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*w-CLOSED MAPPINGS

by

H.Z. HDEIB

ABSTRACT. In this paper the concepts ofw-closed
set, w-closed mapping and P*-spaces are defined and
the following are the main results: (a) Let f be a
continuous w-closed mapping of a space X onto a space
Y such that f-1(y) is Lindelof for each Y' in Y. Then
X is Lindelof if Y is so. (b) Let f be a continuous
w-closed mapping of a regular space X onto a space Y.
Then X is paracompact (strongly paracompact) if Y is
paracompact (strongly paracompact) and for each y in
Y, f-1(y) is paracompact relative to X (L~ndelof).
(c) Let X be a Lindelof space and Y be a pH-space,
then the projection P:Xxy + Y is an w-closed mapping.
Hence, XxY is Lindelof (paracompact, strongly para-
compact) if and only if Y is so.

RESUMEN. Se introducen las nociones 9.econjunto
w-cerrado, funcion w-cerrada y espacio p", generali-
zando las de conjunto cerrado, funcion cerrada y es-
pacio P (donde todo Go es abierto), respectivamente.
Se demuestra que las imagenes inversas de funciones
continuas w-cerradas preservan (a) La propiedad de
Lindelof en caso de que cada fibra sea Lindelof,

* Part of this paper is extracted from the author's Ph.D.
thesis, written at SUNY at Buffalo under the direction
of Prof. S. Mrowka in February 1979.

65



(b) paracompacidad (paracompacidad fuerte) si el do-
minio es regular y cada fibra es relativamente para-
compact~ (Lindelof). Si X es Lindelof y Y es un es-
pacio pH, entonces la proyecci6n xxy + Y es w-cerra-
da y por tanto: Xxy es Lindelof (paracompacto, fuer-
temente paracompacto) si y s61amente si Y 10 es.

1. Introduction. In this paper we shall introduce a new
kind of mappings, namely w-closed mappings, which are
strictly weaker than closed mappings, then we show that the
Lindelof property is preserved by counter images of
w-closed mappings with Lindelof counter images of points.
Also we show that the paracompactness (strong paracompact-
ness) property is preserved by taking counter images of
w-closed mappings with regular domains, if the inverse
image of each point in the range is paracompact relative
to the domain (Lindelof, respectively).

Secondly, we define the concept of P*-space as a gener-
alization of P-space, then we show that if X in a Lindelof

~space, the projection P:Xxy + Y is w-closed for any P"-space
Y. Also we use P*-spaces to obtain some product theorems
concerr.ing Lindelof (paracompact, strongly paracompact)
spaces.

Finally we discuss some counter examples relevant to
the given definitions and theorems.

2. Prel iminaries. In general, we follow closely the no-
tions, set theoretical terminology and topological conven-
tions used by Engelking [2J. Cetain other conventions are
explained in this section. For any set X, Ixi denotes the
cardinal number of X.
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2.1. DEFINITION. (Aull [lJ). A subset F of a space (X.T)
is called panaeompact 4eiative to x. if every open cover of
F by members of T has a locally finite refinement in X by
.members of T.

Recall that a point x of a space X is called a eonden6a-
~on po~ of the set A C X if an arbitrary neigborhood
(nbd) of the point x contains an uncountable subset of this
set.

2.2. DEFINITION. A subset of a space X is called w-cto~ed
if it contains all its condensation points. The compleme.ntof

w-closed is called w-open set. '"'.lJJ will denotean set also l. A
the intersection of all w-closed sets which contains A.

Observe that A is w-open if and only if for Ifveryx E: A
there is an open nbd U of x with IU'AI ~ w.

2.3. DEFINITION. A mapping f:X ~ Y is called a w-cto~ed
mapping if it maps closed sets onto w-closed sets.

A mapping f:X ~ Y is called Lindeto6 mapping if for each
Lindelof closed subset K of Y. f-1(K) is Lindelof.

2.4. DEFINITION. (Gillman and Jerison [3J). A space X is
called p-~paee if and only if the intersection of countably
many open sets is an open set.

~t:2.5. DEFINITION. A space X is called a P -~paee if the
intersection of countably many open sets is an w-open set.
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3. w-closed mappings.

3.1. THEOREM. (i)An w-cto~ed ~ub~et 06 a Lindeio6

.s pac.e ~ Lindeio 6.
(ii) I6f:X ~ Y ~ a c.ontinuo~ mapping 6~om X onto Y, then
the 60tiowing ~e equivalent: (a) f ~ w-cto~ed; (b) 60~

-1eac.h Y E: Y and any 0pen s e: u ~uc.h tha:..t f (Y) E: U, th~e
ewu an w-open ses: 0 ~uc.h that ye:O and f-l(0 ) CU.Y Y y
(iii) Ev~y Lindeio6, w-open ¢ub~et A 06 a ~pac.e X ~ 06
the 60Jtm G'B, wh~e G ~ open and B ~ a c.ountable sex, in

p~c.u1.aJt A ~ a Go-~et.
P~006. The proof of (i) and (ii) is an easy consequence

of the definition.
(iii) For each x E: A there is a nbd U of x such thatx

[u n(x-A)I~w. Now{U I xE:A} is an open cover of Ax x 00

so it has a countable subcover U1'U2' ...; A C. U U ., wherei=l l
each i = 1,2, ..., Now U. n (X-A) =

l
[u, n(x-A)i ~ w, for
00

U{x, }. Therefore,m=l l,m
00 00

= U(U.,B)
i=l l

whereA = 'U Iu. -, U {x , } Il m=l l,m
00

Be U{x.} •m=l l,m

3.2. coroLLARY. Let X be h~edilMy Lindeio6 ~pac.e.

Then eveJty w-open ~ub~et 06 X ~ a Go-~et. In p~c.ui.~

ev~y w-open .6ub.6et 06 the ~eai. line ~ a Go-~et.

The converse of part (iii) of theorem 3.1 is not true.
for example take A = [a,b) C R, then A is a Lindelof,
Go-set but A is not w-open. The following theorem is a
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generalization of the well known theorem that the Lindelof
property is preserved under taking counter images by closed
continuous mappings with Lindelof counter images of points.

3.3. THEOREM. Let f be a ~ontinuo~ w-cto~ed mapping 06
a 4pa~e X onto a 4pa~e Y 4u~h that f-1Cy) ~ Lindeio6 60~
each.y in Y. Then x ~ Linde1.o6i6 Y ~ J.Jo.

P~006. Let !J = {Ua I a E: Il} ~e an open cover of X. Since
f-1Cy) is Li ndeLdf , f-1(y) C UUa.. Denote 0

i=l l Y =
00

Y-fCX- UUa.).i=l l

v «: Y, so there
Since f is w-closed, o is w-open for eachy

of y such that
,

exists an open nbd 0y
[0' nCX-O)J ~ w. Now 0' = [0 no']u[o'ncx-o )J.y y y y y y y
Therefore f-1CO') is contained in a union of countably many

y ,
members of U. Since {O I y c y} is an open cover of Y and

, y
Y is Lf.nde Lof , {ov [ v c y} has a countable subcover. There-
fore, X is the union of countably many members of
{f-1CO') yCY}, since each f-1CO') is contained in they y
union of countably many members of lJ. Consequently, X is
the union of countably many members of U. Hence, X is Lin-
delof. •

3.4. THEOREM. Let f be w-cto~ed ~ontinuo~ mapping 06
a ~egutaJz. 4pa~e X onto a ~pa~e Y'

(i) 16 Y ~ pMa~ompa~ and f -1 Cy) ~ pMa~ompa~ ~ei.a;t.,(v e

to X 6o~ ea~ y in Y, then X ~ pMa~ompad.
Cii) 16 Y ~ 4~ongly p~~ompa~ and f-

1Cy) ~ Lindeio6 60~

eacn y in Y, then X ~ 4~ongly paJr..a~ompad.

P~o06. Ci) Let !J be an open cover of X. It sufficies to
show that !J has a a-locally finite refinement. Since f-

1Cy)
is paracompact relative to X, for each y in Y, ~ has an
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-1open locally finite refinement in X which cover f (y), say
A = {A I, aCA}. Denote 0 = Y-f(X- UA). Since f is-y y y a€A a

y
w-closed, 0 is w-open for each y in Y. Hence there existsy , ,
an open nbd 0, of y such that Ion (X-O )I ~ w. Put

I Y, Y ~1
o 11 0 = G ,on (X-O ) = H. Then f (H) is containedy y yy y y y
in the union of a a-locally finite refinement of ~ whose
members are open in X. Also f-1(G )C lI.. A. Therefore

y (J.~lly a
f-1(0') is covered by a a-locally finite refinement B of

y y
U whose members are open in X. Since Y is paracompact,
{O t , Y C y} han an open locally finite refinement V which

y -1 -1 -1'covers Y. Let S = {f (V)nB I f (V) C f (0), BCB , VCY}.y y
It is easy to see that § is an open a-locally finite refine-
ment of 12.

The proof of (ii) can be obtained by a similar method
(one uses the characterization of strongly paracompactness
in terms of star countable refinements).

3.5. COROLLARY. (i) (Ponomarev [8J). Let f be a eto~ed
e.on:Un.UOlL6 mappin.g 00 a ILegulaJt ~pae.e X 0n.;to a ~tJto n.gly
paJta..e.omt=a.ct~pae.e Y .6ue.h :that f-1(y) ~ Lin.del0o OOILeach. y

in. Y. Then. X i.6 ~:t!Lon.gly paJta..e.ompact.
(ii) (Hanai [4J). Let f be a eto~ed e.on:Un.UOlL6 mappin.g 00 a
ILegulM ~pae.e X ovdo a paJtae.ompact ~pae.e Y ~ue.h th«; 60IL
eae.h y in. Y, f-1(y) i.6 e.ompact. Then. X i.6 pMae.ompact.

3.6. THEOREM. Let f:X ~ Y be e.on.:tin.UOlL6mappin.g OIL om
s,

X on.;to Y, whe!Le Y i.6 loe.ally Lin.del0'6 HalL6doIL66 p"-~pae.e.
Then. the 6oUowin.g Me equiva1.en.;t:
( .i ) f cs an w- etoJ.Jed mappin.g and 60IL eacn y c Y, f-

1 (y) ~

LiYLde1oo;
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(ii) f .i6 a U.nde.lo6 mappb1g.

Pltoo6. (i) =+ (ii) follows from theorem 3.3. (ii) ~ (i) ,
let f:X ~. Y be a Lindelof continuous mapping, where Y is a

.-,
locally Lindel~f, Hausdorff, pO-space. It sufficies to
show that f is w-closed. Let F be a closed subset of X.
Assume that f(F) is not w-closed so there exists a point
YO £ Y,f(F) such that for every nbd V of YO ' IvnfCF)1 > w.
Since Y is locally Lindel~f, there is an open nbd G of YO
such that ClG is Lindelof. Observe now fCF)nClG is not
Lindel~f. Indeed, if it is, then it is easy to see that it
is w-closed, so there exists a nbd M of YO such that
1M nfCF) I ~ w, which is impossible. Now ClG is L'i nde Lof
so f-1(ClG) is Lindel~f and Fnf-1(ClG) is a Lf nde Lof subset
of X. Therefore flFnf-1(ClG) I = f(F)n ClG is Lindel~f
which is a contradiction. Hence f(F) is w-closed.

3.7. 'ffiIDREM. La x be a Lb1de.lo 6 ¢pac.e and Y be a

p*-¢pac.e. Then the pltojection p:xxy ~ Y .i6 an w-c.lo¢ed

rnappb1g.

Pltoo6. Let YC Y and U be any open set in Xxy such that
p-1(y) = xx{y} E:. U. For each
0y(x) be open nbds
Now {O I xE:.X} isx
countable subcover

(x j y ) E: Xx iy} , let ° andx
of x and y such that (x j y ) c ° xo ( )c. U.x y x
an open cover of X, therefore it has a

00 00

{OX'}'-l' Hence xx{y}C~Ox.xOy(x.)CU.~ l- 00 l=l l ~

then xx{y}C UOx xo C U and 0 is
i=l i Y Y

00

Let ° = ('Oy( x e )Y ~=1 l .-,
an w-open set since Y is a pO-space. Thus, for each y in

-1
p (Oy)C U.
mapping.

Y, there is an w-open set 0 such that YeO and
y y

Therefore by theorem 3.1, P is an w-closed

3.8. THIDIID1. La Y be a topolog-i.c.a1. J.>pac.eJ.>uc.hthat
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theJte ew.t6 an Fa-se: whic..h -i.A not w-c..R.o.6edand let x be a
topologic..a.l .6pac..e. 16 the p~ojection p:Xxy ~ Y -i.A w-c..R.o.6ed,
then X -i.A c..ountably c..ompac..t.

00

PMOQ. Let UA. be an F -subset of Y which is not
i=l l

w-closed. Let X be not countably compact. Then there
00sequence {Bi}i=l of closed subsets of

00
r). Let F = U(A.xB.), then we can

i=l l l

subset of XXY. Now, for every point
00

(x,y) in XXY, pCx vy ) = y. Then P(r) = UA. is not w-closed.
i=l l

Therefore the projection is not w-closed. Hence the result.

exists a decreasing
X such that nB. =

i=l l

see that F is a closed

3.9. THEOREM. A .6pac..e Y ~ a p*-.6pac..e in and only in
6 O~ any Lindelo 6 .6pac..e X the pno j ectio n p: xxy ~ y -i.A an
w-c..R.o.6edmapping.

PMo6. The necessity part follows from theorem 3.7.
For the sufficiency of the condition, assume that Y is not

s,a pO and for any Lindel~f space X the projection p:Xxy ~ Y
is w-closed. Let X = ffi, the set of real numbers with the
usual topology, then by theorem 3.8, X is countably compact
which is a contradiction.

3~10. 'TIiIDREM. Let X = II X , wheJte n ~ in Mnile , in
ccn a

60n ea.c..ha in n the pMjec..:U.on 1T : II X -- II X ~o a a$ao a a<a aao 0
w-c..lo.6ed, then 6o~ any ao the p~ojection 1T :X- II Xa<ao a
-i.A a.l.6o w- do.6 ed, a

P~oo6. Let A C X be such that 1T o(A) is not w-closed we
Choose a point xOwap'rto show that A is not closed.

w ao aoin c.e (1T (A))" 1T (A) and for each a < let
, th -. f 0tne a coorOlnate 0 x .

t~vely that for each a < s , xa

~ a and suppose induc-
o

has been chosen so that
Let S
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letting xS to be the point

is in the Clw( nS(A)). Now
we have that xS

is a set which
contains nS(A), hence there exists a point Xs in X such that
(xS,xS) is in Clw(nS+i(A)). Thus we construct inductively a
point x (:X which is not in A (since n(Xo(x) = x0rt A) and such
that for each Sf::n, nS(x) E:. ClW(nS(A)). Clearly x must be
in Clw(A) therefore, A is not w-closed.

3.11. 'lHIDREM. Le-t X and Y be. two I.>pac.u e.ac.h wah the
pltopeJvty that eve.lty U.nde.lo6 I.>ubl.>e-tJA w-c.lol.>e.d, 16 f: X -+ Y

and f !c.oYl.l.>-i.de.ltedaJ.> a .6ubl.>pac.e.06 XXY) JA L-i.nde.lo6, then f

-i..6 weakly c.ontinUOu..6 (Le., 60lt eve.lty openl.>et U C Y,

f-i(U) -i..6 w-open).

Pltoo6. Let Pi:Xxy -+ X and P2:Xxy -+ Y be the projections,
then X and range fare Lindelof sets,as images of Lindelof
sets under Pi and P2'

s;

Let P~ = Pitf.
s:

Observe that P~ is
w-closed. Indeed, if A

.-.
so P~(A) is Lindelof,
function defined on X,

hence it is w-closed.
f is closed, then A is Lindelof,

Since f is a

P~ is a bijection onto X. This,
.-,

toghether with the fact that P~ is w-closed, implies that
for every open set V C f, P~(V) is w-open in X. Now

s: 1f = P20P~- ,hence f has the .required property.

4. Product Theorems. In this section we use the results
from the previous sections to obtain some product theorems
for Lindelof (paracompact, strongly paracompact) spaces.

4.1. THEOREM. Let X be a L-i.nde.lo6 I.>pac.e and Y be a
-.';

p -I.>pac.e., Then the. 6ollow-i.ng hold.6:
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(i) xxy ~ L~delo6 i6 and only i6 y ~ ~O,

(ii) xxy ~ pCVtac.ompac.t i6 and only i6 y ~ .so ,
(iii) xxy ~ ~tJtongly panacompaas; i6 and only i6 y cs so .

P~oo6. The proof follows from theorem 3.7, 3.3 and 3.4.
004.2. THEOREM. Let ~ = {Yn}n=l be a 6ronity 06 HaU6do~66

Lindelo6 p*-~pac.~ and X
06 X io a p*-~pac.e, then

T~ Let Xno be an

00= II x. 16 each. 6btLte ~ubp~oduc.:tn=l n
X ~ a Lindelo6 ~pac.e.

n-1element of~. Then ( II X.)xX ..
i=l ~ no

4.1. Therefore the pro-is a Lindelof P*-space by theorem
n n-1jection ( IIX,)XXn -. ( IIX,)XXni=l ~ 0 i=l l 0

theorem 3.10 the projection p:xxXn ~
o

Therefore by theorems 3.7 and 3.6 X

is w-closed. Hence by

is w-closed.
is a Lindelof space.

4.3. coroLLARY. (Noble [7J). The pnoduci; 06 c.ountably

many HaU6do~66-Linde106 p-~pac.~ ~ U.ndelo6.

5. Counterexamples. In this section we discuss various coun-
terexamples relevant to the definition and theorems in the
previous sections. We shall start with examples concerning
the w-closed mappings.

5.1. EXAMPLE. Given a topological space (X,11) we de-
fine a new topology 1 on X as follows: G C 1 if and only
if G is an w-open set in 11, then 1 will be an exapansion of
11 and therefore will be T 1 and Urysohn if 11 is so. Now

27;2
the identity mapping f:(X,1) ~ (X,1

1
) will be an w-closed

mapping which is not closed.
In the special case when (X,11) is hereditary Lindelof,
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we have by theorem 3.1 that G E:.T if and only if G = U" B

where U is open in X and B is a countable subset of X. If
we define on X the cocountable topology T2 which is obtain-
ed by taking countable subsets of X as closed sets, then

I
one can show in this case where X is hereditary Lindelof
that the topology T is the smallest topology generated by
T1UT2. Also (X,T) is LindeLof , indeed if {uO'.-BO'.I 0'.E:.1t}

is an open cover of X (UO'.E:.T1, B is countable for each O'.)~

then {UO'. I 0'. E. It} covers X and has a countable subcover
{UO'.'}~ l' Therefore {UO'..'BO'..}~ 1 covers all but countablyl l= l l l=
many point of X, so all of X can be covered by some coun-
table subcollection of {U -B I 0'. E. It}.

0'. 0'.

The above example shows that there exists a continuous
w-closed mapping from a Lindelof space X onto a Lindelof
space Y which is not closed. Thus indeed theorem 3.3 is
more general than the one in which the map would be assumed
to be closed.

5.2. EXAMPLE. Let f be a mapping from a discrete coun-
table space X onto the space of rationals Y. Then f is a
continuous w-closed mapping. However, f is not closed.
Also for each y in Y, f-1(y) is Lindelof and X,Y are Lin-
delof spaces,consequently strong paracompact (hence para-
compact) spaces. Thus indeed theorem 3.4 is more general
than the in which the mapping would be assumed to be closed .

.-,
5.3. We shall now turn to p"-spaces. Observe that any

s,

space without any condensation point is a p"-space but not
a P-space. According to the above any countable space is

~ ~a p"-space. As an exampLe of an uncountable p"-space we
can mention the space of countable ordinals as well as
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NuB (see [6J). By NuE- we mean a space which is defined
on the set theoretic union of a countable set N and an al-
most disjoint collection E-of subsets of N in the following
way: each point of N is isolated and X E:. R has a nbd ba-
sis {{X}U(X-F) I F is a finite subset of N}. NUE- L first
countable, locally compact and O-dimensional. Also N U E-

.-,
has no condensation point therefore it is a pH-space but
clearly not a P-space.

The following example is discussed in connection with
theorem 4.1 and 4.2.

5.4. EXAMPLE. Consider the Soregenfrey plane SXS where
S is the Sorgenfrey line. It is known that S is Lindelof
(hence'paracompact and strongly paracompact) but SXS is not
normal (thus not paracompact and certainly not strongly
par-acompac t ).

I

6. Remarks on General izations. In this section we state
some rather straighforward generalizations of the previous
results· to higher cardinalities. For this purpose we re-
call the following definition: a space X is [k,ooJ-eompact
if and only if every open cover has a subcover with cardi-

nality ~ k. Now we generalize the definitions of w -closed
~':subsets, w -closed mapping and P -spaces. A subset A of

a space X is called k-ope.n if and only if for every x ~ A
there is an open nbd U of x with 1 U '-AI ~ k, and a set
B is k-cto~ed if it is the complement of an k-open set.
A mapping f:X ~ Y is called k-closed if it maps closed

-.':sets onto k-closed sets. A space X is called P -space if
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and only if the intersection of any family of open set with
cardinality at most k is k-open.

Using the above definition and similar methods to those
used before, we can generalize some of the previous results
to higher cardinalities. For instance, theorem 3.3 will
become: let f:X ~ Y be a continuous k-closed mapping of a
space X onto a space Y such that f-1(y) is [k,oo]-compact
for each y in Y. Then X is [k,ooJ-compact if Y is so.
Theorem 3.7 will become: Let X be an [k,ooJ-compact space

s;
and Y be a P~-space. then the projection p:Xxy ~ Y is
k-closed mapping. Part (i) of theorem 4.1 will become:

.',
Let X be an [k,ooJ-compact space and Y be P~-space. Then
xxy is [k,ooJ-compact if and only if Y is so.

We will conclude with the following observation: the
definition of k-closed set a particular case of a schema
considered in Kuratowski [5J: let P be a hereditary and
additive property of sets, for a given set A of a space X;
AO, the set of P-eond~ation point¢, is the set of all
points x such that for every nbd U of x , UnA does not
have P; A is called P-closed if AOe A. p-cto¢ed maps are
defined in an obvious way. If P is the property to be 06
e~dinality ~ k, it is easy to verify that k-closed sets
coincide with P-closed sets.

Observe now that theorem 3.3 states that the counter
image of a Lindelof under continuous P-closed mapping with
Lindelof fibers (= counter images of points) is Lindelof
provided that P is the property: to be 06 the eandinality
~ w.

Contrary to what could be expected the above fails if

77



P is the property to be Lindelof. A counter example is
obtained by taking the identity mapping of the reals with
the discrete topology onto the reals with the standard
topology.
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