Revista ColLombiana de Matemdticas
Vol. XVI (1982) pdgs. 125 - 140

DIFFUSION LIMITS OF CONDITIONED

CRITICAL GALTON-WATSON PROCESSES
by
Bernhard MELLEIN

RESUMEN. Un proceso critico de Galton-Watson con
[xn+o(n)] particulas iniciales se sujeta a la condicidn
de tener [yn+o(n)] particulas en el tiempo n, para cier-
tos valores x,y > 0. Se obtienen entonces leyes y difu-

siones en el limite cuando n - ®,

ABSTRACT. A critital Galton-Watson process initia-
ted by [xn+o(n)] particles is conditioned on having the
size [yn+0(n)] at time n, for some x,y > 0. As n + © lim-
it laws and limiting diffusions are obtained.

1. Introduction. Let Zn be the number of particles at time n

in a critical Galton-Watson process (GW) and f the generating
= 200 < oo,

function of its offspring distribution. Assume f"(1-)

Lamperti and Ney (1968) have proved that the finite-di-
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bk 8, . < %
mensional ]01nt distributions of { Z[ l] 5 0 S t< 1} ’ condi

tioned on Z [axn+0(n)] and Z, > 0, converge, as n > ®, to

those of a giffusion process {YLN,x(t) ; 0€ t< 1} with initial
state x » 0. Imposing the further condition Z[nc]= 0, ¢ > 1, 1.e
conditioning on extinction in the interval (n,cn], Esty (1976)
obtained a limiting diffusion {YE,x,c(t) ; 0 < t < c} which in
turn has been shown to converge, as c>~1, to another one, which
we will denote by {YE,x(t) ; 0 < t < 1}. Letting c~1 might be
thought of as conditioning on extinction 'at' time n.

In this paper we shall show that {éﬁz[nt]; 0<tg1},
conditioned on Z, = [oxn+o(n)] and z, = [aynto(n)], converges in
finite-dimensional distributions, as n + «, to a diffusion proc-
ess {Yx,y(t) ; 0t < 1}. It turns out that {YE,x(t)} and
{Yx,O(t)} coincide (in distribution) and that {YLN,x(t)} may be
obtained from {Yx, (t)} by randomization, treating y as a random
variable having the distribution of YLN,x(l)' Transition density,
infinitesimal mean and variance of {YX y(t)} are given explicitly

> ]
in Section 3.

In Section 4 we deduce some limit laws from the general re-
sults of Section 3. Finally, in the last section we treat the
case of a critical Galton-Watson process with immigration (GWI).

To prove our results we apply local limit theorems (Kes-
ten, Ney and Spitzer (1966), Mellein (1982)) and therefore we
have to impose the hypotheses under which they hold. To be pre-

cise, we shall confine ourselves to acritical aperiodic GW {Zn}

with E 22

1 logz, < o,

1

2. Preliminaries. In what follows x,y,v,to,tl,... are real

numbers with x > 0, y > 0, v > 0 and 0 < to < t1 <... We set

. : +
di = ti_ti-l’ i=1,2,... and define for k€N and (Xi""xk)eRk
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= Wygs-om )y > 0,000y, > 03,

ka(xl,...,xk;tl,...,tk;x,y;to,tk+1) = (1)

/
“k+1”%o (e Ee ) AR g ey g -1

. S J
dydys1 3 TE T, FULIE: P

[—2—v&h
v-1 e Rk’

k
2 2
© I (5A AT Thy(x 0% 5d ),
v-1 d1 1°7v-1 dk+1 k ! Vo127 p2

if x > 0, y > 0.

[tk+1_t° ]v( Tkl {2 /§§“}T5Th (x_ % 3d )
o y 40
d1 dk+1 v-1 dk+1 K VT 1°"r*"p

X1 y+Xk
<1>=< el Tt
1 k+1 k+1 0

} if x = 0, y > 0.

t .-t )V Vil k
k+1 o] (/% /%) 2 e ITT
[ Iv—l{az Xl}r=2hv(xr—1’xr’dr)

Yot | ey
X+X X
s exp{- 3 Sty 3 S }= x-t } if x >0, y = 0.
1 k+1 k+1 0
vV v-1
[tk+1't0 (V¥1%y) o] e T }TETh (x . .x :d)
- S S s ’ s
dldk+1 r'(v) d1 dk+1 o ¥ r-1>"r’"p
g if %' &9 % = 4,
d v+w 2
; =Rt p VATWS = >
where hv(v,w,t) $8%P1- Iv_l(t/;W), v,w,t > 0 and I4 denotes

the Bessel function of order d with purely imaginary argument.

REMARK 1. The function+fk( FEPPIT L IPERE ,tk;x,y,to,tkﬂ)
is a k-dimensional density on”Rk. This is easily seen by an in-

duction argument (consult e.g. Watson (1952) for the evaluation
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of the integral arising for k = 1). The densities which result

in the cases k = 1, xy = 0, are well-known: f (e 30,03 t, t2)
is a gamma density with parameters ((t -t )/d1 5oV ) and
Vf1(°,t1;0,y;t0,t2) (as well as vfl(.’ 1,x,O,to,tz)) a random-
ized gamma density (see. e.g. F%l}%g (1971, p.58); start with a
gamma density with parameters (afag—,v+m) and take m as an integ-

er-valued random variable subject to a Poisson distribution with

parameter ———— to get the stated density).
d,(to-tg)
We introduce some more notation. For 0 £ s < 1, 0 < t <
1-s let
ng(v,w;s,t) =

if v=yz=o.

( v v-1
1-s w w(1-s) w(l-) 1
[E?EZEZ¥SJ TP ta-s-1)

2 2
1-s]¥ 1w, (v-1)/2 2 vyt tw(1-s)y
t ] l-s—t(§0 Iv-i{l-s—t/§a}eXP{-f{i—s)(l-s-t)"

if v=0,y >0.

v 2 2
wy(v-1)/2; v(1-s-t)“+w(1-s8)"y
Ef ) Ty-1 (G/)exp] - s 100y 71 4

ifv>0,y =0

2 — 2 —
1-s Iv—l(l—s t YW)IV 1(t VW)AX i yt2+v(1—s—t)2+w(1—s)21
t(1-s-t) T o, t(1-s)(1-s-t)
v-1"1-s
9 ifry 2v0 4i veda Oy
and I (2¢zy)
( 2z 2vyz “v-2"1-s g
2 - T Ve ify >0, z > 0.
I (22
v-1" 1-s
27 A -
ch(s,z) = < - ify=0,220
Y iF i > Oylz! 70
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For further reference we state the following lemma. The cumber-

some but routine calculations involved in its proof are omitted.

LEMMA 1. let 0 s <1, 0<t < 1-s. Then gon v > 0

Ao |
llmg f (w—v)zvgy(v,w;s,t)dw =0 gonall §>0
ke | w-v|>6 ,w>0
oo}

llm— f (w-v) g (v,w3s,t)dw = Ve (s,v),
50 y

1 o]
lim;-f (w—v)ig (v,wys,t)dw = 2v.
tN0~ 0 y

3. The limiting diffusion in the GW case. Let Q (i,3)

be the n-step tran31tlon probability of {Z } and assume
Qff,1) < 1, Z Q(1,5)5%l0gj < ® and g.c.d. {kelNIQ(l k) > 0} =
Q = Q1 Then (see Mellein (1982)).

Q bdw, //’——_‘\\\__ﬂ/// a-I-llexp{ }Vl/j I (——/I?) . (2)
J’n-)-oo 1
%,%-remain bounded

This local limit theorem will be the basic tool in the proof of
Lemma 2, together with the following estimates which are due to

Kesten, Ney and Spitzer (1966)

supQ (£,3) ¢ M T (3)
izl
supQ Cizj)ig M'(in)-}5 (4)
i>1

To facilitate the statement of Lemma 2 we set Yn(t) = ahz[nt]’
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nelN, t » 0, denote by ka the k-dimensional distribution func-

tion corresponding to the density vfk defined in (1) and put

S
S

{kEJNIQn(l,k) > 0 for some k = k(n)€N}. We remark that
N if Q(1,1) > 0 and that by the aperiodicity of {Zn} there

exists an integer m such that SO {m,m+1,...}.

LEMMA 2. let r and s be integervalued functions with
o(n); s(n) = o(n) a4 n > and s(n) > 1 4§ x = 0, r(n)eS
0. Then for all k€N and all (z,,...,z)ER,

1]

r(n)

L6y

Fk’n(zi,...,zk;tl,...,tk;x,y;to,tk+1)

= P(Yn(t1)$zl,...,Yn(tk)szklz[n ]=[axn]+s(n), / =[ayn] +r(n))

[0tk+1]

to

E;g>2Fk(zl,...,zk;t1,...,tk;x,y;to,tk+1).

Proog. For the sake of simplicity we shall drop from here
on (sometimes) the square brackets with the understanding that

zn, etc. means [zn], etc. Let 0 < g < min(zl,...,zk), put

Sn(zi,...,zk;g)

anziy anzl
L . ) BUZo¢, mdqs e ooy =0ph2,, “ORDSIN). 20, © ¥Gym
Jk_gn ]1:€n 1 k 0 k+1
+r(n)),
Tn(zl’ ,zk;E)
= Fk,n(zl" ,zk;tl,..,tk;x,y;to,tk+1) - Sn(zl,..,zkge),
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Qndl(axn+s(n),j)
Rn(j) = (5)
(oxn+s(n) ,qyn+r(n))

Qn(tk+1-t0)

and write
Fk,n(zl""Zk;tl”"tk;x’y;tO’tk+1)
anzy onz, (6)
= 1 .- 2 R(31>| IQnd (3,304 (3 sayntr(n)).
]k'l k+1

We break the proof into several steps.

(a) There are constants L and N such that Rn(j) < L for
all j 21, n > N.

Applying (3) we get an upper bound for the numerator on
the right side of (5) while lower bounds for the denominator in
(5) may be obtained by inspection of its asymptotic behavior.
This may be deduced from (2) in the cases x > 0, y > 03 x > 0,

y = 0, r(n) + © as n + ©, Concerning the remaining case, i.e.
x > 0, y = 0, there is a subsequence of r(n) which remains bound-

ed, we observe that

Qn(l,]) w o SIAY —-6 exp{-—}

n-—>
S>j fixed
%-remains bounded

[ee)

with {6 h<€bﬂ'the normalized ( } 6 (Q(1, O)) = 1) stationary
k=1 X
measure of {Zn} which is bounded away from zero on S, i.e.

8. > b >0 for all j€S and b appropiately chosen. The last fact
]
is an immediate consequence of well-known results of Kesten, Ney

and Spitzer (1966).

(b) For sufficiently large N, as € 0,
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F (€,...,e;tl,...,tk;x,y;to,tk+1) =0(1),

uniformly in n > N:

Substituting estimates for Qndr(]r—l’]r)’ T = 02,00 «ak Bnd
Q (i, ,oyntr(n)) provided by (4), into (6) (with z,6=...=z, =€)
ndk+1 k 1 k
and using (a) gives

k
Fk,n(e,...,e;tl,...,tk;x,y;to,tk+1) < M"(Ve)

for sufficiently large n.

(c) For sufficiently large N, as € = 0,

Tn(z ,zk;s) =0(1),

EREE

uniformly in n > N:
T (zl,...,zk;e) may be written as a sum of the 2k—1 terms

having the form

onsy ansq k
. _z e _z Rn(]l)l_lQndr(Jr—l’Jr)Qndk+1(jk’ayn+r(n)) (7)
I TR J,7ryD r=2

with (ri,si) = (0,e) or (ri,si) = (e,zi), 15 1524550, K5 4200
(rl,...,rk;sl,...,sk) # (e,...,e;zl,...,zk). The asymptotic behav-
iour (¢ ~ 0, n + ®) of one of the summands appearing in (7) (that

with (rl,...,rk;sl,...,sk) =, (05000503E000258)) is dealt with in

(b), that of the remaining terms is checked quite similarly.
(a) Sn(zl,...,zk;e) may be identified as a Riemann sum,
approximated (n -+ «) by the integral

Zx 249

i Y | 2fk(xl,...,xk;tl,...,tk;x,y;to,tk+1)dx1...dxk. (8)
€

We confine ourselves to the case xy > 0. The cases xy = 0

132



are handled similarly. With the aid of (2) we get for the sum

defining Sn(zl,...,zkge), as n > «
onz onz
k il — 1
(1+0(1)) z ¥ o Z V(oxn+s(n))/3 exp{—————(axn+s(n)+j )}
i . et oy 1 ond 1
jk—sn J41=€n 1 1
2 = 1 — 1
i I1(and Vﬁl(axn+s<n)))l_]{and jr—l/jreXp{-ocnd ]r—1+3r)}
1 r=2 r T
Iy (2 /3, Tt (m) bk
2 /= b % 2 “k+1” "0
'L G Jps 391 2 g
T i V(axn+s(n))(ayn+r(n))) k+1

a an(tk+1—t0)

. Vﬁk/(dxn+s(ﬁ77exp{—&E%———(jk+uyn+r(n))+aX§;?in)+ayn;r(n)

K41 k+1” %0

2 : 2 -
_kll(ai¢x317an)Il(aiiivyjk/an)

anzk anzqt ~1
= (1+0(1)) ) L a0 2
jg=en  j,=en 17k+1 L (g—— %)
k+4: -0
1 i1 Ik
s e~ gler) - o Gy v )
3 k+1 k+1 0
Tiﬁ-l { 1 - Teq ip } ( 2 /(—__T~__—_7?
g et Tlgn et LT YA i/ e,
DI2 X pe r

the last expression being a Riemann sum for the integral in (8).

The theorem follows from (c) and (d).
We now state our main theorem.

THEOREM 1. Assume that the hypotheses of Lemma 2 hold.
3 : s !
Then {Yn(t) i 1 2 R 1}, conditioned on Z, =
[anx] +s(n) and 2z = [ony]+r(n) converges in ginite-dimensionak
distrnibutions to a (Markovian) diffusion process
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{Yx,y(t); 0<t< 1} with Y, (0 = %, Yx,y(1) = y. Its nespec-
tive thansition densities are

fy(w,s+t|v,s) = 2gy(v,w;s,t), 0 £s<1, 0< t<1-s

fx(w,s-tlv,s) = g (v,wil-s,t), 0<sg€1, 0<t<s.

Forn its Lﬂﬁ&ﬂ&I@A&nuL means ag *(s,2) and a, (s,z) and Aits Anfini-
tesimal variances b (s z) and b (s z) hoZd the nelations

o
) +
1lim %’f (w—z)fy(w,s+t|z,s)dw = ay(s,z) = Qcy(s,z), 0€£s<1,
™0 0
1 (o]
lim ;—f (w-2)f_ (w,s-t|z,s)dw = ax(s,z)
™0 0 ®

2cx(l—s,z), 0<s<g1,

+ -
by(s,z) = 2z = bx(s,z).

The joint density of (Yx,y(tl),...,Yx,y(tk)), keN, t <1, A5
given by (1) with v = 2, ts = 0y tog %o

Proof. The family of distribution functions oF) gotten in
Lemma 2 satisfies the consistency conditions in Kolmogorov's
existence theorem and hence determines a stochastic process. Its
properties are immediate from Lemmas 1 and 2 and the special factor-

ized form of the 2fk'

REMARK 2. A simple comparison shows that {YE X(t)} and
b
{YX O(t)} are equal in distribution, i.e. conditioning on''extinc-
2
tion at time n" and on "there are o(n) % 1 particles at time n"

lead to the same diffusion process.

To establish a relation with the process {YLN X(t)} ob-
b
tained by Lamperti and Ney (1968) we introduce the following

Laplace transforms. Let 0 < t< 1 and r and s as in Lemma 2.

. 0
LLN(G,tlx) = iizE(exp{—agz[nt]}IZO = [axn+s(n)] , By 0)
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. S
L(G,tlx,y) = iizE(exp{~aHZ[nt]}[Zoz[axn+s(n))], Zn=[ayn+r(n)]).

LEMMA 3. The Laplace trans fomm LLN(G,llx) has associat-
ed density
exp{-z} , x =0
wx(z) = z>0.

Vx/zI1(2/§2)§§§£:%§i%li x>0

Pl-XJ,

Proog. See Lamperti and Ney (1968) or check it directly.

THEOREM 2. let 0 < t < 1.
(o]
LLN(S,tlx) 2 fL(e,tlx,y)wX(y)dy.
0
Proog. A direct verification is possible (see e.g. Abra-
mowitz and Stegun (1965) for the necessary integral formulas)

but there is a nice probabilistic argument. It is

E(exp{—gﬁ'z Z. = gxnt+s(n), Zn > 0)

nt}| 0

) y/
E{E(exp{-aﬁ'znt}|zo = oxn+s(n), Zn > o)[ag}

oo}
0
g E(exp{—a;’Znt}|Zo = axn+s(n), z =oyn, Z > 0)

1 g
dP(aE-Zn < y[Z0 = axn+s(n), Zn >+0),

and the theorem follows frocm.Lemma 3.

We mention that the previous statement may easily be
generalizaed to k-dimensional Laplace transforms.

In the following theorem we list some asymptotic prop-
erties of the infinitesimal means of the process {Yx,y(t)}
which follow immediately from the corresponding behavior of
the Bessel functions involved.
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THEOREM 3.
(a) 1lim a;(s,y) 20

y—)m
(b) a;(s,z) v 2—'/—51/37 y+®©, z>0

1
(C) a;(S,Z) Nno— -%_z_'—s Z > ©
(d) a;(s,z) " I%E(¢E§;z) s~1
(e) a;(s,z) z a (1-s,2)

REMARK 3. The relations in Theorem 3 may be read like
this; e.g. (a) "Large populations which will not vary in size in
the long run stagnate instantaneously (on the average)" and (c)
"Large populations which will be comparatively small in the fu-

ture exhibit (on the average) an (instantaneous) linear decrease'.

L, Limit laws. In this section we state some limit laws

which are special cases of Theorem 2.

THEOREM 4. Let 0 < t < 1. Then L(9,t|x,y)

((1+e*c(1-*c))~2 iEm Ay =0 ,
(1+6t(1-t))~ exp{—(1 t)(IIEE?E'ET’l)} ifx>0,y=0,
4 (1+6t(1-t))_Qexp{1¥i(1+ei(1_t)‘1)} ifx=0,y>0,
(1+0t(1-1)) e {yt2z}1((i)t)2 1+6t%1 it
. 11{2¢§§Y1+et(1-t))"1}/11(2J§§) if x >0, y > 0.

REMARK 4. This means that —1——Z , conditioned on
on” [nt]
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Zy = [oxn] +s(n) and e [ayn] +r(n), converges in distribution to
a random variable Z which may be represented by means of the

following Andependent random variables as

E + E' ifx=y =0,
1 ~ -
o & +EY ¥ E1 tio.% EN ifx >0,y =0,
E+E'+E1+"'+Eb'4 if x =0,y > 0,
' 4
E+E1 t...t Eg + Ep +...t Ep ifx>0,y >0,
where E,E' E1 E2,... Ei,... are exponential random variables

with mean t(1-t), N, M and S are Poisson random variables with

2
+
parameters ;{1—t), Z__ and XI—¥%él¥§l—- respectively, and T has

the probability generatlng function bx y(z) = 11(22/§?)/11(2ny)
with the notable properties
(2r) L N . i =
bX €0)*=-0% rr= 0,1,2,.:. and llmbx (z) = llmbx (z) =
xn0 Y y~0 24

5. The limiting diffusion in the GWi case. Let {X } be

a critical GWI and Pn(i,j) its n-step transition probability
function. Assume that its immigration distribution
{P(0,k)|x = 0,1,2,...} satisfies 0 < P(0,0) < 1 and
ktZQP(O,k)klogk < ®, As to its offspring distribution
{Q(1,x) |k = 0,1,2,...} we suppose that the hypotheses at the
beginning of Section 3 hold. Under these assumptions Mellein
(1982) obtained a local limit theorem for Pn(i,j), correspond-
ing to (2), which may be used to prove the following theorem.

As in Section 3 we define S' = {kEHNlJ{O}|Pn(O,k) >0
for some n = n(k) €N} which obviously satisfies S'2{0,m,m+1,..}

for some meN.
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Let o = %- Z k(k-1)Q(1,k) (as in the previous sections) and
. By e
EZ()'
THEOREM 5. Let s and r be integervalued gunctions with
s(n) = o(n); r(n) =o(n), n>», s(n) >0 £ x = 0 and r(n)ec s’
L§ v = 0. Then the 5o££owéng statements hold. The fginite-dimen-

sional distributions of { X[qe]5 0 € € € 1}, conditioned on
Xy = [axn]+s(n) and X_ = nyn]+r(n) converge to those of a (Max-
kovian) diffusion process {wx y(t); 0<t< 1} with W, y(o) =
wx,y(l) 19

inginitesimal means

5 '
Iay(s,z) = ch(s,z) p 0<s<1,
2 _ % 259
Iay(s,z) ch(l .z}, T 0<s§<1,

inginitesimal variances
+ -
= — < <
Iby(s,z) 2z Ibx(s,z) Qs <8N &
and thansition densities
£ (w,s+t|v,s) = itg fytwisit) o Dius 1,000t X 1-8

Y5y
gx(v,w;l—s,t), 0<s<1,0< t< s.

L.y

I X(w s- tlv s)

The joint density of (wx,y(tl),...,wx’y(tk)),1<€mh t, <1 48
given by (1) with v = v, tie0, i, * 1,

REMARK 5. It is easy to deduce from the foregoing theo-
rem the following limit law. Let xy > 0. Conditional on XO =

[axn] +s(n) and X [ayn]+r(n) converges in distribution

an’ [nt]
to the random varlable

i
G + El PR s EN 5 E1 T EM

with
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G a gamma r.v. with parameters (T§¥3Y) 5

2 2
. i yte+x(1-t)
N a Poisson r.v. with parameter t(1-t)

M a r.v. with probability generating function

3 3 1 ' 2k+Y-1_2k
by x,y¥ = T a7y L RITGo ) Aoy
v-1 k=0
} 2 g exponential random variables with

i 31 R R s B i
mean t(1-t) and all previous random variables being independent.

REMARK 6. a) It is well-known that the limit distribu-

1 W
Y o S - > i
tion (n + ®) of anz[nt]’ conditioned on Z 1, Zn 0 and of

0
1—-X .coindice in the case t = 1, Y = 1, i.e. the effect (on
an [nt]
the limit law of Zn/an) of conditioning on non-extinction is the
same as immigrating at an average rate of a. But this is no long-

er true if t < 1.

limE(exp{-SHZ[nt]}IZO =1,2 > 0) = ((1+6t)(1+6t(1—t)))-1
n>«

iizE(exp{-gHX[nt]}|Xo = 1) = (1468)7Y .

b) A comparison of Theorem 1 and 5 shows that the case Yy = 2
plays an outstanding r8le. If {Xn} and {Zn} are initiated in
the same manner and behave similarly at time n then they are
indistinguishable (in distribution) at intermedium times if the

immigration rate equals 20 (n + «).
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