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PARTIAL DIFFERENTIAL EQUATIONS
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§1. Introduction. The operator Re (taking the real part of

a complex function in one complex variable) transforms the class
of analytic functions into the class of harmonic functions.
Since harmonic functions are the solutions of Laplace's equation,
it is natural to ask whether similar possibilities exist for
relating solutions of more general partial differential equations
to holomorphic functions. Bergman [1] established various inte-
gral operators which associate the solutions of linear elliptic
partial differential equations in two real variables with holo-
morphic functions of one complex variable.

Let L(U) be a second linear partial differential equation

given by
= = A
L(U) Uxx+Uyy+a(x,y)Ux+b(x,y)Uy+c(x,y)U 0 (1.1)

i s : ) . 2
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137



: . ; ; % 2 :
continue a,b,c into entire functions in I~ . Consider the follow-

: 5 2 . :
ing transformations of €~ into itself:

z = x+iy ’
2 (x,y) =C
z\

x-1iy

(z,z" are complex conjugates if and only if x,y are real). Then

(1.1) becomes
L(U) = U__%+AU_+BU_,+CU = 0, (1.2)
zZ z z

where B = A, U(z,z") = U(x,y) and A,B,C are entire functions in

two complex variables [1,p.6J. It is known that
% % .
U(z,2") = cyo(z,27,g)

is a solution of (1.2), where c, is the Bergman CQ-Lntegnaﬂ op-
enaton and g is a given holomorphic function in one complex var-

iable z [1,@.13]. Solutions of equation (1.2) can be written as

an infinite series:

U(z,z*) = cz(g)
S, .

Z® = = Q( n) (z Z:':) Z n-1
= exp[- [ Az, 09ar’] [g(2)+ | ——25= [(2-0)"g(2)dg] .
o n=1 2°B(n,n+l) o
(1.3)

Here 7
o™ (z,2%) = [ 2% (z,2%)aa",
o
where szn) are holomorphic functions satisfying certan recur-
sion relations [1,p.15, Equation 5]. Also, it is assumed that

g(0) = 0, and B(n,n+1) is a beta function .

In the rest of the paper D, E and F are positive constants

which depend on the indicated parameters only and not on any
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function which may appear in a particular formula. The con-

stants are not necessarily the same on any two occurrences.

§2. Bergman spaces for solution of linear partial

differential equations. Let AN denote the unit poly-

disc with center at the origin, and TN = {w e:GN:lel =1, 1<3
< N} be the Bergman-Silov boundary. For z =V, let az = dz,

N £ i 4 _ -N
..dzn and forw T , “j = exp(lej), let dmN(w) = (2m) del...

dd,.. Given r = (r .,rN) and z e:mN, denote by rz the N-tuple

N 130"

(r,z ). A function f, holomorphic on AN, is said to be

1212 2Ty
. P, AN &
in H*(A"), 0 < p < o, if

M (r,£) = (J |£(rw)|Pam (w))l/p
p TN N

is bounded independently of r for all r E:IN = [0,1)X...X[o,1).

The funtion f is said to be in the Beagman space aP(aYy (o0 < P
< o), if
1

. 1/
oo MP(2,E)r dr, )7'P < .
3 P 11

1
14 oy = Smvemnd

Yang [4, Theorem 5.1, p.96] proved that the Bergman cQ—in—
tegral operator preserves the g? property, i.e. the 02—operator
maps HP(A) into HP(A%) for (1 < p < @),

We extend Tang's result and prove:

. THEOREM. For 1< p < if g<AP(4h), then cy(g) =
U(z,2") = AP(A%), where c. is the integral operaton given by
e 9§ o

Proof. First assume g(0) = 0. Then U(z,z*) is given by

2
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(1.3). Since A(z,c*) is an entire in EQ, it is bounded in A2, so

that i
lexp(-] A(z,c*)dc™)]| < D. (2.1)
)
Let z = rqelel, z° = r2elez, g= selel. Then by (2.1) and (3.1),
!U\rle sThe )] < D[lg(rle 1)| ¥
@ 4 del g 16
+ ) Hn(z,z")f Iz—;ln 1|g(se 1)ids],
n=1 o
where
) (n) %
Hn(z’zﬁf) = Q (Z,Z ) .

22nB(n,n+1)

Now iz—;l <y < 1, so that

9 10 -e o .'.' Pj_ 16
|U(rlel lre Sl ¢ D[lg(r g 1) Y H (z,27)f Ig(sel 1)|ds].
2 1 Wy @ o

o0

It can be shown that 2
n=1

Py | 5 . B 2
H (z,z") is an entire function in C°,
1 = Y o 2P
[4], therefore it is bounded 1in 4 and

2

y y . rq .
e 8
iU(rfelel,r eleQ)! < D[lg(rlel 1)] + E f lg(sel 1)lds].
1 2 B
Since

(a+b)P < 2P(aP+bP), a»0, b>0 for 0<p<™, (2.2)

[2], then

54

164 i8y P i0
. 2)l <D [ ig(sel 1)|ds)P].

. B : ig
jU(r,e “,r,e . la(r,e 1)ip1~Ep(f
)

Integrate with respect to 61, 62 over [O,QN]X[O,2N], then take
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the pth root of both sides and use (2.2). This gives
ib i@
(f |U(P1e l,r e 2)lpd61d92)1/p

2
T2

2w i0 1/ 2 Pl .0 1
€ Dp[(f la(re” 1) [Pa )YP+E() (f atse™ 1)]as)Pas, ) P]
o o] (o]

Using Minkowski's inequality in continuous form on the second
term of the right side, we obtain

61

B i, 1p 1/p
(£2|U(r1e ;v e <) d61d92)

2

2m i Y1,.2% i@
< [ |g(r,e DPas, P+ Ef ([ |glse HPas ) Pas].
(o] (o] (o]

Since the mean of g is monotone nondecreasing, we have
ie 18 2m i6 1
(f |uCe,e t,ee 2)|Pas,a8.)  PsD ([ Ja(r,e 1)|Pap,)t/P
1 2 1772 P 1 1
T2 o
Now, raising both sides to the pth power, multiplying by ry,T,
and integrating with respect to r,,r, over [o,1]x[o,1], we

obtain

"U"AP(A2) < DpﬂgHAp(Ai)- (2.3)
Secondly, suppose that g(0) = a # 0. Set G(z) = g(z) - a. Then
c2(g) = c2(G)+c2(a), since <, is a linear operator, where

)
«

2 ofe o i ofs
c2(a) = exp[—f A(z,;")dg"][a+a Y hn(z,z")]
o n=1

and .
N Q(n)(z,zh)zn

h (z,z“) =
" 22nB(n,n+1)
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But h = Y h converges uniformly in every compact subset of

=1 B
m 3 r4 Lemma Sy [ o 94] therefore, h is an entire function

in EQ. Thus, for (z,z ) e:AQ,

|| < F
Hence by using (2.1) we get

ley(a)] < D|a| [1+D]. (2.4)

But for g = AP(A) (p > 0), we have

el o)

s €V T T
(1-]z|$H/P

lg(z)] <

[3,p.476 Equation 17] and in partiéular for z = 0
la| = Ig(o)l = “g"Ap(A)’ (2.5)

so that (2.4) and (2.5) give

h%@lSMMhHM. (2.6)

Thus (2.3) and (2.6) give the theorem.

COROLLARY. I§ s = APy, 1 ¢ p < », then the cy-opera-
torn is a bounded Linear thans foumation grom aP(al) o aP(A%).

Proof. From the proof of the theorem, there exists a con-

stant D depending on p only such that

HU”Ap(AQ) < Dp”g"Ap(Al)'
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