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DIFFUSION LIMITS OF CONDITIONED
CRITICAL GALTON-WATSON PROCESSES

by

*Bernhard MELLEIN

RESUMEN. Un proceso critico de Galton-Watson con
[xn+o(n)] particulas iniciales se sujeta a la condicion
de tener [yn+o(n)] particulas en el tiempo n, para cier-
tos valores x,y ~ O. Se obtienen entonces leyes y difu-
siones en el limite cuando n + 00.

ABSTRACT. A critital Galton-Watson process initia-
ted by [xn+o(n)] particles is conditioned on having the
size [yn+o(n)] at time n, for some x,y ~ O. As n + 00 lim-
it laws and limiting diffusions are obtained.

1. In trod uc t ion. Let Z be the number of particles at time nn
in a critical Galton-Watson process (GW) and f the generating
function of its offspring distribution. Assume f"O-) = 2a < 00.

Lamperti and Ney (1968) have proved that the finite-di-
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mensional J·ointdistributions of {l-z . 0 ~ t ~ 1}, condi-em [nt]'
tioned on Zo = [axn+o(n)] and Zn > 0, converge, as n + 00, to
those of a diffusion process {YLN,x(t) ; 0 ~ t ~ 1} with initial
state x ~ o. Imposing the further condition Z[ J= 0, c > 1, i.e.nc.
conditioning on extinction in the interval (n,cn], Esty (1976)
obtained a limiting diffusion {YE (t); 0 ~ t ~ c} which in,x,c
turn has been shown to converge, as c~l, to another one, which
we will denote by {YE (t) ; 0 ~ t ~ 1}. Letting c~l might be,x
thought of as conditioning on extinction 'at' time n.

In this paper we shall show that {~Z[ t]; 0 ~ t ~ 1},an n
conditioned on Zo = [axn+o(n)] and Zn = [ayn+o(n)], converges in
finite-dimensional distributions, as n + 00, to a diffusion proc-
ess {y (t); 0 ~ t ~ 1}. It turns out that {YE (t)} andx,y ,x
{y o(t)} coincide (in distribution) and that {YLN (t)} may bex, ,x
obtained from {Y (t)} by randomization, treating y as a randomx,y
variable having the distribution of YLN,x(l). Transition density,
infinitesimal mean and variance of {y (t)} are given explicitlyx,y
in Section 3.

In Section 4 we deduce some limit laws from the general re-
sults of Section 3. Finally, in the last section we treat the'
case of a critical Galton-Watson process with immigration (GWI).

To prove our results we apply local limit theorems (Kes-
ten, Ney and Spitzer (1966), Mellein (1982» and therefore we
have to impose the hypotheses under which they hold. To be pre-
cise, we shall confine ourselvesm a critical aperiodic GW {Z }

n
with E Z~ 10gZl < 00

2. Pre! iminaries. In what follows x,y,v,to,t1, ... are real
number-swith x ~ 0, y ~ 0, V > 0 and 0 ~ to ~ t1 ~... We set

+di = ti-ti_1, i = 1,2, ... and define for kf:JNand (x1, ..,xk)£lRk
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(1) =

if x > 0, Y > O.

[
tk+1-to ]V(v'Xl/yI)V-l__ 2 k

d d 1 l{--d--v'yxl\}~h (x 1,x;d)1 k+l V- k+l ~ r=2 V r- r r

if x = 0, y > o.

if x > 0, Y = o.

[ ]

v v-l ktk+l-tO (/Xlxk) xl xkd d f() exp{-d-- - -d---}~h (x _l'x ;d ),1 k+l V 1 k+l r=2 V r r r

if x = 0, y = 0,
1 {v+W} 2 rr»where h (v,w;t) = -exp ---- I l(-trvw), v,w,t > 0 and Id denotes

V t t v-the Bessel function of order d with purely imaginary argument.

REMARK 1. The function fk (. ,... ,.;t1 ,... ,tk;x,y, to'1<:+l)
lS a k-dimensional density on R~. This is easily seen by an in-
duction argument (consult e.g. Watson (1952) for the evaluation

127



of the integral arising for k = 1). The densities which result
in the cases k = 1, xy = 0, are well-known: vf1(o,t1;0,0;to,t2)
is a gamma density with parameters «t2-to)/d1d2,v) and
Vf1(o,t1;0,y;tO,t2) (as well as Vf1(o ,t1;x,0;tO,t2» a random-
ized gamma density (see. e.g. Feller (1971, p.58); start with a

trtogamma density with parameters (d1d2 ,v+m) and take m as an integ-
er-valued random variable subject to a Poisson distribution with

yd1parameter d (t -t ) to get the stated density).
220

We introduce some more notation. For 0 ~ s < 1, 0 < t <

l-s let

g (v,w;s,t) =
V Y

(( l-s ]VwV-1 { w(1-s)}
t(l-s-t) f(v)exp -t(l-s-t)

=

if v = y = o.

[ J
v 2 21-s 1 w (V-1)/2 2 yt +w(l-s)

t l-s-t(y) IV_1{l_s_tlYW}exp{- to-s)(l-s-t)}'

if v = 0, y > o.

[ J
V 2 21-8 ~~)(V-1)/21 ('?vVW')exp{_v(1-s-t) +w(1-s) }

l-s-t t v v-l t t(l-s)(l-s-t)

if v > 0, Y = 0

l-s I 1(-1 2 tIYW)I 1(~t2vw)V- -s- V- {exp -
2

IV-1(1-svYV)

222yt +v(l-s-t) +w(l-s) }
t(1-s)(l-s-t)t(1-s-t)

l if y > 0, v > 0,

2z2-v-- +1-s if y > 0, Z > o.
and

c (s,z) =V Y
2zv- l-s

V

if y = 0, Z ~ o.
if Y > 0, Z = o.
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For further reference we state the following lemma. The cumber-
some but routine calculations involved in its proof are omitted.

LEMMA 1. Let 0 ~ s < 1,0 < t < 1-s. The.n. 60ft v ~ 0

limi I (w_v)2 gy(v,w;s,t)dw = 0 60ft alt 0 > 0
t 0 V~ Iw-vl>o,w~o

co

li~ f (w-v) g (v,w;s,t)dw = c (s,v),
t""-O 0 V Y V Y

co

lim~ f (w_v)2g (v,w;s,t)dw = 2v.
t"'O ° V Y

3. The 1 i mit i n 9 d iff us ion i nth e GW cas e . Let Q (i,j)
n

be the n-step transition probability of {Z } and assume
co n

QC1,1) < 1, z: Q(1,j)j2logj < co and g.c.d.{k€:.lNIQ(1,k)> O} = 1,
j=2Q = Q1' Then (see Mellein (1982».

Qn(i,j).~
j ,n -+- co, i ~1

i,i remain bounded
n n

~x {_i+j}/iTf' I (-.1.m)an p an ] 1 an ] (2)

This local limit theorem will be the basic tool in the proof of
Lemma 2, together with the following estimates which are due to
Kesten, Ney and Spitzer (1966)

-2supQ (i,j) ~ Min (3)
j~l n

1
supQ (i,j) ~ M'(in)-~ (4)
. 1 n
J~

To facilitate the statement of Lemma 2 we set Yn(t) = ~nZ[nt] ,
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n €: IN, t ~ 0, denote by vFk the k-dimensional distribution func-
tion corresponding to the density Vfk defined in (1) and put
S = {kE:1N/QC1,k) > 0 for some k = k(n)E::lN}.We remark that

n
S = IN if Q(1,1) > 0 and tpat by the aperiodicity of {Zn} there
exists an integer m such that S::) {m ,m+1,...}.

r(n)
i6 y

LEMMA 2. Ld r and s be bu:egeJLvalued 6undLoV!J.J wah
= 0 (n) ; s(n ) = 0 (ri) M n -+ 00 a.nd s(ri) >,. 1 i6 x = 0, r (nh: S

. += o. Then 60tt a1.l kcJN a.nd all (z1"" ,zk)E.JRk

PJtOon. For the sake of simplicity we shall drop from here
on (somerimes) the square brackets with the understanding t~at
zn, etc. means [zn], etc. Let 0 < E < min(z1, ...,zk)' put

anzk anz1
= . L .... L P(Znt =j1"",Znt =jklZnt =axn+s(n),Znt =ayn

Jk=sn J1=sn 1 k 0 k+1
+r(n)),
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R (.) =
n J ( 5 )

Q (t t )(axn+s(n),ayn+r(n))n k+1- 0

and write

Fk,n(Z1'" ,zk;t1,··,tk;x,y;tO,tk+1)
anzk anz1 k
I ...I R (j1)nQ d (j 1,j)Q d (jk,ayn+r(n)).. 1 . 1 n n r- r nJk= J1= r=2 r k+1

(6)
=

We break the proof into several steps.

(a) There are constants Land N such that R (j) < L forn
all j ~ 1, n ~ N.

Applying (3) we get an upper bound for the numerator on
the right side of (5) while lower bounds for the denominator in
(5) may be obtained by inspection of its asymptotic behavior.
This may be deduced from (2) in the cases x ~ 0, y > 0; x ~ 0,
y = 0, r(n) + 00 as n + 00. Concerning the remaining case, i.e.
x ~ 0, y = 0, there is a subsequence of r(n) which remains bound-
ed, we observe that

n+oo
--0J

2
.exp{-.2}
J anan

S 3j fixed
i remains bounded
n

00

with {8klk€JN} the normalized ( L 8k(Q(1,0))k = 1) stationary
k=1

measure of {Z } which is bounded away from zero on S, i.e.
n

8. ~ b > 0 for all j E Sand b appropiately chosen. The last fact
J

lS an immediate consequence of well-known results of Kesten, Ney
and Spitzer (1966).

(b) For sufficiently large N, as E: ........ 0,
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uniformly in n ~ N:
Substituting estimates for Q d (j 1,j), r = 2, ...,k andn r r- r

Q d (jk,ayn+r(n» provided by (4), into (6) (with zl= ...=zk=£)n k+1
and using (a) gives

F ( t t t ) s: M"( ~kk,n e , ... .e , 1'···' k;x,y; 0,tk+1, Ve}

for sufficiently large n.

(c) For sufficiently large N, as c _ 0,

uniformly in n ~ N:
Tn(zl' ...,zk;£) may be written as a sum of the 2k_1 terms

having the form

, .
with (r.,s.) = (0,£) or (r.,s.) = (£,z.), i = 1,2, ...,k and

l l l l l

(r1, ...,rk;sl, ...,sk) ~ (c , .•. ,£;zl,...,zk). The asymptotic behav-
iour (e 0, n -+ <Xl) of one of the summands appearing in (7) (that
with (r1, ,rk;sl, ...,sk) = (0, •.. ,0;£,....c ) is dealt with in
(b), that of the remaining terms is checked quite similarly.

(d) Sn(zl' ...,zk;£) may be identified as a Riemann sum,
approximated (n -+ <Xl) by the integral

zk zl
f ···f 2fk(x1, ...,xk;t1,···,tk;x,y;to,tk+1)dxl···dxk· (8)
£ £

We confine ourselves to the case xy > O. The cases xy = 0
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are handled similarly. With the aid of (2) we get for the sum
defining Sn(zl" ",zk;S)' as n + 00

k
• ll( d2Ijl(axn+s(n))D{-d1 Ij 1/j'exp{-:-T-<d1j l+j )}an 1 2 an r- r an r- rr= r r

I. (' (' { 1. axn+s(n)+ayn+r(n)• Jk/ axn+s n))exp - d (Jk+ayn+r(n))+ ( )an k+l an tk+1-to

anzk
= 0+0(1)) I

jk=sn

the last expression being a Riemann sum for the integral in (8).
The theorem follows from (c) and (d).

We now state our main theorem.

THEOREM 1. AMume. thCLt the. hypothe..6e..6 06 Lemru 2 hold.
The.n {Y (t) = 1- Z( J; 0 ~ t ~ 1}. Qonditione.d on Zo =n an nt
[anx]+s(n) and zn = [any]+r(n) Qonv~ge..6 ~n 6~nite.-d£me.n6~ona.e.
cUJ.,:t:Jt,tbu;t,[oY1J.:,to a (MMlwv~n) ~66U4~on pJz.OQe..6.6
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{ Y ( t ); 0 ~ t ~ 1} wdh Y ( 0) = x , Y (1) = y. Iu Jte.6 pee-x,y x,y x,y
tive :tJr.a.n.6.u..,[on deno.u..,[e.6 Me

fy(w,s+tlv,s) = 2gy(v,w;s,t), 0 ~ s < 1, 0 < t < 1-s

fx(w,s-t!v,s) = 2gx(v,w;1-s,t), 0 < s ~ 1, 0 < t < s.

0Cl

lim ~ f (w-z)f (w,s+tlz,s)dw
t'40 0 Y

+ 2Cy(s,z),= a (s,z) = 0 ~ s < 1,
Y

= a-Cs,z) = 2cxC1-s,z), 0 < s ~ 1,x

0Cl

lim -t1f (w-z)f (w,s-tlz,s)dw
t'40 O' X

+ - .b (s z) = 2z = b (s z)y , x ' .

The joint denody 06 (Y (t.), ...,Y (tk)), keN, tk < 1, iAx,y ~ x,y
g~ven by (1) w~ v = 2, to = 0, tk+1 = 1.

PJto06. The family of distribution functions 2Fk gotten in
Lemma 2 satisfies the consistency conditions in Kolmogorov's
existence theorem and hence determines a stochastic process. Its
properties are immediate from Lemmas 1 and 2 and the Special factor-
ized form of the 2fk'

REMARK 2. A simple comparison shows that {YE (t)} and,x
{y a(t)} are equal in distribution, i.e. conditioning on'~xtinc-x,
tion a:t time niland on "there are o(n) ~ 1 particles at time n"
lead to the same diffusion process.

To establish a relation with the process {YLN,x(t)} ob-
tained by Lamperti and Ney (1968) we introduce the following
Laplace transforms. Let a < t ~ 1 and rand s as in Lemma 2.

z > 0)
n
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LEMMA 3. The. Laplace. :tJu1/U fioJm1 LLN(8,11x ) ha: assoecac-
ed de.n.oily

{

exp] -z} ,

w (z) =
x Ix/iI (21:XZ)exp{-(x+z)}

1 1-exp{-x},

x = 0
z > 0 .

x > 0

P~ofi. See Lamperti and Ney (1968) or check it directly.

THEOREM 2. Let. 0 < t ~ 1.
00

LLN(8,tlx) = JL(8,tlx,y)w (y)dy.
o x

P~oofi. A direct verification is possible (see e.g. Abra-
mowitz and Stegun (1965) for the necessary integral formulas)
but there is a nice probabilistic argument. It is

E(exp{-~ Znt1lzo = axn+s (n), Z > 0)n
e Z

= E{E(exp{-an ZntJ1zo = axn+s(n) , Z > 0) I-E.}n an
00 e

= J E(exp{--- Z t1lzo = axn+s(n) , Z = ayn, Z > 0)o an n n n

• dP(.!-Z ~ ylzo = axn+s(n), Z > 0),an n n
and the theorem follows frem.Lemma 3.

We mention that the previous statement may easily be
generalizaed to k-dimensional Laplace transforms.

In the following theorem we list some asymptotic prop-
erties of the infinitesimal means of the process {y (t)}x,y
which follow immediately from the corresponding behavior of
the Bessel functions involved.
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( a)

THEOREM 3.

lim at(s ,y) = °;r; y 21Zpa (s,z) ~ 1 Y Y + 00, Z > °y -s
t 2z

a (s z ) ~ - -- z + 00y' 1-s
t 2-

a (s , z ) ~ -1-( Izy- z ) s ,.A 1Y -s
at(s,z) = a-(1-s,z) .y y

(b)

(c)

(d)

(e)

REMARK 3 • The relations in Theorem 3 may be read like
this; e.g. (a) "Large populations which will not vary in size in
the long run stagnate instantaneously (on the average)" and (c)
"Large populations which will be comparatively small in the fu-
ture exhibit (on the average) an (instantaneous) linear decrease",

4. L jill it 1 aws. In this section we state some limit laws
which are special cases of Theorem 2.

THEOREM 4. Let ° < t < 1. TheVl. L(8,t!x,y) =

-2(1t8t(1-t) ) if x = y = ° ,
-2 {X 1 }(1t8t(1-t» exp ~1-t)(1t8t(1-t) 1)

(1t8t(1-t»-2exP{1~~1t8~(1_t) 1)}
-1 {yt2tX(1-t)2 1(1t8t(1-t» exp t(1-t) (1t8t(1-t)

• I1{2~(1t8t(1-t»-1}/I1(2~)

if x > 0, Y = 0,

if x = 0, y > 0,

if x > 0, Y > o.

REMARK 4. This means that 1:..-Z[ J' conditioned onan nt
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z = [axn]+s(n) and Z = [ayn]+r(n), converges in distribution too n
a random variable Z which may be represented by means of the
following ~dependent random variables as

E + E' if x = y = 0,

E + E' + E1 + ...+ EN if x > 0, y = ° ,Z = E + E' + E1 + ...+ EM if x = 0, y > 0,,
E'E + E1 + ...+ ES + E1 + ...+ if x > 0, y > 0,T

,
where E,E',E1,E2, ...,E1,... are exponential random variables
with mean t(l-t), N. M and S are Poisson random variables with

x ~ yt2+x(1-t)2 .parameters ~l-t), 1-t and t(l-t) respectlvely, and T has
the probability generating function bx,y(z) = I1(2z/xy)/I1(2!xy)
with the notable properties

b(2r)(0) = 0, r = 0,1,2, ... and limb (z) =x,y x~o x,y limb (z ) = z.y--.Ox,y

5. The 1 imiting diffusion in the GWI case. Let {X } ben
a critical GWI and P (i,j) its n-step transition probability

n
function. Assume that its immigration distribution
{p(O,k)lk = 0,1,2, ...} satisfies ° < p(O,O) < 1 and
IP(O,k)klogk < 00. As to its offspring distributionk=2

{Q(l,k)lk = 0,1,2, ...} we suppose that the hypotheses at the
beginning of Section 3 hold. Under these assumptions Mellein
(1982) obtained a local limit theorem for P (i,j), correspond-n
ing to (2), which may be used to prove the following theorem.

As in Section 3 we define S' = {kE:.lNU{o}lp (O,k) > °n
for some n = nf k )E:. N} which obviously satisfies S'::>{O ,m,m+1,..}
for some m £IN.
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co

Let a = ~ L k(k-1)Q(1,k) (as in the previous sections) and
co k=2

y = 1 L kP(O,k).
a k=1

THEOREM 5. Let s and r be. -i.nte.ge.Jtva1.ue.d 6unction6 wfth
sen) = c Cn) ; r-Cn ) = o(n), n -+ co, sen) ~ 0 i6 x = 0 and r(n)e:S'
i6 y = o. The.n :the. 60UoWing -6:tateme.rz.:Uhoi-d. The. 6irz.ite.-d.ime.n.-
-6iona1. di-6tnibution6 06 {~n x[nt]; 0 ~ t ~ 1}, eonditione.d on
Xo = [axn]+s(n) and xn = [ayn]+r(n) eonve.Jtge. to thO-6e. 06 a (MaA-
QovianJ di66U-6ion pJtoee-6-6 {W (t); 0 ~ t ~ 1} with W (0) = x,x,y x,y
W (1) = s ,x,y
in 6irz.ite-6i.ma.f. mean6

+ra/s,z) =

ra;(s,z) =

c (s,z) ,y y

c (1-s,z),
y x

a ~ s < 1,

a < s ~ 1,

in6irz.ite-6imai. vaAianc.e-6

rb;(s,z) = 2z = rb~(s,z) o < S < 1

rfy(w,s+t/v,s) =

rfx(w,s-tlv,s) =

ygy(v,w;s,t)
g (v,w;1-s,t),

y x

o ~ s < 1, 0 < t < 1-s

0<s~1,0<t<s.

The. "joint de.n6ay 06 (W (t1), ...,W (tk», kt:1N,tk < 1 i-6x,y x,y
give.n. by (1) wah v = y, to = 0, tk+1 = 1.

REMARK 5. It is easy to deduce from the foregoing theo-
rem the following limit law. Let xy > o. Conditional on Xo =
[axn]+s(n) and Xn = [ayn]+r(n), ~nX[nt] converges in distribution
to the random variable

with
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G a gamma r.v. with parameters (---1t,y) ,-t

yt2+xC1...:.t)2N a Poisson r.v. with parameter ~--~~~~tC1-t)
M a r.v. with probability generating function

00
( ) = 1 \ 1 ~ 2k+y-1 2k

by,x,y z Iy_1(21:K?) k~ok!r(Y+k)(vXY) z
, ,E1,E2,··.,E1,E2,· .. exponential random variables with

mean t(l-t) and all previous random variables being independent.

REMARK 6. a) It is well-known that the limit distribu-
tion (n + 00) of ~nZ[ntJ' conditioned on Zo = 1, Zn > 0 ard of
~nX[ntJ .coindice in the case t = 1, Y = 1, i.e. the effect (on
the limit law of Z jan) of conditioning on non-extinction is the

n
same as immigrating at an average r-ate of a. But this is no long-
er true if t < 1.

~~E(exP{-~nz[nt]}IZo = 1, Zn > 0) = «1+8t)(1+8t(1-t)))-1

limE(exP{-~nx[ntJ}lxo = 1) = (1+8t)-y
n~

b) A comparison of Theorem
plays an outstanding role.

1 and 5 shows that the case y = 2
If {X } and {Z } are initiated In

n n
the same manner and behave similarly at time n then they are
indistinguishable (in distribution) at intermedium times if the
immigration rate equals 2a (n + 00).
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