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13-V ALGEBRAS

by

Aldo V. FIGALLO

§ 1. In t roducc f on. In this note we present an algebraic
study of a fragment of the three-valued propositional calcu-
lus of Lukasiewicz, that is, we study from an algebraic stand-
point the three-valued calculus where the characteristic ma-
trix is given by the chain T = {O,1/2,1} and the connectives

?+ (Lukasiewicz implication) and V (possibility operator are
given by the tables:

-.+ 0 1/2 1 x Vx
0 1 1 1 0 0

1/2 1/2 1 1 1/2 1
1 o 1/2 1 1 1

These algebras, called I3-V algebras, play an analogous
role to that of Boolean algebras for two-valued propositional
calculus.

In 1968, A.Monteiro [16J introduced the notion of 13
105



algebra as a system (A,>+, 1) where A is a non empty set, 1 is
an element of A, and>+ is a binary operation defined on A ful-
filling the following conditions for all x,y,z E A:

Ii x>+ (y >+ x ) = 1
12 (x - y) ~ «y -+ z ) ~ (x >> z ) ) = 1
13 (x-'y)~y = (y,..-rx )~ x
14 «x>-+ y)- (y-' x))- (y~ x ) = 1
15 «x- (x- y)) >+ x)~ x = 1
16 1 -- x = x.

The same author has proved that the following properties
are true in any 13 algebra:

17 x - 1 = 1

18 x - x = 1

19 (x >> y) - «z- x)>-+ (z- y ) ) = 1
110 x-(x-(x>+y))=x-(x'-y)
III x-'(y~z)=y'-(x~z)
112 The relation x ~ y if and only if x- y = 1 is a partial

ordering on A, and 1 is the greatest element of A. .
113 The element x v y = (x -+ y) -+ y is the least upper bound

of the elements x and y.

In addition, if we define a new binary operation -+ ,

called weak ~p~cat£on, as follows [22J:
x -+ y = x>-+(x>-+y)

this operation has the following properties:

C1 x -+ (y -+ x ) = 1

C2 (x -+ (y -+ z)) -+ «x -+ y) -+ (x -+ z)) = 1
(3 «x -+ y) -+ x ) -+ x = 1

C4 (Modus Ponens) Ifx = 1 and x -+ y = 1, then x = 1.
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1.1. DEFINITION. An 13-V a1.ge.bJta is a system (A, ""*, V, 1)
such that (A, ""* ,1) is an 13 algebra and V is a unary op-
eration defined on A fulfilling the conditions:
'11 x -+ (x - Vy) =:V (x"-+-y)
'12 V(Vx~ Vy) =:Vx.-+ Vy
V3 (x - y) ,.-+- x=:( Vx ~ Vy) ,.-+- x .

As usual, the 13-'1algebra (A,-,V,l) will be denote by
the underlying set A.

The following result is a consequence of 11 to 113, Vi.
'12, and '13.

1.2. LEMMA. The. 6oUowhtg pJtopeJtti..e..6 Me. :tJtue. -Ln anu
13-'1 a1.ge.bJta.:
'14 '11 =:1
'15 VVx =:Vx
'16 Vx"-+-'1« x - y) n- y) = 1
'17 Vx n- Vy =:Vx n- (Vx"-+-Vy)
'18 Vx - Vy =:V(Vx -+ y)
'19 (x -+ y) - «x -+ y) ,.-+- (Vx ~ Vy» = 1
'110 (Vx -+ Vy) n- «x"-+- (x"-+-y».-+ (x >> y» = 1
'111 x ~ Vx.

1.3. EXAMPLE. Consider T = {0,1/2,1} with the opera-
tion defined in the introductory paragraph, then it is easy
to see that (T,-,V,l) is an 13-'1algebra.

§2. Simple algebras.
(I3-V)-homomoJtph~m h from
fulfilling the conditions:

If A, Al are 13-'1algebras, an
A into Al is a mapping h:A ~ Al
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h(x~ y) = h(x) 7+ My)
h(11x) = 11h(x)

The kennet of an (I3-11)-homomorphism h:A ~ A' is the set
Ker h = {x ~ A:h(x) = 1}. It is easy to prove that if D = Ker h,
then:

D1 1 e: D

D2 If x, x....+y ~ D, then y e:D.

2.1. DEFINITION. A de.ducti..ve. .6!f.6:tem is a part D of
an 13-11algebra A that verifies D1 and D2.

It is well known that if D is a deductive system in an
13 algebra A, then the relation = defined as x = y (mod D)
if and only if x....+y, y....+X e: D, concerning the operation"+ ,
defines a congruence in A [16} Furthermore, from conditions
119and D1, it is possible to conclude that = is a congruence
ln an 13-11algebra A. Let AID be the quotient algebra and
q:A ~ AID the canonical homomorphism, then D is the kernel of
q. All the homomorphic images of A, up to isomorphisms, can
be obtained in the above mentioned way.

Our next objective will be the determination of simple
13-11algebras. To this end we shall need to study the maximal

.detiuctivesystems.

2.2. DEFINITION. A deductive system D of an 13-11
algebra A is called maX-irrnt if (1) D 'f A, and (2) if D C;;D'c;; A
and D' is a deductive system, then D = D' or D' = A.

2.3. REMARK. It is well know that a part D of and 13
algebra A is a deductive system if D1 holds and D'2:if x, x H y e:D
then y e:D. On the other hand, as the weak implication veri-
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fies C1, C2, C3 and C4, after [17], we can state that every
deductive system of an I3-V algebra is a meet of maximal de-
ductive systems. In particular, [1] is the meet of all maximal
deductive systems, that is, every I3-V algebra is deductively
.6 em.{.6 hnple .

2.4. DEFINITION. An 13-V algebra A is said to be
.6hnple if:
(1) A is non trivial.
(2) The only homomorphic images of A are up to isomorphisms,

the trivial ones, that is, A and the trivial algebra.

Taking into account that the homomorphic images of A
are the algebras AID, where D is a deductive system, we have
that AIM is simple if and only if M is maximal. Also, 2.3

product
that every non trivial I -V algebra is a subdirect3
of simple I~-V algebras, and all the subdirectly irre-

-:l

I3-V algebras are simple.
We have the following result which we shall need In

the next theorem.

implies

ducible

2.5. LEMMA. 16 M i.6 a deduetive .6y.6tem i» a»
I3-V afgeb~a A, we have
(1) 16m e: l1, the» x 7+ m e: M 6o~ ev~y x e: A

(2) M -<A maUm:ti -£6 and onty i6 6o~ ev~y x,yf- M, X>-+(X7+Y)

e: M.
(3) 16M -<A mau:ma£. a»d s«, Vy ¢ l1, the» Vx 7+ Vy e: M.

The proof of (1) and (2) can be found in [16J, (3) is
a consequence of (2) and V7.

It is clear that the algebra T of 1.3 is simple and
B -- {0,1} and L = h/2, 1} are non isomorphic (I3-V)-subalge-
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bras of T and therefore simple algebras. Moreover, the simple
algebras are just the algebras T, Band L. Indeed:

2 .6. THEOREM. In M -L6 a rmUm:tt deducxcve .6 y.6tem on
an 13-9 algeb~ A, then AIM ~ T o~ AIM ~ B o~ AIM ~ L.

Proof. Consider the sets Mo = {x ~M:9x ~ M} and
M1/2 = {x f M:9x eM}. Then the mapping h:A ~ T defined by

if x c M
if x c M1/2

if x c MO

is an (I3-9)-homomorphism such that M = Ker h by Lemma 2.5.
The theorem is proved if we observe that h(A) is an (13-9)-
subalgebra of T and AIM ~ h(A) .•

From this theorem it follows that every non trivial
I -9 algebra is a subdirect product of copies of the algebras

3
T, Band L.

§3. 13-9 algebras with a finite set of free gener-
ators. The aim of this section is to determine the struc-
ture of the I~-V algebras with n free generators L(n), where
n.is a finite positive cardinal number. Let G = {g1,g2, ..,gn}
be the set of free generators of L(n). If we note by TG the
set of all functions from G into T and Hom(L(n),T) the set
of all homomorphisms from L(n) into T, it is clear that the
application which maps each homomorphism h:L(n) ~ T into its
restriction to G establishes a one-to-one correspondence
between the sets Hom(L(n),T) and TG. Hence, Hom(L(n),T) is
finite.
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3 • 1. LEMMA. 16 7T{ J.)., the. 60J't'lit1j 06 aU. maUm::Lt dedue-
Uve. J.J1jJ.Jte.m606 L(n), then the. appUCiU:-i.oYl. 'f:Hom(L(n),T) -+- em.
de.MYl.e.d by ~(h) = Ker h , iA a bije.e:UoYl..

PrOGf. Let Me '11t , q:L(n) -+- L(n )/M the canonical
(13-~)-homomorphism, i:L(n)/M -+- T an (13-~)-monomorphism,
which exists by Theorem 2.6, then h = ioq c Hom(L(n),T) and
~(h) = M, therefore ~ is onto. On the other hand, there ex-
ists only one automorphism in T, B or L, the automorphism
a(x) = x for all x , and then, if M c'nl., \f-l(M) has exactly
one element and so If' is one-to-one. •

Since L(n) is a subdirect product of the finite alge-
bras L(n)/M with M e:<m., then from the above results it fol-
lows that:

3.2. COROLLARY. The. 6Jte.e. 13- ~ alge.bJta. L(n) , wheJte.
n iA a 6in.ile. pOJ.JiUve. e.a.JtcUYl.al Y1.wrDeJt, iA MnUe..

We shall need the following result:

3.3. LEMMA. The. ge.Y1.eJtatoM g., 1 ~ i~ n, Me. the.
J.

min.imal ee.e.me.n.tJ.J0 6 L(n).

Proof. Analogous to that of [10]. •

Consider the sets G. = {x e::: Lf n) : gl ~ x}, 1 ~ i ~ n ,
n J. n (

then L(n) = UG. and so IL(n)1 = lUG. I· Let B.n) =i=l J. i=1 J. J.

Gil n Gi2 n n Gik, 1 ~ i1 < i2 < •.. < ik ~ n , where

i = (11,i2, ,ik). It is well known that IL(n)1 =
Li(-l)k+lIBIn)l. Clearly, by symmetry, it is sufficient to
determine Bk = G1 n G2 n... n Gk, and then we will have
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3.4. LEMMA. Let go = gl v g2 v ...v gk' The.n.
(1) Bk = {x E L(n) : go ~ x}.

( 2) B
k

JA a .oiee. - value.d Luka.6-<-w-<-c-zalge.bJta.

Proof. (1) is obvious since go is the least upper bound of
g1,g2" ··,gk; (2) lS a consequence of the fact that Bk has
least element gO' •

Let 7nk be the family of all maximal deductive systems
of Bk. Since Bk is finite, from the theory of three-valued
Lukasiewicz algebras we know that

We say that D is ~hne.e.-value.d if Bk/D ~ T, B-two-value.d if
Bk/D ~ Band L-two-value.d if Bk/D ~ L. Then, if we wish to
determine IBkl we must compute the number of three-valued,
B-two-valued and L-two-valued deductive systems of Bk•

The following result gives a characterization of the
maximal deductive systems of Bk by means of the maximal ~educ-
tive systems of L(n).

3 • 5. LEMMA. In D JA a de.duet.<.ve. -6 Y-6~e.m0 n Bk, then. D

~ rruxhnaf-<-n. Bk -<-n and onty -<-6 ~he.ne. e.xJAu a rrux.imtl dedue-
tive. -6 Y-6~e.m06 L( n) such: ~hM D = Bk n M.

Proof. Suppose M a maximal deductive system of L(n) and
consider D = Bkn M. Assume D ~ Bk. Since it is clear that D
is a deductive system of Bk, we are going to prove that D is
maximal. From 2.5 (2) it is sufficient to prove that
x>-+(x H y) E D for all x,y E Bk-D. Since x,y ¢ M and M is
maximal, we get x.,..+(x >-+y) EM. But x>-+ (x >-+y) E Bk, so
x,-r (x >« y) E D.

112



Comversely, let D be a maximal deductive system of Bko
Since Bk is finite, there exists a E Bk such that

D = D( a) = {x E Bk : a - x = 1}

Consider D' = D'(a) = {x E Lf n) a - x = 1}, Then go ¢ D',
because otherwise we would have a ~ go and go E D(a), which
contradicts the fact that D(a) is proper. From 2.3 we can
state that there exists a maximal deductive system M of L(n)
such that go ¢ M and D'(a) ~ M. Let us now prove that
M n Bk = D. Clearly D s: M n Bk and M n Bk is a proper deduc-
tive system of Bk and D is maximal, therefore D = M n Bk. The
proof is now complete. I

GSince every f E T can be extended to a unique homor-
phism hE Hom(L(n),T) such that Ker h = M is a maximal deduc-
tive system of L(n), then Bk ~ M or Bk n 11 is a maximal deduc-
tive system of Bk.

Thus we must to determine the set Hom*(L(n),T) of all
homomorphisms h from L(n) into T such that Bk if: Ker h.

3.6. LEMMA. FoJt e.veJtlj 6wtct.<:.011 f nJWm G il1to T, the.
60Uowil1g c..011cUt.Wn6 Me. e.quiva1.e.I1tJ.l:

(1) The. e.de.n6iol1 h 06 f cs a.11 eie.me.11t 06 Homl"(L(n),T).
(2) f(g.) E {O,1/2}, 1 ~ i ~ k ,

l

Proof. Bk ~ Ker h if and only if h(gO) = 1, but h(gO)
= f(gl) v f(g2) v •.. v f(gk) = 1 if and only if f(gi) = 1 for
some i since the ordering of T is total. •

Let f a function from G into T, h its extension and
M = Ker h , then 11 n Bk is B-two-valued if and only if f'( gi) = 0

for all i, 1 ~ i ~ k, and f(g.) ~ {O,l} for all k+1 ~ j ~ n.
]
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S· h . 2n-k h f . h . n-klnce t ere eXlst suc unctlons, t en there eXlst 2
B-two-valued deductive systems of Bk.

If there exists g., 1 ~ i ~ k, such that f(g.) = 1/2,
l l

then h(gO) = 1/2 and therefore h(Bk) = {1/2, 1} and in that
case M n Bk is L-two-valued, and there exist (2

k
-1 )3

n-k L-two-
valued deductive systems of Bk.

On the other hand, M is three-valued if and only if
f(g.) =

l

f(g.) =
J

valued deductive systems of Bk.
With the above results in hand we can write:

o for all i, 1 ~ i ~ k, and there exists g. such that
rr-k In-k

1/2, k+1 ~ j ~ n. Therefore, we have 3 -2 three-

IfhereB. = B, L. = Land T. = T, and taking into account (1)l l l

IL(n)1 =

Particular cases of this formula had been obtained by A.
Monteiro and L. Iturrioz [9] for Tarski algebras, and by L.
Iturrioz and O. Rueda [10J for 13 algebras. In addition, we
can state that the notion of 13- V algebra is a generalization
of the notion of I3-!::. algebra ( [6],[7]). In fact, if in an
13- 6.algebra (A,rio, 6.,1)we define V by means of Vx = (x>+ Ilx)>+ x
the system (A,.+,V,1)is an 13-V algebra.

if:
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