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INFINITELY DIFFEREMTIABLE FUNCTIONS
WITH PRESCRIBED DERIVATIVES AT A POINT

by

Alexander ABIAN

RESUMEN. Usando series de Fourier y un teorema de
Polya, se da una nueva demostracion de la existencia de
funciones reales, infinitas veces diferenciables en una
vecindad de 0, tales que sus derivadas f(n)(O), n = 0,1,
2,..., toman cualquier conjunto prefijado de valores.

ABSTRACT. The existence of functions mentioned
in the title is proved via the existence of their Fou-
rier series.

Starting with E. Borel [lJ in 1895 and up until very re-
cently [2] various proofs are given for the existence of an
infinitely differentiable (real-valued) function defined on an
interval of positive length containing, say, ° such that f(O)

(n)and the n-th derivatives f (0), for n = 1,2,3, ... have pre-
scribed values.
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We give below a proof which is better motivated and
therefore easier to remember. It is based in the following
theorem of Polya.

THEOREM 1 [3], p. 234. Let U6 cons ide»: .:the noilowhtg
-6y-6.:tem 0 t5 htfi ..n-Uef..y many lineaJL equatioJ1.6:

(j=1,2,3, ...) (1)

wheJte .:the -6equen.c.e b1 ,b2 ,b3, ... i-6 aJLbilJr.aJz.y and .:the ma-ttU.x
(ajk) -6~t5..te-6 .:the t5oilowing two c.oncLU<..oH-6:
A. Fon: aJl.bftJtaJLy n and q, th« -6ubma..t.JUx

a a1,q+l 1,q+2...
a an,q+l n,q+2

t50JurJedby th.e. en:tJUe-6 tha: a!l.e in .:the 6fu.:t n .u..n.e-6 and not:
ht th« t5iM.:t q c.olumH-6, has ftank n,

B. lim aO_1 k/aok = 0
k-+oo J , J

(j=2,3,4, ...)

Then, .:theJte e~.:t-6 a -6equenc.e u1,u2,u3, ... , -6olution 06.:the

-6Y-6.:tem(1), -6uM that .:the -6eJt-<-e-6at the. leM s.cde. 06 the.
eouat.ion: c.onveJtge ab-601utely.

THEOREM. Let cO,c1,c2' ••• be a -6equenc.e On fteal n.W11-

oen«. Then thefte ew.:t-6 an in6inaely dit5t5eJteHliable 6unc.tion

f det5hted ht the. ht;teJtvai. -TI < x < TI -6uc.h .:that

f'( 0) = Co and 60ft n=l ,2,3, ... ( 2)

Froof. We show that we can determine constants aO,a1,
a2, .... ,b1,b2,b3, ... in such a way that the resulting trigo-
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nometric series
ro

ao + L (a cos mx + b sin mx)
m=l m m

(3)

satisfies the following equalities:
00

ao + L (amcos mx + b sin mx) = Co
m=l m

at x = 0 (4)

and oo

L (a cos mx + b sin mx)(n) = c at x = 0
m=l m m n

( S )

for every nEW, and such that the n-th (term by term) derivative
E (a cos mx + b sin mx)(n) of aO + r (a cos mx + b sin mx)m=l m m m=l m m

and the latter are un£6o~y convergent for -TI < X < TI. But
from this uniform convergence and (4), (S) it would follow
that (3) is the Fourier series of functions f which satisfies
(2) •

Clearly, from (4) and (S) it follows that the (to be de-
termined) constants aO,al,a2, ...,bl,b2,b3"" must satisfy the
following two infinite systems of linear equations each with
infinitely many unknowns:

ao + a1 t a2 + a3 + a4 + as + a6 + ••• = Co
22a 2 ? 2 2a1 + + 3 a3 + 1+ -a + S as + 6 a6+ ... = -c22 4
4 4 4 S4a 4 (6)a1 + 2 a2 + 3 a3 + 4 a4 + + 6 a6+ ••• = c4S

· · · · =
• · =

and

b1 + 2b2 + 3b3 + 4b4 + SbS + 6b6 + ... = c1
23b 33b 43b S3b 3 (7)b1 + + + + + 6 b6+ ... = -c32 3 4 S

b1 2Sb 3Sb 4Sb + 55b 5+ + + + 6 b6+ •.. = Cs2 3 4 5
· · · · . . =
· · · · . • =
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It can be readily verified that the matrix of the coef-
ficients of (6) as well as that of (7) satisfies conditions A
and B of Polya's theorem. Thus, there exist constants aO,a1,
a2, ... ,b1,b2,b3, ... satisfying (6) and (7) and such that eve-
ry infinite series appearing in (6) and (7) is ab~olutely
convergent. But then from this absolute convergence if follows
that each of the trigonometric series appearing in (4) and (5)
is uniformly convergent for -TI < x < TI which (as mentioned
above) implies that (3) is the Fourier series of function f
appearing in (2) whereby establishing the existence of f, as
desired.

REMARK. From the above theorem it follows (cf. [2]) that
every power series is a Taylor series. Indeed, without loss of

00

generality, let I c xn be a power series. Then from (2) ton=O n
(5) we see that (3) gives the Fourier series of a function f
(defined for -TI < x < TI) whose Taylor series (about 0) lS

00 00

n~ocnxn. Clearly, if the radius of convergence of E c xn isn=O n
positive then the power series itself also can be taken for f.

REFERENCES

Borel, E., SuA quelquu poinU de f.a. theoJti..edes 6on.c.tioY/..6,
Ann. Sci. Ecole Norm. Sup., (3), no. 12 (1895)
9-55.

Meyerson, M.D., fveJl.ypOWeJl.~eJU..u ~ a Tay.toJt ~eJU..u,
Amer. Math. Monthly, 88 (1981) 51-52.

Polya, G., fine ein6ache, mit 6un.ktion.en.theoJt~chen.
Au6gaben. veJl.Qn.upute, hin./teichende Bedin.gun.g 6UJt die
Au6to~baJtQW einu Stj~tem6 unen.dUch vieleJl.Un.eaJteJl.
Gteichun.gen.. Comment. Math. Helv. 11 (1938), 234-252.

[1J

102



Ve.paJr.-tmmt 0 -6 Ma..themalic.-6
Iowa staxe. UMve.Mily
Ame.-6 , Iowa. 5 001 1
u. S. A.

(Recibido en Julio de 1983).

103


