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RANDOM FIXED POINT THEOREMS FOR
ULTIMATELY COMPACT OPERATORS

by

Gerhard SCHLEINKOFER *

RESUMEN. La clase de los operadores finalmente com-
pactos en el sentido de Sadovski contiene las clases de
operadores condensantes, compactos y contractivos. Se de-
ducen teoremas de punto fijo para operadores estocdsticos
finalmente compactos superiormente semicontinuos, usando
el grado de Leray-Schauder y sus generalizaciones a opera-
dores deterministicos.

ABSTRACT. Ultimately compact operators in the sense
of Sadovski contain the classes of condensing, of com-
pact and contractive operators. Fixed-point theorems are
derived for upper semicontinuous ultimately compact
stochastic operators using the Leray-Schauder degree and
its generalizations for deterministic operators.

Introduction. An appropriate starting point for stoch-

astic operators is the abstract fixed-point formulation of exis-

* This work is partially supported by the Deutscher Akademis-
cher Austauschdienst, D-5300 Bonn.
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tence problems for differential equations under Carathéodory-
conditions (see Coddington, Levinson [4] and Engl [7] ). The
corresponding problems for multivalued differential equations
lead to the consideration of random fixed-points for stochastic
multifunctions T(-:»s+):WXX 2X, where X is a separable Banach
space.

If (w,*) is a continuous operator with respect to the Haus-
dorff distance in 2X for each weW, the problem has been solved
by Kannan and Salehi [11] and by Engl [7, Theorem 6]. Their the-
orem says that T always has a random fixed-point if the corre-
sponding deterministic operator T(w,*) has a fixed-point for
each wew.

However, most fixed-point theorems and the Leray-Schauder
degree for multifunctions refer to the larger class of upper
semicontinuous (u.s.c.) multifunctions. The main difficulty
that arises here is that generally the operator T(-,-) is not
jointly measurable on WXX. For compact u.s.c. stochastic opera-
tors, Engl derived in [7, Theorem 16] a random version of the
Schauder-Kakutani fixed-point theorem.

In our present article we do not need the compactness of
T(w,+) and can so derive fixed-point theorems for ultimately com-
pact u.s.c. random operators. This gives us for example the
stochastic version of the theorem of Krasnoselski for the sum of
a compact and a contractive multifunction.

A survey about the develepment of problems and theorems in
this area until 1976 may be found in the publication of Bharucha-
Reid [2]. We do not treat here measurability of solutions of
equations of the type Lu+Nu = 0 where L is a random linear opera-

tors and N a random nonlinear operator (see Kannan and Salehi

[12]).
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§1. Basic definitions and properties.

DEFINITION 1. (a) Let X always be a real separable Ba-

nach space. We denote by

P(X) := {McX ; M # ¢}

B(X) := {MCcX ; M # # bounded }
A(X) := {McX ; M closed, M # ¢}
c(X) := {McX ; M convex, M # @}
K(X) := {McX ; M compact, M # @}
0(X) := {McX ; M open, M # ¢}

KC(X) := K(X)NC(X), and analogously other combinations.

(b) Let (W,A) always be measurable space, where A is a 0-al-
gebra of subsets of W. (W,A,u) means a o-finite measure space,
where p:A + [0,+°] is a 0-additive function with u(g¢) = 0. By B

we denote the o-algebra of Borel subsets of X.

DEFINITION 2. Let C:W + P(X) be a multifunction.

(a) C:W ~ A(X) is defined by C (w) = C(w), weW.

(b) C is measurable iff for each open DCX we have
{wew: C(w)nD # greA.

(c) C is sepanrable iff C is measurable and there exists a count-
able subset ZCX with C(w) = ZNC(w) for all wewW.

(d) er(c) := {(w,x)eWxX ; xeC(w)} , the graph of C.

LEMMA 3. Llet C:W + P(X) be a multigunction.

(a) 1§ C(w) 4is Andependent of w, then C {5 measurable.

(b) 14 W 48 countable and C measwwable, then C L8 separable.

(c) 14 C 48 measurable, intC(w) # @ for all weW, C(w) = intC(w)
gorn all weW, then C {48 separable.

(d) T4 C:W ~ 0(X) 48 measuwrable, then C s separable.
Proog. (a) and (b) are obvious, (c) follows from the demon-

97



stration of proposition 4 in [7], (d) is an inmediate conse-
quence of (c) and proposition 2.6 in [9] (Our measurable multi-

functions are called meakly measurable in [9] | 8

DEFINITION 4. Let ScX and f:S = P(X) be a multifunction,
(a) £ is u.4.c. on S if and only if for each x €S and each open
V D f(x) there exists an open neighborhood U of x with f(UNS) CV.
(b) £ is closed on S if and only if for each sequence X € S

X > XES and ynef(xn), y, > yEX,we have ye f(x).

LEMMA 5. Llet be SCX and £:S » P(X) a multifunction.

(a) 1§ S 48 a closed subset of X, we have the following equiva-
Lence: £ 45 closed Lf§ Gr(f) 48 a closed subset of XxX.

(b) I £ u.s.c. and £(x) closed for each x€S, then £ L8 closed.
(c) 1§ £ 48 closed and f({x,xl,xz,xs,...}) 5 nelatively compact
gon each convergent sequence X > X (n » =) with x €8,

X €S, then £ 48 u.s.c.

(d) £ 45 u.s.c. L4f {xes ; £(x)NA # @} 48 a closed subset of S
gor each closed A of X.

(e) 14 £ 48 closed on S, then £(L) 48 a closed subset of X for
each compact subset L o4 S.

(f) Assume that £ 44 u.5.c. on S, that L 45 a compact subset of
S, and .that f(x) 48 relatively compact for each x€S. Then
f(L) 45 a nelatively compact sef.

(g) Let £:5 » K(X) be u.s.c. Then £(L) 48 compact for each com-
pact L CS.

Proog. (a) obvious.
(b) We assume X + X, xne‘_S, Xe's, ynef(xn), + yeX. If

V is an open neighborhood of f(x), then there exists another open
neighborhood U of x such that £(UNS) CV. This implies f(xn)CV
for all n > n, , or y,EV for all n > n,. Then it follows
that yeV, and finally yef(x), since f(x) (¥ ; v open ,
VD f(x)}.
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(c) If f were not u.s.c. then there would exist a x €S and an
open VD f(x) such that for each open neighborhood U of x we
should have (XN\V) Nf(UNS) # @. Then there exists xnes with

" xn—xl < % and an element yne f(xn) with yn¢ V. We may assume
5.7 for some y€X. Then we should y ¢V and therefore y¢ f(x).
So our assumption leads to a contradiction.

(d) see ([1], p.115).

(e) Let yne_f(L), " icholh O Therefore yngf(xn) for some x €L.
We may assume X + x €L. TFrom the closedness of f it follows
that y € f(x) cf(L):

(f) Considering a sequence yo& f(L), we have ¥, € f(xn) for some
x € L, and without loss of generality we again assume x> x€L.
f is u.s.c., therefore d(yn,f(x)) + 0 (n > ») and so there ex-
ists a sequence un€ f(x) such that uyn—unl + 0. We again take
Wk o for some u€ f(x). This means A

(g) By (a) and (e) the set f(L) is closed, and by (f) we know
that f(L) is relatively compact. Therefore f(L) is compact,
(see also [1]).

REMARK. In the preceeding lemma we need not the separabil-
ity of X.

DEFINITION 6. Let C:W -+ P(X) be measurable and T(*,*):

Gr(C) + P(X) a multifunction.

(a) T is called a 4tochastic (or random) operator if and only if
{wew ; xeC(x), T(w,x)ND # p} € A for each x€X and for
each open DCX.

(b) A function x(*):W » X is called a 4fochastic (or random)
gixed-point of T if and only if
(1) x(*) is a (A,B)-measurable function, x(w) € C(w) for all

WEW
(2) x(w)e T(x,x(w)) for p-almost all weW.
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(¢) T is called u.s.c. stochastic operatorn if and only if
(1) T is stochastic operator,

(2) T(w,*):C(w) = P(X) is u.s.c. on C(w) for each weW.

§2. Construction of a jointly measurable multi-

function H. If for a stochastic operator T(e*,*) there exists
an element x(w) € C(w) with x(w)e T(w,x(w)) for each we&W, then
it does not necessariyl exists a stochastic fixed-point of T.
For a counterexample see [8] or [7]. More regularity properties

of T are required.

Unfortunately, an u.s.c. stochastic operator T is not
jointly measurable with respect to both variables (w,x). A coun-
terexample may be found in [7]. But we need such a property in
our demonstrations. So we pass to another u.s.c. stochastic oper-
ator H(*,*) which additionally is jointly measurable. The idea
for the construction of this new operator H stems from the proof
of the well-known fact that a function g(+,*) is jointly measur-
able if it satisfies a Carathéodory-condition. That means g has
to be measurable with respect to w and continuous with respect
to x ~(see Scorza-Dragoni [17] and Neubrunn [13]). This idea was
succeséfully modified and applied in [6]. Despite of H(w,x) C

T(w,x) we can show that we do not loose too many fixed-points

replacing T by H.

DEFINITION 7. Let A and B be two nonempty subsets of X
(a) For xcX we denote by d(x,B) := inf{|x-b]; beB}, the distance

of x to B.
(b) e(A,B) := sup{d(x,B) ; x€A} is called the excess of A over

B where the supremum is taken in [O,+«§.
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(c) The Hausdonfg distance of A and B is defined by D(A,B) :=
max{e(A,B), e(B,A)}.

We refer to [3, chapter II, §1] for elementary properties.

PROPOSITION 8. Let (W,A) be a measurable space, X a sep-
arable real Banach space, C:W + A(X) separable, Z Like in defi-
nition 2(c), T:Gr(C) - KC(X) a u.s.c. stochastic operatorn » and
gorn x€C(w) ,

H(w,x) := (M Zonv {(\UT(w,z) ; z€EZNC(wW) , Ilz—x[l <5 .
neN z n

Then this 50 defined multifunction has the gollowing properties:
(a) H(w,x)CT(w,x) for all (w,x)€ Gr(C)

(b) H(w,x) = T(w,x) for all (w,x)€Gr(C), x€ZNC(w)

(c) H(w,x) # # for all (w,x)€ Gr(C)

(d) H(w,*):C(w) * KC(X) 48 u.s.c. for each weW

(e) H(*,*) 48 (AxB,B)-measurable -

Proog. For fixed NEN and (w,x) €Gr(C) we set TN(w,x) 1=
\{T(w,z) ; z€znC(w) , |z-x] < %}. By Hy we denote the clo-
sler*e of the convex hull of TN 5 HN HE mTN. So we have
H(w,x) = @HN(W,X). Clearly, TN(w,x) # ¢ for all (w,x)€Gr(C).
In the demonstration we will omit the variables (w,x) if confu-
sion is not possible.

(a) Let € > 0 be given and Ue(Tx) := {yex ; d(y,Tx) < €}.
There exists a NEN such that TzCUE(Tx) for all ze€C(w) with
| z-x| < 1 This implies Ty(w,x)C U (Tx). By the convexity of

N
UE(Tx) we can conclude HN(w,x) = coanNC UE(Tx)CUQE(Tx) and

so H(w,x)CUQE(Tx). This means H(w,x)CQOUQ.a(Tx) = T(w,x).

The last equality is a consequence of the closedness of T(w,x).
(b) For x€ZNC(w) we have T(w,x)CTN(w,x)CHN(w,x) for

each NEN, therefore T(w,x)CH(w,x), and by (a) equality holds.

(c) By construction, the set H(w,x) is convex and closed,
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and, therefore by (a), compact. For all n€N we already know that
T (w,x) # #, (w,x) €Gr(C). We choose y, €Tp(w,x) and can find a

: 1 5
2, €2 OC(w) with | zn—xl < = and y €T(w,x,). Therefore r]i—J;g Z, = X

and \ Hy,lcC UT(zn), where the last set is relatively compact by
n

Lemman5(g). Again we take without loss of generality lim Yu = ¥
for some ygX. For the moment we fix NEN and get forrr;?l n > N:
yn €Ty CconvTy = Hy. But Hy is closed, si ye€Hy. Making this con-
clusion for each NEN gives us finally y € H(w,x).

(d) H(w,x) € KC(X) is evident by the preceeding observations.
Applying lemma 5(c) we show that H(w,*) is u.s.c. on C(w). For a
compact subset L of C(w) we deduce from (a) that H(L) = U H(x)
CUT(x) = T(L). By lemma 5(g) the set T(L) is compactxggd
therefore H(L) relatively compact. The only thing still to show
is the closedness of the map H(w,*). Let be X € C(w), x€C(w),

lim RS Ea Hy QH(x ), yEX, lim - St For fixed NEWN it exists

N0
a ng such that "x xﬂ < 11\ for all n > ny. For n > n, we have

yneH(xn)CHQN(xn)CHN(X) because | z-x| < ﬂz—xnﬂ+||xn—x|l for
all z€ZNC(w). The set H,(x) is closed, therefore limy_ =yg&
N oo N
Hy(x). Thus yemHN(x) = H(x).
NelN
(e) The multifunction Tn(-,-):Gr(C) + P(X) is (AxB,B)-mea-
surable. For a demonstration see the first part of the proof of
proposition 5(3) in [6] . We conclude from the proposition 2.6
and theorem 9.1 in [9] that Tn and also H = convl, = convfn
are (AxB,B)-measurable multifunctions on Gr(C). Taking in the
moment for granted that l_i*g: d(x,Hn(w,y)) = d(x,H(w,y)) for x €X,
I
(w,y) €Gr(C), we can bring to an end the proof of (e) as follows:
since H (*,*) is measurable we have that d(Hn(° ,*)) is measur-
able for each x€X. Applying once more theorem III,9 in [3]

gives the measurability of H(e,*). For the rest of the proof we

firstly show
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lim e(Tn(w,x), H(w,x)) = 0, (w,x)€Gr(C). (1)

n->oo
If (1) is not valid then there exists a €; > 0 such that without
loss of generality e(Tn,H) > 2, for all neN. Then there exist
¥, ST s d(y,,H) > 2, and yneT(zn) for some znezrwc(w) with

1
z.-x] < 2. so U{y }c\UT(z.), and \U{y,} is relativel
Izo-xl < 3 neN D ey P nedi O P ’

compact by lemma 5(g). We may assume limyn = y for some y €X.
n>o

By (d) and lemma 5(b)it follows y €H(w,x). This is a contradiction
to d(yn,H) > 2e, for all neNl. Secondlys let us show

lim:e(H.,H) =0 (w,x) €Gr(C). (2)

e A
For any given € > 0 there exists in view of (1) a n, with e(Tn,H)
< %—forlall n > ng, and, as a consequence, we have TnCZUE/Q(H)
for all n > n, and also H_ = convT C US(H) for all n > n, ,
since U€/2(H) as €/2-neighborhcod of the convex H is convex, too.
Observing e(Us(H),H) < € and [3, page 38] one obtains e(Hn,H) <
e(Hn’Ue(H)) + e(UE(H),H) < € for all n > ny. Thirdly we get

lim D(H_,H) = 0 , (w,x) €Gr(C), (3)
meo D
using result (2) and HCH which implies e(H,Hn) = 0. Now the

desired result follows at once of (3) and the inequality

|d(x,Hn)-d(x,H)l < D(H_,H).

LEMMA 9. Llet be (R,F) a measurable space, R:Q » A(X) a
measurable multifunction, r:Q + X a measurable function. Then
d(r(*),R(*)):Q > R 44 measwuable.

Proof. Lemma 6 in [6].

THEOREM 10. Let (W,A,u) be a o-fnite measure space,
X a neal separable Banach space, C:W > A(X) separable
T:Gr(C) + KC(X) a u.s.c. stochastic operator, H Like {n propo-
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sition 8, and H(w) := {xe€C(w) ; xcH(w,x)} # ¢ for all wew.
Then ,
(a) there exists a stochastic fixed-point x(+):W > X of H and T;
(b) 4§ 4n addition (W,A,u) 48 a complete measure space then
H:W + A(X) 44 measurable, and there exists a stochastic fixed-
point x(*):W > X which §ulfills x(w)eH(w,x(w)) CT(w,x(w))
gorn all wewW.

Proof. For (w,x)€Gr(C) define x(w,x) := x. It is easily
verified that this function x(¢,*):G6r(C) + X is (AxB,B)-measura-
ble. By proposition 8(e) and lemma 9 the function N(w,x) :=
d(;(w,x),H(w,x)) = d(x,H(w,x)) is (AxB,B(R))-measurable. Fur-
thermore

Gr(H) {(w,x) ; xeC(w), xeH(w,x)}

{(w,x)€cr(C) ; d(x,H(w,x)) = 0}
N-1(0) € AxB.
(a) Apply the theorem of Aumann (Theorem 5.2 in [9]) to

the multifunction H.

(b) By proposition 8 (d) the multifunction H(w,*) is u.
s.c. This implies H(w) = H(w), and so the measurability of H by
theorem 3.5 in [9]. Now we apply the theorem of Kuratowski,
Ryll-Nardzewski (Theorem 5.1 in [S8]).

Now we will show the existence of a random fixed-point

when T is a continuous stochastic operator. The second part of

the following theorem has already been proven in Theorem 6 of [7].

THEOREM 11. Let (W,A,u) be a o-finite measure space,
X a neal separable Banach space,C:W > A(X) separable,T:Gr(C) +
AB(X) a continuous stochastic operator, that is

lim D(T(w,x ),T(w,x)) = 0 for each weW and for each sequence
N->c0

x, €C(w) with lim x_ = x. Then it follows that
o I

(a) T 46 (AxB,B)-measurable.
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(b) There exists a random fixed-point of T Lif
T(w) := {xeC(w) ;3 xeT(w,x)} # ¢ for all weW.
Wwo.(a)Fm*quwehmm(h:={weW ; ueC(w)}eA,and
T(°,u):Cu -+ AB(X) measurable. Thus for fixed u,x €X the func-
tion d(x,T(*,u)) is (AFTCu,B(R))-measurable by theorem III.9 of
[3]. Using moreover the inequality [d(x,T(w,v))—d(x,T(w,G))l <
D(T(w,v)), T(w.v)), we obtain for fixed x€X, r > 0.

{(w,y)ecr(C) ; d(x,T(w,y)) < v}

: 1
T :Zé({we:cz 5 d(x,T(w,2)) < r+=3xUy /(2)) AGr(C)

e (AxB)NaGr(C).

Let Z be choosen like in Definition 2(c). Now apply theorem III.
9 of [3] once more.

(b) Exactly like in theorem 10 we show Gr(T) €AxB using
part (a) of our theorem 11. Then we apply the theorem of Aumann

(theorem 5.2 in [9]).

§3. Random fixed-point theorems for ultimately

compact stochastic operators.

DEFINITION 12. Let D # # be a closed subset of the Ba-
nach space X, f:D~+ P(X) a multifuncion. We denote by o,B8,8 or-

dinal numbers. By trasnfinite induction we define the sets

fO = conv f(D)

fy := conv f(Dnfa-1) if oa-1 exists

AT (ﬂ\ fB if o-1 does not exist,
B<a

which have the following well-known properties:
(a) each f, is closed and convex
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(b) fycfg if a > B, and hence £(D nfB) convE(D ﬂfB) = fB+1C fB.

(c) There exists an ordinal number § such that fB = f6 for all
B >»§- We denote this Limit set f5 by fo. Thus £(D nfu &
convi(D Afw) = f6+1 = fG = f, , and we have f,, = ¢ if and only
if Dnfy = 0.

(d) If xef(x) then x€f_.

If in addition the mapping f is u.s.c. on D and if

f(DN£f,) is relatively compact, then f is called ultimately com-

pact. This means that the limit set f_ is compact.

LEMMA 13. Let D # @ be a closed subset o4 the Banach
space X; g,f:D =+ A(X) u.s.c. mu&tédunc,téon/s with g(x) Cf(x) for
all x €D and f ultimately compact. Then,(a) g 48 ullimately com-
pact and g Ccf_ , (b) ¢ # g,CD 4§ g(D)cD and £, # 9.

Proo4. (a) Obvious; for details of the demonstration see
for example the proof of theorem 14(b).

(b) We have # # DNf, compact. Because g(DNfy) C
f(Dnf,) and lemma 5(b)(e), the set g(Dng,) is compact,
moreover @ # g(DN£f,) CD. We defined Q0 := g(D'NEy) CEy, ND,

Q*1+1 1= g(Q ) for all neN. This is a decreasing sequence of
sets where each Q is nonempty and compact by lemma 5(b), (e).
Hence Q : ﬁ“\ Q is compact and nonempty. We will show now

Qcg(Q) ; let er f\g(Qn 1), hence x g(qn) for some q €Q_
for all neEN. We may assume lim /%)5:9 for some qe&Q, by the

n>°
compactness of Q. Obviously q€Q. From lemma 5(b) it follows

x€g(q)cg(Q). A usual conclusion with transfinite induction

gives us QCg., for each ordinal number &, and so # # QCg,-
. 8o

THEOREM 14. Assume that D # § 4s an open subset o4
the Banach space X, A := D, g,f:A + KC(X) u.4.c. multifunc-
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tions, g(x)Cf(x) for all xecA, £ ultimately compact, and
h(t,x) := tg(x)+(1-t)f(x) for (t,x) e [0,1]xA. Then
(a) h:[0,1]xA > KC(X) 44 a u.s.c. multifunction ,
(b) h 48 wltimately compact, h,Cf,,
(c¢) deg(J-g,D,0) = deg(J-£,D,0) L§ 0&(J-£)(3D), where
deg(®,*,*) 45 the generalization of the Leray-Schauder degree
introduced by Petryshyn and Fitzpatrick in [15].

Proog. (a) h(t,x) is aconvex, compact set for fixed
(t,x) € [0,1] XA. For an arbitrary compact set LC[O,l] XA we ver-
ify the compactness of h(L). Let W € h(L) with W € h(tn,xn) =
tng(xn)+(1—tn)f(xn) for some (tn,xn)EL which implies W, 7
‘cnun+(1-t1_1)vr1 for some u e g(xn), Ve f(xn). We may take
(tn’xn)-+ (t,x)€L and by lemma 5(g) also R 9% M Apply-
ing lemma 5(b) we get ueg(x), vef(x). Hence WA tnun+(1—tn)vn+
tuw(1-t)ve tg(x)+(1-t)f(x) = h(t,x). We now show that h is
closed. Therefore let (tn’xn)€ [0,1] XA, (tn,xn) > (t,x), WoeE
h(tn,xn), W W, Since L = {(tn,xn),(t,x) ; neN} is a com-
pact subset of [0,1] XA, one proves as before that weh(t,x).
Finally, from lemma 5(c) the desired result follows.

(b) It suffices to show hy Cf, for each ordinal number.
At first h(t,x) = tg(x)+(1-t)f(x)C f(x) for all (t,x)e [0,1]xA.
Therefore h, = convh([0,1]%A) C convE(A) = £,» and taking hgCfg
for all ordinals B < a we deduce hg = convh( {O,l]X(Anha_l)) &
convh( [O,l]X[Anfa_l])Cmf(Aﬂ fa—l) 3 £y (3 0 exists, and

R mh Cmfe = fo:. if o-1 does not exist.
o R<o B8 B<al

(c) 0€(J-£)(3D) is equivalent to x¢f(x) for all x€3dD. So
x¢h(t,x) for all (t,x)E[O,l]XBD. So deg(J-h(t,*),D,0) is well
defined for each te€ [0,1] and independent of t by (a), (b) and
theorem 2.2 of [15] .

REMARK 15. (a) If in the above theorem we have
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deg(J-f,D,0) # 0, then f # # and also g, # #.

(b) In the article [16], Sadovski gives on pages 137,
138 the example of two ultimately compact functions f,g which
satisfy for h(t,x) = tg(x)+(1-t)f(x) the condition x&h(t,x) for
X €9D, te[O,l], but for which nevertheless deg(J-£,D,0) #
deg(J-g,D,0). Therefore, in contrast to the case of compact or
condensing operators, our theorem 14 is not evident.

(c) For definition 12, lemma 13, and theorem 14 we Ob-

viously do not need separability of X.

DEFINITION 16. Let C:W > P(X) be measurable and
T(+,+):6r(C) » P(X) a multifunction. T is called an wltimately
compact Atochastic operatorn if and only if:

(i) T is a stochastic operators

(ii) T(w,*):C(w) > P(X) is ultimately compact for each weW.

THEOREM 17. Let be C:W -+ 0(X) measurable,
T:Gr(C) » KC(X) an ultimately compact stochastic operaton,
x ¢ T(w,x) for all x €3C(w), weW, and finally deg(J-T(w,*),C(w),0)
# 0 fon all weW. Then there exists a random gixed-point of T.
Proog. By lemma 3(d) the multifunction C is separable. We
apply proposition 8 and obtain for each we&W the u.s.c. multi-
function H(w,*):C(w) =+ KC(X), H(w,x) €T(w,x). From theorem 14, it
follows deg(J-H(w,*),C(w),0) # 0 for all weW. Thus there exists
for all weW an element x(w)¢g C(w), x(w)e H(w,x(w)). Using the
notation of theorem 10, we have H(w) # @ for all weW, and so

there exists a random fixed-point of T by the same theorem 10.

COROLLARY 18. Left C:W » 0(X) be measurable, each C(w) a
symmetrnic neighborhood of the ornigin, T:Gr(C) + KC(X) an odd
wltimately compact stochastic operator, and x ¢ T(w,x) gor all
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x€93C(w), weW. Then there exists a stochastic fixed point of T.
Proof. For each x € C(w) the operator T satisfies the con-

dition T(w,x) = -T(w,-x). Hence, by theorem 2.4 of [15] i

deg(J-T(w,*),C(w),0) is an odd integer for all weW. Now we use

the above theorem 17.

THEOREM 19. Llet C:W + AC(X) be separable, and
T:Gr(C) > KC(X) an ultimately compact stochastic operator with
T(w,C(w)) eC(w) and T (w,*) # ¢ for all weW. Then T has a sto-
chastic f§ixed-point.

Proog. Passing to the operator H in proposition 8, we get
H:Gr(C) » KC(X) as ultimately compact stochastic operator with
H(w,C(w))c C(w) and H(w,s) # # for all weW,by lemma 13. Theo-
rem 3.6 of [15] guarantees H(w) # # , and so by theorem 10 there

exists a random fixed-point of T.

§4. Special cases.

DEFINITION 20. (a) For a bounded subset B of the Ba-
nach space X we define the Kwatowski{-measure of noncompactness:

X(B) := inf{e > 0 ; B admits a finite covering by sets

of diameter < €},

and the Hausdorfg-measure of noncompactness:

Y(B) := inf{e > 0 ; B admits a finite €-ball covering}.
(Fundamental properties of X, Y may be found in [5, p.19]).

(b) A multifunction f:D > K(X), @ # D closed subset of X,
is said to be X-condensing if and only if f is u.s.c.
on D, maps bounded sets to bounded sets, and satisfies X(f(B)) <

X(B) for each bounded B CD which is not relatively compact. A
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correspond ing definition holds for Y-condensing multifunctions.
(¢c) A multifunction f:D =+ K(X), # # D closed subset of X,
is said to be compact if and only if f is u.s.c. on D and maps

bounded subsets of D to relatively compact sets.
(d) A multifunction f:D - K(X), § # D closed subset of X,

is said to be a contrnction (with constant k) if and only if
there exists a kg (0,1) such that D(£f(x),f(y)) £ k"x—yﬂ for all

x,y€D.

We now list up some well-known relations between these

properties.

LEMMA 21. Let D be a nonvodid closed subset of the Ba-
nach space X and £,g:D + KC(X) multifunctions.
(a) I§ £ 48 compact, then £ 48 X-condensing and Y-condensing.
(b) 14 £ 48 X-condensing orn Y-condensing, then £ is wltimately
compact.
(c) Let D be bounded, £:D + KC(X) compact, g:X + KC(X) a contrac-
tion. Then the sum f+g:D > KC(X) £s Y-condensing.
(d) Let D be bounded, f:D -+ KC(X) compact, g:D + X a single-val-
ued contraction. Then f+g:D + KC(X) 44 X-condensing.
(e) Let D be bounded, f:D - KC(X) compact, g:D + KC(X) a contrac-
tion with k < %. Then f+g:D > KC(X) 48 X-condensing.
Proog. (a) Obvious, (b) see lema 3.2 in [15], ey (a),

(e) see remark 3.9 in [15].

DEFINITION 22. Let C:W - P(X) be measurable and
T(+,*):6r(C) » K(X) a multifunction. Exactly the same as
before we may define now a X-condensing, Y-condensing, compact

or contrative stochastic operator T.
THEOREM 23. (Type Kakatani, Schauder, Rothe). Let
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C:W -+ AC(X) be sepanable, T:Gr(C) > KC(X) a X or y-condensing
nandom operator with T(w,3C(w))cC(w) for all weW. Then T has
a nrandom gixed-point.

E&ggﬁ: The operator H, constructed in proposition 8, sat-
isfies H:Gr(C) -+ KC(X), H(w,x)c T(w,x), H(w,3C(w))cC(w) for all
weW, and is a X or Y-condensing stochastic operator, too. Sup-
pose that intC(w,) = @ for woEW. This implies 9C(wg) = Clwp)
and so H(wO,C(wO))CZC(wO). By corollary 3.5 of [15] there ex-
ists a x EC(wO) with xoeH(wo,xo),which signifies H(wo) 0.
CW, then C(wy) =D ,

0

Otherwise, P intC(wl) # @ for Wy
oD = BC(wl), D convex, H(wl,aD)Ciﬁ. We apply now corollary 3.4

of [15], thus obtaining an element xie:C(wl) with x €:H(w1,x1),

1
that is'H(wl) # #. Now use theorem 10. Finally,we add in pass-
ing that one can easily generalize the corollary 3.4 in [15] to
arbitrary open convex sets,so that it might indeed be applied

to our slightly more general situation here.

THEOREM 24. Let C:W » 0(X) be measurable, 0&C(w) gfor
all weW; T:Gr(C) » KC(X) a X on y-condensing stochastic
operatorn with Ax ¢ T(w,x) for all xe€dC(w), A > 1, weW. Then T
has a stochastic gixed-point.

Proof. By theorem 3.2 in [15] we have deg(J-T(w,*),C(w),0)
= 1 for all weW. Because of lemma 21(b) and theorem 17 there

eixsts a random fixed-point of T.

COROLLARY 25. (type Krasnoselski). Lef C:W > AC(X) be
separable and each C(w) bounded. Let G(+,+):Gr(C) = KC(X) be a
compact random operator, Let S(»,+):6r(C) * X be single-valued
contractive (or S(+,+):Gr(C) + KC(X) be contrative with k < % ,
on S(+,*):WxX > KC(X) be a contrative random operatorn) and Let
T := S+G fulfll the condition T(w,3C(w)) CC(w) for all weMW.
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Then T has a stochastic gixed-point.
Proog. By parts (c), (d), (e) of lemma 21 the stochastic
operator T is X or y-condensign. Applying theorem 23 gives the

desired result.

FINAL REMARKS. (a) In [7]atheorem 23 was proven for
compact random operators and corollary 25 for a single-valued
stochastic operator T = S+G where S:Gr(C) > X is contractive and
G:Gr(C) » X compact.

(b) One may deduce another corollary of Krasnoselski type
based on theorem 24,replacing the condition T(w,dC(w))c C(w) of
corollary 25 by Ax& T(w,x) for all x€odC(w), A > 1, weW.

(c) If the Banach space X satisfies the condition of Opial
(see [14]), if each C(w) is weakly compact.and if we require that
S is nonexpansive, G completely continuoussthen we can derive a
further result similar to that of corollary 25. This generalizes
corollary 18 in [6]. We will not present the details, a proof
is obvious after observing corollary 3.9 in [15].

(d) In the preceeding sections we have paid attention on-
ly to those fixed-point theorems which are consequence of the
Leray-Schauder degree. Clearly there are also other fixed-point
theorems which have more in common with modifications of the Ba-
nach fixed-point principle,and which have stochastic versions,

too. For a survey see the article of Ivanov [10].

ADDENDUM.
(1) A special case of this article above was also treated

in the publication of S. Itoh: Measurable and condensing multi-
valued mappings and random fixed-point theorems, Kodai Math. J.

2(1979) 3, 293-299.
(2) The notion of a separable multifunction (see defini-

tion 2c) is closely related to the notion of a almost uniformly
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separable set which appears in the work of K. Deimling: A cara-
theodory theory for systems of integral equations, Annali di

Mat. Pura Appl. (IV), vol. LXXXVI (1970) 217-260.
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