Revista Colombiana de Matemdticas
Vof. XVIT (1983), pdgs. 59 - 72

HOMEOMORPHISMS ., FUNCTIONAL EQUATIONS

AND LINEAR INDEPENDENCE

by

Gordon G. JOHNSON™

RESUMEN. Se estudianlas soluciones f de la ecuacidn
funcional f = b(foh)+g, donde b € R, h es un homeomorfis-
mo del intervalo [0,1] en si mismo y g = C[O,l]. El caso
|b] # 1 se resuelve con toda generalidad. El caso |b| =1
se resuelve bajo ciertas hipdtesis de crecimiento para h,
cuando g es un limite especial de funciones de la forma
tilatﬁt’ donde h' es 1la iterada de h, t veces. Ademds se
demuestra que si h es creciente y distinto de la identidad
entonces los ht son linealmente independientes.

In all that follows we shall assume that h is a homeomor-

phism of the number interval [0,1} onto [0,1], R is the set of

is the real linear space of all contin-

NE

real numbers, and C[O 1]
?

uous function on [0,1], with sup norm denoted by

* This research was conducted in part while the author was a
Senior Research Associate of the National Research Council at
the National Aeronautics and Space Administration (NASA) Head-
quarters.
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We here determine solutions to the functional equation
f = bf(h) = g

where b € R, and g « C[ see [1] We then establish that if h is

0,1)
increasing, and distinct from the identity funcion, then

n . , . ; : .
{h™: n is an integer} is linearly independent where h" is the

nth iterate of h.

THEOREM 1. Suppose b e R, |b| # 1 and g <C[o,1]" There

{5 a unique f e C[ such that f = bf(h) + g.

0,1]
Proo4. C[O 1] is a Banach space. Let T denote the bounded
L]

linear transformation from C[O,l] into C[O,l] defined by
Tf = bf(h),
and observe that ITI = lbl. Suppose Ibl < 1. Then ITI < 1 and

hence (I—T)“1 is a bounded linear trnasformation from C[O 1]
b

- - '1
O,1J 0,1] and f = (I-T)" g ,
then f = bf(h) + g. Suppose now that |[b|> 1. Define G =

into C[ » See [2]. Hence if g = C[
-(1/b)g(h~1). From the above it follows that there is a unique
0,1] such that f = (1/b) f(h™1) + G and hence £ =
bf(h) + g. W

ch[

Let us now turn our attention to the indeterminate case

when |b| = 1, see [1] . We state without proof, three remarks:

REMARK 1. If each of f and g is in C[O 1] and f =
f(h) + g then for each number ¢, (f+c) = (f+c)(h) + g, and
hence if there is a solution to f = f(h) + g, then there is a

solution f such that £(0) = O.

REMARK 2. If h(x) < x for 0 < x < 1, fEC[ and

0,1]
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f = f(h), then £ = £(0), and if £ = -f(h), f = 0.

REMARK 3. If h(x) < x for 0 < x <1 and each of f and g

is in C[O 1] such that £f(0) = 0 and £ = f(h) + g, then
2

oo

= 2 g(ht) on [0,1)
t=0

and

£=£1) - Y g™ on (0,1].
t=1

n
THEOREM 2. Suppose g = y atht where for each t, a, €R.

t. I tgoat =0, (g(1) =0), thertl—gthme i £ 50[0,1] such that
f = £f(h) + g.
2. 14 tzo(—l)ta,c = 0, then there 45 f e C[O,l] such that £ =
-f(h) + g.
Proof. For case 1, let
;>
b, = izoai 0<t< -1,

and for case 2, let

t
t
e, =(-1)" '}

(-1)lai 0<tgn-1.
i=0

Omitting the calculations we have the following. If
n-1
£= Ibh,
t=0

then £ = f(h) + g, and if

then f = -f(h) + g. ®
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We now extend the last result. Let

n
H={g:g(x) = ) a h'(x), a, e R, x «[0,1], n £'1,2...},
L £

where h(x) < x if 0 < x < 1.

THEOREM 3. Suppose liph(x)/x = 0, 1 <L < (1-h(x))/(1-x)

< U gon %—s %< I, {gn}ﬁz1 45 a sequence Ain H which converges
fo. a function g,and for each positive Lintegen n
§ t
g (x) = a,h (x)
n t=1n
50 that
g
1. a, =0,
e Ll

g o

2 | a |Jx <A k>1 A>0

e B X = ? i
n

3. | § (n-t) a | B, B>0, and
=1 nt
n-1 i B
.2 3 U} Poa fave, 0 EnG
i=1  t=id
Then there 48 f = C[O 1] such that £ = £f(h) + g.

Proo4{. From the last result we have for each positive inte-

ger n an fn < C[O,l] such that
fn = fn(h) + gy and fn(O) =00

Let € > 0 and for each positive integer pair i, j

817 8
o % Fo-0BL .
i ® TV

-— gj )

F
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then

Fi..®2 F..(h) % €i,
1] 1] 1]

and by remark 3

(o]
_ t
Fij = tZOGij(h ) on [0,1).

Choose positive numbers 81, €, where %—> €, and 1 > 62, such
that € > 4A€1, and €
0 < x < §, then

1 > k€2. There is a 6§ > 0 such that if

h(x) < e,

and hence for each positive integer n

h(x) < xeg.

Suppose n is a positive integer and 0 < x < § then

2 T
|gn(x)/x| < tzllnat[h (x)/x

N
[[Hnl=!
=

t
Inat|€2

t

=t t
|nat|k (k€2)

' n 1
2 -2t
| _a |“x ) (ke )2t
Bk tz1 2
2t

t

/
i"ne~-1g

[ERN

V7
—
"o~

no~"1g =

[IRN

5 o B

&

VN
2>

< Ael/5‘< gi2.

Hence if each of i and j is a positive integer and 0 < x < §,
then

|G, .(x)] < ex.
ij

Select X, € (0,1). There is an integer N > 4 such that if n > N,
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then hn(yo) < 6§ for all 0 £ y, € Recall that for any i, j

0

g
e t
Fij(yo) = tzoeij(h (yo))
and therefore

oo

N
t =0
[F; 5] < tZOIGij(h (| + t=§+1|Gij(h (yo)l

N

lGij(ht(yo))I +tel ht(yo)

N
:

t=0 t=N+1
N A ®
5
< ) lGi.(h (yo))l + €y, ) &5
£30 | 77 t=N+1
N
t N+1
< i
< tZolcijm ()| + eyge, " /(1-€))

Recall that {g } _, converges to g, hence there is an integer M
n n=1 g &

such that if i and j are greater than M, then
{6, < es(2(n+1)).
1]

Hence
N+1

[Fij(yo)l < (N+1)e/(2(N+1)) + €€,

/(1-82)
£ /2% /2 =" .

Thus we' have that if Xy € (0,1), then there is an integer M such

that if each of i, j > M and 0 < Yo < X%g> then
<
IFij(yO)I €5

(o]
It then follows that {fi}i=1 converges pointwise on [0,1) to a

function £, i.e.,

£(x) = lim f (%) D £xn%i,
pe
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and since we also have uniform convergence on [O,a) for any

0 < a < 1 we also have that f is continuous on [0,1). For each

positive integer n,

"

2 gn(ht(x)) 0<x<1

f (%)
- £=0

and

v t
< x < 1.
) L34h (%) 0<x<1

B ) t=1

After routine calculations we have that

n-1
t n-1 <
£ (x) = tZlnat[h +...#h" 7] if 0< x < 1.

Since, for each n, £ is continuous on [0,1],
n
1) 2 (n-1t) e

and therefore.
Ifn(1)| < B for n = 1,2,...

Hence we may select a subsequence {fn(l)}Oo which has

i=1
which we shall denote by f(1), and then notice that

lim f, (x) = f(x) for x =[0,1],
is0 1
and recall that this is a pointwise limit. We need to

that f is continuous at 1 and that f = f(h) + g. From

we have that

£(x) = £ (1) - izlgnm‘l(x)), 0 < x

IN
[N
o

and therefore

a limit

establish

remark 3,
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£ (0-£ (D]/]1-x| = | ] g (h(x))/(1-x)],

i=1
[ee] n t =
=] I anh “T(x)/(1-x)|, 0 < x < 1.
i=1 t=1"
n
Recall that 2 a, = 0, therefore
t=1n t
T ¥ t-i
|fn(x)—fn(1)l/|1—x| = Iizl tZinatu-h (x))/(1-x)|
n n t-i <o n =4
=11 1 3, (-h"Ti)/A-x) ¢ I ) a0/ (%)
i=1 t=1 izn+1 t=1"
= | a, I (4-h7TG0)/(-x) + L2, [(1-hG0))/(1-%) + ] (1-b" T (0)/(1x)]
t=0 t=0
bt 8 [(A-E" T GOA L0+ (LRGN + | (10T G)/(A-0)] |
t=0
1 < L < (1-h(x))/(1-x) < U, 0<x<1

which implies that
(1-n21(x))/(1-n¥(x)) < U  for i = 0,1,2,...

and hence
(1-h*(x))/(1-x) < ut for 1 =1,2,...

Also 1 <L < (1-h(x))/(1-x), 6.5 < 4y

and therefore
' (1-x)/(1-h(x)) < 1/L < 1,

from which it follows that

(1-h~ Y (x))/(1-%) < (1/1)°.
Return now to

s -t
|£_(x)-£ (D|A1-x) = I[na1+...+nan]t§0(1—h (x))/(1-x) +
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na2[(1—h(x))/(1—x)]+...+nan[(1—h(x))/(1—x)+...+(1—hn_1(x))/(l—x)]|

+
< Inaz[i-h(x)]+".+nan[(1-h(x))/(1-x)+..+(1-h“‘1(x))/(1-x)]|
n n 2
< Itz2nat[(1—h(x))/(1—x)] + tZgnat[u-h (x))/(1-x)]
~1
+o.ta [(1-0"7(x))/(1-0)] |
n-1 ; n
<] Y @-nx))/(-x) ] al
i=1 t=i+l
Toil 3 ol
< U a
i=1 t=if1" t
&8 .
Hence we have that
|£ ()-£ (1)] < c[1-x] if 0<x< 1.

(o]
Recall that a subsequence {fni}i=1 was selected such that
limf,,(1) existed.
i 1
To avoid complicating notation, and with no loss to the
argument, let us assume that the original sequence converged

pointwise on [0,1] and uniformly on [0,a) for each 0 < a < 1.

|£(1)-£C| € [£(0)-£ (D] +] £ (1)-£ ) |+] £ (x)-£(x)]
< |£(1)-£ (D) |+c|1-x|+|£ ()-£(x)] ,

in the limit,

|£(1)-£(x)| < c|1-x]| ,

and hence f is continuous at 1. Let us now show that f = f(h)+g

on [0.1]. Now,£(0) = 0, g(0) = 0 and f(1) = £(h(1))+g(1) =
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f(1)+0 = f(1). Hence,suppose 0 < x < 1:

| £(x)-F(h(x))-g(x)| = If(x)—fn(x)|+|fn(h(x))—f(h(x))|

+ lgn(x)-g(x)|+|fn(x)—fn(h(x))—gn(x)|

< |f(x)—fn(x)|+|fn(h(x))-f(h(x))|+|gn(x)-g(x)l.

Therefore f(x) = f(h(x))+g(x) on [0,1], which completes the argu-

ment. L

THEOREM 4. Suppose g EC[O,l]’ G = g-g(h), and h(x) < x,
for 0 < x < 1. I4 £ E:C[o,1]’ then £ = f(h(h))+G and £(0) = 0
AL and only Li§ £ = -£f(h)+g-g(0).

Proog. If f C[o,1]’ £f(0) = 0 and f = f(h(h))+G, then

f = -f(h)+f(h)+£f(h(h))+g-g(h)
= -f(h)+g+[£+£(h)-g] (h).

L = f+f(h)-g

and observe that L = L(h) and L(0) = -g(0). By remark 2, L = -g(0)

and hence

f = -f(h)+g-g(0).

Suppose now that
f = -f(h)+g-g(0).

Then
f(h) = -f(h(h))+g(h)-g(0)

and hence

H
1

f(h(h))+g-g(h)
f(h(h) )+G.

Since f = -f(h)+g-g(0), it follows that £(0) = -f(0) and hence
£(0) = 0. ®
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t
In Theorem 3, the set H = {g: g= } ah’, a, €R, n = 1,2..
t=1
was considered, which raises the question as to linear independ-
n - g . . 3
ence of the set {h : n is an 1nreger} when h(h) is not the iden-

tity function.

THEOREM 5. I§ h 48 an increasing homeomorphism of [0,1]
onto [0,1] distinet grom the Ldentity function, then the set
M = {h”: n is an integer} s Linearly independent.

Proo§. Suppose that there is an increasing homeomorphis h
of [O,l] onto [0,1] distinct from the identity function such
that the set M = {hi: i is an integer} is not linearly independ-
ent. It then follows that the set P = {hiziis is a nonnegative
integer} is linearly dependent. Note that {ho, hl} is a linearly
independent set and therefore there is a least positive integer
n such that {hi: i=0,1,...,n+t1} is linearly dependermt. There is
then a number sequence {Ai}?:g not all of whose elements are

zero, such that
n+l ;
¥ an%s.0,
i=g"'d

Since n is minimal, we have that AOAn

let B. = -A./A then B, # 0 and
J J/ 0

+1
n+1°’

E Higdiy Bl

e

Moreover for each integer k
v Jik 1+k
z B.h]+ o hn+ +
j=0
Since h(1) = 1 it follows that
n
Y Boe= g
j=0
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and hence

For t = 0,1,...,n-1 let

and for each integer k let

Then we have that
n-1

i S mAy

"
>

and for each positive integer k

k n-1 k
z Z CiAi+j

§20 =0

The last expression telescopes to

and therefore

?ilcihi—hn _ ?ilcihi+1+k 7 hn+k+1

1=0 i=0
If there is a number a, 0 < a < 1, such that h(a) = a, then there
is a subinterval [c,d] of [0,1] such that either h or h™! is bel-
low the identity between ¢ and d. If it is h, then procede, if
it is h_1 then let k = h_1 and procede considering the set
{k": n is an integer} = {h": n is an integer}, in any event we
would have a homeomorphism of [c,d] onto [c,d] which is below the

: : n : .
identity between ¢ and d. If now the set {h': n is an integer}

(5



is linearly independent when restricted to [c,d], then it is lin-
early independet on [0,1]. Hence the problem is to show that if
[c,d] is an interval and h is a homeomorphism of [c,d] onto

[c,d] such that h(x) < x for ¢ < x < d, then {h":n is an integer}
is linearly independent on [c,d]. Hence, without loss of general-

ity assume [c,d] = [0,1] and notice that

1im h3(x) = 0 for 0 < x < . i

j—)m
and indeed, if 0 < a < 1, then the convergence is uniform on
[O,a]. Thus for 0 £ x < 1
n-1  i+l+k n+k+1
lim J C.h(x) =-h(x) =0,
ko i=0

and therefore

n-1 .
¥ c.h'(x) = h"(x)
i=0
n-1 .
for 0 € x < 1. Each of h" and z Cihl is continuous on [0,1]
and therefore e
n-1 .
! c;ht ="
i=0.

on [0,1], which is a contradiction to the minimality of n, and

hence the result is established.

REMARK 4. If H_ is a flow on [0,1], see [3], then

{Ht: t is a rational number} is linearly independent.

REMARK 5. If h(x) = x* for x in [0,1], then h'(x) = P

Let H = {h": n is a positive integer}. By Muntz' theorem [u]
the linear subspace of C[O iybonstant functions generated by H is

not dense in C[O 1],’constant functions.
]
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