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A NOTE ON SPECTRAL AND PRESPECTRAL OPERATORS

by

*T.V. PANCHAPAGESAN

ABSTRACT. Results known for spectral and pre$pectral
operators in weakly complete Banach spaces are ex-
tended to Banach spaces with the Bessaga-Pelczynski
property.

t. Preliminaries. In this note, by a Banach space we mean
a non-zero complex Banach space. Because of varying termi-
nology in literature, we give the following definition.

DEFINITION 1.1. Let E be a a-algebra of subsets of a non-
empty set S and X a Banach space. If f is a total set of X*,
the dual of X, and ECo) is a Boolean homomorphism of E on a
boolean algebra of projections on X, we say that ECo) is a
~pe.ctnal me.Mune. 06 c.lM~ CE,f) when ECE) is norm bounded in
the Banach algebra BCX) of all bounded operators in X and

* Supported by C.D.C.H. projects C-80-149,150 of the Univer-
sidad de los Andes, Merida, Venezuela.
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.'.when X"EC o)x is countably additive on L, for each x E: X and
X:':C r.

When ECo) is a spectral measure of class CL,X*), by
Orlicz-Pettis' theorem, ECo) is countably additive on L
in the strong operator topology, and in this case ECo) is
called a .6pe.c.bta1. me.MWte. on. L.

An operator TE:BCX) is called a pJte..6pe.e;tJr.a£ ooenaxo« 06
elM.6 r if there is a spectral measure ECo) of class CL ,r)

.'. pwhere r is total in X" and L is the a-algebra of all Borelp
sets in ~, such that for each 0 in L , ECo)T = TECo) andp
the spectrum of T restricted to ECo)X is contained in the
closure of o. Then ECo) is called a Jte..6ofution. 06 the. ~de.n.-
Utlj 06 elM.6 r 60Jt T.

A prespectral operator T of class X* is called a .6pe.Q-
tJta£ ope.Jta.:toJt. In this case, T has a unique resolution of
the identity.

DEFINITION 1.2. A Banach space X is said to have the,
Be..6.6aga-Pe.fQzljh6~ CB-P) property if every weakly uncondi-
tionally convergent series in X is strongly unconditionally
convergent.

LEMMA L 3. Let n be. a Qompaa T 2 .6paQe. an.d X a BaMQh
.6paQe. wilh the. B- P pJtope.Jttlj. The» e.ve.Jt1j bounded Un.e.aJt
tJtaI1.660Jtm~0n. T:CC$"2) -+ X ~ we.ak1.1j Qompad, whe.Jte. Cen)

~ the. Ban.aQh a£ge.bJta 06 aLe. Qompfe.x QO~n.U.O£L6 6un~011.6
on. n .

PJto06. By theorem 5 of Bessaga and Pelczynski [lJ, the
hypothesis on X is equivalent to the fact that X does not
contain an isomorphic copy of cO' Now the lemma follows from
Theorem 15, p.160 of Diestel and Uhl [2J.
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2. Main results. In what follows X will denote a complex
Banach space with the B-P property. Since a weakly complete
Banach space has the B-P property (see [1J), all the results
in this section hold for weakly complete Banach spaces also.

'IHIDREM 2. L LetA be. a.YLa..tg e.blta. 0 n 0peJta;CoM -tYL X a.YLd
let ,{;t be. the. .(ma.ge. lmdeJt a. C.OYLt,{YLlLOu.ohomomoJtph-iAmep 0 n the.
Ba.YLa.c.ha..tge.bJta. C(D) On etil. c.omple.x nUYLWOn6 OYLa. eompacs:
Ha.u¢doJtnn .6pa.c.e. r2. The.YL theJte. e.Wt.6 a. uYJ..£que.fy deteJtm-i.YLe.d
.6pe.c.:tJta..t me.Mu./te. E(·) -tYL X OYLthe. BoJte.f sex« On r2, noJt wh-tc.h.

ep(f) = J f(A)E(dA),
r2

f~ cw).

Plr.Oon. For a f i.xedxE:X, consider the map T ':C(r2)-+- X,x
Since T is a continuous linearx

property,by Lemma 1.3 we
defined by Txf = ep(f)x.
transformation and X has the B-P
have that Tx is weakly compact. Now following the same ar-
gument as in the proof .of Theorem 2.5 of Chapter XVII of
Dunford and Schwartz [4J, the present theorem is established .•

We use the terms c.omplete. and a-c.omplete. boolean algebra
of projections on X in the sense of Definition 3.1 of Chapter
XVII of Dunford and Schwartz [4J.

LEMMA 2.2. A .6tJtoYLgly c.fo.6e.d bOUYLde.d boole.a.YL a..tge.blta. on
pJto j e.c.liOn6 -tYL X ,{¢ c.omplete..

PJr.00n. The proof of Lemma 3.5 of Chapter XVII of Dunford
and Schwartz [4J holds here, excepto that we appeal to Theo-
rem 2.1. above, instead of Theorem 2.5 of Chapter XVII of

THEOREM 2.3. A bOUYLde.d boole.a.YL a.lge.bJta. On pJtoje.won6on
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x i.A c.omple.te. i6 and on.ty i6 U i.A .6:tJtongly ciosed.
P~oo6. The theorem follows from Lemma 2.2. above and

from Corollary 3.7 of Chapter XVII of [4J.

COROLIARY 2.4. Ev~y bounde.d boolean a..e.ge.b~ 06 p~oje.c.-
tiOI1.6 B on X c.an be. e.mbe.d.dedi.n a o-c.omple.te. boolean a..e.ge.b~
o 6 p~o j e.c.Uol1.6 on X, c.on.ta.bl.e.d ,in BS Cthe. dOllWLe. ,in the.
.6~ong op~o~ topology).

P~oo6. When B is norm bounded by a finite positive num-
ber M, then it is easily verified that BS is a boolean
algbera of project ions and that II E" ~ M, E E: BS

• Now the
corollary follows from Theorem 2.3. •

The above corollary leads to the following interesting
result about prespectral operators.

THEOREM 2.5. Ev~y p~Upe.~a..e. openaxo»: T on X cs a
.6pe.ctnal op~o~.

P~oo6. Let T be a prespectral operator of class r on X,
with ECo) a resolution of the identity of class r . Then by
Definition 1.1 and by Corollary 2.4 there exists a O-com-
plete boolean algebra B of projections on X, which contains
the range of ECo) on rp' If {On} is a sequence of mutually
disjoint sets in L , then r = ~ ECOk) is in Band {r } is

p n k=l n
a non-decreasing sequence of projections in B. Therefore,
by Lemma 3.4 of Chapter XVII of [4J, for each x E: X

lim r xn
n

00

= (Vr )x.1 n
In other words,

co n
lim LECOk)x,
0-+00 1

x E. X.C VF )x =
1 !l
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But, x·':E(o)x is countably additive for each x E: X and /:E: r
and therefore from (1), we have

( 2)
ex> ex> ex>

x*(VF )x = L x*E(Ok)x = X*E(UOk)X,
1 n k=l 1

s,

XE:.X, x"c r.

Because r is total, (1) and (2) give that
ex>

x E: X.( 3) (VF )x
1 n

From (1) and (3) it, follows that E(o) is countably additive
in the strong operator topology. Hence T is spectral.

THOOREM 2.6. Let T1 and T2 be:two c.otrn1LLt<:.ngtJpec.:tJta1. ope.Jr.-

axon» on X, wah E1 (0) and E2( 0) M thw fte.tJpec..Uve fte.tJo-

tutiontJ 06 the ~dentfty and Sl and 52 M thw Jte.tJpec..Uve
tJC.alM pa.tr.U. 16 the booiean a1.gebfta 06 pftOjec..UoM B dete.Jt-

mined by E1(0) and E2(0) ~ bounded, then T1+T2 and T1T2
Me .6pec.:tJta1.wah 51+52 and 5152 M thw fte.tJpe~ve .6c.a1.M
pa.tr.U and G1 (0) and G2( 0) a.6 thw Jte.tJpec..Uve Jte.tJoiLLt<:.ontJ06

the ~den.Uty, wheJte

= !E2(O-A)E1(dA)x

!:2(o/A)E1 (dA)x:;

60ft each x e X a.nd 0 £.l: .p

Pftoo6. Let T1 = 51+N1 and T2 = 52+N2 be the canonical
decompositions of T1 and T2. Then by the generalized Fugle-
des theorem theorem (Corollary 3.7, Chapter XV of [4J) Sl'

52' N1 and N2 commute with each other and hence N1+N2 and
N152+N251+N1N2 are quasi-nilpotent. Now the theJrem follows
from Theorem 4.5 of Chapter XV of [4J ' Corollary 2.4 above
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and Theorem 10 of Panchapagesan [5J. •

REMARK 1. In view of theorems 2.1 and 2.3 and corollary 2.4
of this paper, then theorems 6.10, 6.12, 6.14, 6.21, 6.22,
and note 6.15 of Dowson [3J, and corollaries 2.12, 2.13,
2.14, theorems 3.18, 3.19, 3.20, and corollary 3.28 of
Chapter XVII of Dunford and Schwartz [4J, which are known
to be true for weakly complete Banach spaces, continue to
be valid for Banach spaces with the B-P property.

It is also possible to extend the theorems of charac-
terisations of spectral operators in weakly complete Banach
spaces to operators in Banach spaces with the B-P property.
To this end we need the following theorem.

THEOREM 2.7. Let E(o):R ~ B(X) be a Boolean homomo~-
pYt-Um06 the algeb~ 06.ow R on a boolean algeb~ 06
~ojection.o on X and let E(o) be Qountably additive ~n the
.o~on9 openatos: topology on R, ~ the .oen.oe that whenev~,
{6 } .cs a pai.JwJ~e wjo~nt .oequenQe 06membeM 06 R wdhn

00

U6 Co P. , then
1 n

00 00

E(U6)x =
1 n

LE(6 )x,
1 n

xc X.

Then a neQu.oMY and .ou6Muent Qon~on .00 that E( 0) Qan
be extended u~quely to a .6pe~al mea.oMe [( 0) 0n S( R) ,

the a-algeb~ gen~ated by R, ~ that the ~nge 06 E(o) ~
no~ bounded ~n B(X).

P~o06. If such an extension [(0) on S(R) exists, then
as in the second part of the proof of Corollary 3.10 of
Chapter XVII of [4J we see that I( S(R)) is a a-complete
boolean algebra of projections on X and hence is norm bound-
ed by Lemma 3.3 of Chapter XVII of [4J. Conversely, if

62



E(R) is norm bounded in B(X), then E(R) is bounded boolean
algebra of projections on X. Hence from Theorem 8 of Pan-
chapagesan [5J and Corollary 2.4 above, the sufficiency of
the condition follows.

REMARK 2. As a consecuence of the above theor-en. then.
theorems 3.14, 4.5, 5.2, and 5.15 of Chapter XVI of Dunford
and Schwartz [4J, which are known to be true for weakly com-
plete Banach spaces, continue to be valid for Banach spaces
with the B-P property.

0;,':
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