(Y) and O(XY). For this
we need a proposition and two lemmas. The propo-
sition comes f~om [7J.
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PROPOSITION. 16 x i~ a eompaet ~implq eonneeted
~peetILal ~ et 06 an 0peILat6.ILA E L (H), then theILe i~
a nOILmal o oena co « NE.L(K) ~ueh that cr(N)CaX ( the
boundalLq 06 X) and 60IL anq analqtie 6unetion on
X, we have

wheILe PH i~ the pILojeetion 06 the HilbelLt ~paee K

onto H (HCK). Anq open.axo« ~ati~6qing (*) i~ sa.cd

to be a nOILmal dilation 06 A.

LEMMA 4. 16 N1 and N
2

aILe nOILmal opelLatolL~, then
the ten~oIL pILoduet N18N2 i~ nOILmal.

PILo06i consider,

(N18N2)*(N18N2)-(N18N2)(N18N2)*
~ * ~ ~= (Ni8N2)(N18N2)-(N18N2)(N~8N2)

= (N~Nl)8(N~N2)-(N1N~)8(N;N2)
,'( 1: * ~:+ (N1N1)8(N2N2)-(N1Nl)8(N2N2)'

Thus we have,

(N18~2)*(N18N2)-(N18N2)(N18N2)*

= (N~Nl-N1N~)8N~N2 + N1N~8(N~N2-N2N~) ,

this equality proves the lemma .•

LEMMA 5. 16 N1 and N2 aILe nO,ILmaldilation~ 06
T and s ILe~peetiv~lq, then N18N2 i~ a nOILmal dilat
ion 06 T8S.

PILo06. If N1 and N2 are normal dilations of T
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and S then we have

for any analytic functions ~1 and ~2 on neighbor-
hoods of cr(N1) and cr(N2), respectively, where
PH1:K1 ~ H1 and PH2:K2 ~ H2 are aprojections. Now,
by lemma 4, N18N2 is normal and for any analytic
function f on a neighborhood of O(N18N2), we have

=

This implies that N1iN2 is a normal dilation of
TiS .•

Now we come to our third main result.

THEOREM 3. 16 x, Y a~e ~imply ~onne~ted ~ub-
~et~ 06 e, then O(X)iO(Y) C O(XY) .

P~oo6. Let TiSE:O(X)90(Y), then X is a spectral
set of T and Y is a spectral set of S. By the pro£
osition above there exist normal dilations N~ and
N2 of T and S, respectively, such that cr(N1)CdX
and cr(N2)cdY. Lemma 5 implies that N1eN2 is a
normal dilation of Tes; i.e., PH~(N18N2)PH =
f(T9S)PH, for any analytic function ~ and PH:K ~ H,
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where H = H18H2CK = K1QK2.

Sin c e a( N1Q N 2) = a( N1 )a( N 2), see [2], we hav e
a( N 1i N 2 ) c. x Y, and sin ce N 1 8 N 2 is norm a L, XY is a
spectral set of N19N2, see [4J. Thus for any ana-
lytic function ~ on XV, we have

This implies that

II f( T9 S ) ~ = "P H\f( N18 N2) 1/

~ II 'P( N 1 6l N2 ) II ~ II If ~co ,

and since a(T8S) = a(T)q(S)C.XY, we conclude that
T9S ~ O(XY), i.e. O(X)80(Y) C O{XY). •

; .

it it
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