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SEMIMETRIZABLE, SUBMETRIZABLE
AND SIZABLE SPACES

by

Ali Ahmad FORA

ABSTRACT. In this paper we define sizable spaces
and some related notions. We study their properties
and their relations with other topological spaces.

We discuss some metrization theorems and present sev-
eral examples relevant ot our subject.

§1. Introduction. Let N and R denote the set of all natural

numbers and the set of all real numbers, respectively. Let CLA
denote the closure of the set A. Let T(B) denote the topology
generated by the base B.

The familiar Soagenéﬁey Line S is defined to be the
space of real numbers with the class of all half open inter-
vals [a,b), a <b, as a base. It is a well-known fact that S
is hereditary Lindeldf, first countable, separable, submetriz-

able and nonmetrizable. It is also known that the Sorgenfrey
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plane SxS is not normal. (A space is called submetrnizable if it
is mapped onto some metrizable space by a continuous, one-to-

one map).

Let d:XxX + [0,%) be a function and let p =X, r > 0. The
d-open sphere in X with center p and radius r, denoted by

84(p,r), is defined by:
Sd(p,r) = {X X :d(X,P) < P}.

We shall write S(p,r) for Sd(p,r) when there will not be occasion
for confusion. Let us define B” to be the collection of all d-

open spheres in X, i.e.,
8" = {s(p,r):peX, r > 0}.

For a nonempty set A = X, if {d(x,y):x,y e A} is a bounded set
in R, then we define the d-di{ameter o4 A, denoted by Sd(A), by

éd(A) = d-diameter of A = sup{d(x,y) : x,yeAl}.

We shall write 8(A) for Sd(A) if no confusion will arise. For

A = X, we define the function d(,A):X *R by

al(-,A)(x) = d(x,A) = inf{d(x,a) : a €A, x eX}.

A topological space X is said to be symmetrnizable if there
exists a function d:XXX -+ [O,w) satisfying the following condi-
tions:

(1) d(x,y) = 0 iff x =y,
(2) ‘dA(x,y) =-dly,x) - for all ' x,y &€X;

(3) U =X is open if and only if whenever x €U there isat>0

i

such that S(x,t) = U.
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A topological space X is called semimetrizablfe provided
that there is a function d:XXX - [O,W) such that
(1) d(x,y)
(2) d(x,y) = d(y,x) for all x,y = X;
(3) For any A = X and for any x « X we have x eCLA iff
d(x,A) = 0.

0 iff x = y;

Let (X,T) be a topological space and let B be a base for
T. Let L:(XxxX) UB > [0,®) be a function. Then L is called a
sLze function for (X,T(B)) if it satisfies the following condi-
tions:
(L1) L(x,y) = 0 iff x = y;
(L2) For any V,V' € B and for any x,x' € V, y,y' € V', we have
L(x',y') € L(y,x)+L(V)+L(V');
(L3) For any x € X, for any open set Uy containing %, and for
any positive real number r, there exists a basic open set

< U and L(V ) < r.
,0 X X,P

' e B such that x= V
X,D P

2

A space (X,T) is called 4{zabfe is the topology T on X
has a base B for which the base has a size function L. This
space will be denoted by (X,T(B),L). A space is called 4ubs{iz-
able if it is mapped into some sizable space by a continuous,

one-to-one map.

The author proved in [2] that a countable compact space
in metrizablie if and only if it is sizable. In this paper, we
shall study the relation between the notion of sizable spaces
and the other notions defined above (submetrizable, symmetriz-
able and semitrizable spaces). We shall also discuss the metriz-

ability of certain spaces.
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§2. Some properties of size functioms. Let us start with

the following result.

2.1 THEOREM. Let L be a s4ize gunction gor the space

(X,T(B)). Then L(x,y) = L(y,x) gon all x,y = X.
Proof. Let x,t €X and let r be any positive real number.

Then by (L3) there exist basic open sets U e B, Uy €B such
that x E:UX, y e:Uy, L(Ux) < 4r and L(Uy) < %r. Using (L2), we
get

L(x,y) € L(y,x) + L(Ux) + L(Uy) < L(y,x)+r.
Since r is an arbitrary positive real number, L(x,y) € L(y,x).

Similarly, we have L(y,x) < L(x,y). Thus L(x,y) = L(y,x). A

From the definition of the size function L, we may observe

that L actually consists of two function, L1:XXX > [O,N) and
L2:B + [0,®). Theorem 2.2 shows that L, is well behaved. Howev-

er, Example 6.1 shows that L2 can behave strangely.

2.2 THEOREM. I{§ L 48 a Adze function gor (X,T(B)), then
the nestricted map L:XxX »~R 48 continuous.

Proof. Obvicus from the inequality
|L(x',y")-L(x,y)| € L(V)+L(V'), x,x' « V; y,y' € V} V,V' = B.

The above inequality holds because of (L2) and Theorem 2.1. A

The following theorem studies the relation between §{v)
and L(V) for V « B, and the relation between the closure opera-

tor €€ and the function L(-,A).

2.3 THEOREM. Let (X,T(B),L) be a sizable space. Then
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we have the following:

(1) 8(V) € L(V) gforn all V = B.

(ii) For any Ac X, we have CLA < {x = X : L(x,A) = 0}.
(iii) The equality in (ii) need noi hotd.

(iv) L(V) = 0 4§ and only if V 48 a singleton (L.e., a set

consisting of only one element), for V < B.

Proof. (i) Let V& B and let x,y V. For each n &N there
exists V& B such that y = v and L(V,) < 1/n. Using (L2), we
get L(x,y) < L(y,y)+L(V)+L(Vn) < L(V)+1/n. Hence L(x,y) < L(V).
Consequently 8(V) < L(V).

(ii) can be easily proved by using (L3) and (i).

(iii) In the Sorgenfrey line S, define
L(x,y) = lx—yl,x,y e S; L([a,b)) = b-a, a < b.

Then S is sizable. Take A = (-1,0). Then L(0,A) = 0 and 0 & CLA.
(iv) Let L(V) = 0, where V& B. Then by (i) and (L1) we
have the required result . Conversely, let V = {p} = B. Suppose
that L(V) = r > 0. Then by (L3) there exists V' e« B such that
1 1

peV'e Vand L(V'") < 5 T Therefore V' = V and L(V) < Fr

which is absurd. Consequently, we must have L(V) = 0. A

Actually, it is easy to prove that if x & CLS(p,r),then
L(x,p) € r. The following theorem shows that a size function
must satisfy a certain inequal ity which resembles, but is

weaker than, the triangle inequality for metric spaces.

2.4 THEOREM. Let (X,T(B),L) be a sizable space. Then
forn any V =B, for any a,b €V and for any x X, we have

L(x,b) <€ L(x,a)+L(V).
Proof. By using (L3), for each n&N there exists a basic

open set V& B such that x & V_ and L(Vn) < 1/n. Applying (L2)
and Theorem 2.1 we get
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L(x,b) < L(x,a)+L(V)+L(Vn) < L(x,a)+L(V)+1/n,

which implies the required conclusion. A

§3. Some properties of sizable spaces.

3.1 THEOREM. Every metrnizable space is sizable.
Proof. Let (X,d) be a metric space and let

B = {Sd(p,r): peX, r> 0}

Define L:(XxX)UB - [O,w) by the following: L(x,y) = d(x,y),
X,y & X and L(V) = 6d(V), V « B. Then X is a sizable space with

the size function L. A

The following result clarifies the relation between sub-

sizable spaces and sizable spaces.

3.2 THEOREM. Every subsizable space L5 sizable.

Proof. Let (X,T) be a subsizable space. Then there exist
a sizable space (Y,TY) and a one-to-one continuous map f:X = Y.
Since (Y,TY) is sizable, there exists a base BY for TY and a
size function Ly for (Y,T(BY)). Define B as follows:

B={cnt(B):6<T and BB} - {g].

Then B is a base for T because £ is continuous and BY is a base
for T,. Define L:(xxX) UB + [0,») as follows:

L(x,x') = LY(f(x),f(x')), x,x! X,

L(U) = inf{LY(B) : U = an"l(B), GeTand Be BY}, U = B.

[EnN
[Sa}
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Then L is a size function for (X,T(B)); (L1) is easy to prove
because LY is a size function anf f is a one-to-one map. To
prove (L2), let V,V' € B and let x,x' = V, y,y' € V'. Let r be
any positive real number. Then, from the definition of L, there
exist G,G' €T and B,B' E:BY such that V = Gf]f-l(B), VAR
6' N £7H(B") and L(V) € Ly(B) < L(V)+ir, L(V') € Ly(B') < L(V')
+£r . Since x,x' €V and y,y' € V', therefore f(x),f(x') € B

2
and f(y),f(f') € B'. Applying (L2) for LY’ we get

L(x',y') = LY(f(x'),f(y') € Ly (£(y), £(x))+Ly (B)+Ly(B")

< L(y,x) +L(V)+L(V")+r.

Since r is an arbitrary small positive real number, L(x',y') <
L(y,x)+L(V)+L(V') and hence (L2) is proved. To prove (L3), let

x €X, let UX be any open set in X containing x and let r be

any positive real number. Let B GIBY be any basic open set such
that f(x) € B = Y and LY(B) <r., Thenx«V = Uxﬂ f_l(B) =B

and L(V) < LY(B) < r. This completes the proof of the theorem. 4

The following two results are corollaries to Theorem 3.2

and the fact that every submetrizable space is subsizable (use

Theorem 3.1).

3.3 COROLLARY. Being sizable s a topological property.

3.4 COROLLARY. Every submetrizable spaces is sizable.

Since S is a submetrizable space, s" (neN) is submetri-
zable and hence S" is sizable. This shows that the class of all
sizable spaces contains properly the class of all metrizable
spaces. It also shows that a sizable space need not even be
normal.
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Using Theorem 3.2 again we can prove the following two

theorems:

3.5 THEOREM. Any ftopology finen than a sizable one A4
sizable. In parnticwlan, any topology finer than a submetrizable
(metnizable) one L8 sizable.

Proof. Let (X,T) be a sizable space and let T' be any to-
pology on X such that T = T'. Let i:(X,T') + (X,T) be the iden-
tity map; i is continupus because T = T'. Therefore (X,T') is a

subsizable space and consequently it is sizable. A

3.6 THEOREM. Any nonempty subspace of a sizable space
L6 s4zable.

Proof. Let (X,T) be a sizable space and let A be a non-
empty subspace of X. Then the inclusion map j:A - X is a contin-

uous one-to-one map. Thus A is subsizable and hence sizable. A

The following theorem shows that sizable spaces must sat-

isfy certain separation axioms and certain countability condi-

tions.

3.7 THEOREM. Let (X,T(B)) be a sizable space with size
function L. Then we have the foflowing:
(i) X 48 a Hausdorgg space.
(ii) Every point in X 48 a GG—Ae,t in X.
(1ii) The diagonal A = {(x,x) : x € X} 48 a zero-set in XXX and

hence a G‘S'M’t n XxX.

Proof. (i) Let x,y = X such that x # y. Then L(x,y) = r>0.
Using (L3), there exist two basic open sets Ux’Uy €B containing
X,y, respectively, such that L(UX) < r/4 and L(U ) < r/d4. Then

y
UXnUy = @¢. For if z GZUX[]Uy, then by using (L2), we obtain
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L(x,y) € L(z, z)+L(U )+L(U )F& %r* which is absurd.

(ii) Let p = X For each n &N, there exists Vﬁ == Bmcon—
taining p such that L(Vn) < %u Then {p} E;Jllvn‘ If t éEJlan,
then p,t €:V for all n €N. By Theorem 2.3 (i), we get that
L(p,t) € L(V } & }— for all ne N. Therefore L(p,t) = 0 and con-
sequently p = t. Hence {p} = ﬂ v

(iii) According to Theorem 2 2, the restrlcted map
L: XXX + R is continuous. Therefore A = L~ (O) is a zero set and

consequently it is a Gd—set in the product space XXX. A

In the modified Sorgenfrey line S (for the definition
of Sx see Mrdwka [3]), we know that the diagonal of (S,';)2 is
not a zero set in (&02 (see Tan [5]). Therefore Sy cannot be a
sizable space. It is not difficult to prove that the product
of two sizable spaces is again sizable. Combining this result
together with Theorem 3.6 and Corollary 3.3, we obtain the
fact that (S*)n can not be embedded in S" for any m,n €N.

84, Sizable spaces and semimetrizable spaces. Let us

start this section by defining an operator A on subsets of a

sizable space (X,T(B),L) as follows:
A(A) = A = {x @ X:L(x,A) = 0}, A cX.

We also define a sizable space (X,T(B),L) to be nice if B* (=
the set of all L-open spheres in X) forms a base for some topo-
logy (this topology will be denoted by T(B*)) on X. We shall
use CK*A to denote the T(B*)-closure of A, where A =X.

A sizable space (X,T(B),L) is Locally nice at p = X if
for any L-open sphere S(g,r) containing p, there exists r' > 0

such that S(p,r') =S(a,r). A sizable space X is said to be Lo-
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cally nice if it is locally nice at each p €X. It is clear that
if a sizable space is locally nice then it is nice. However the
converse need not be true (see Example 6.5).

We shall prove that B* need not form a base for any topo-
logy on X (Example 6.2) and, if B* forms a base for some topo-
logy on X then it is not necessarily Hausdorff (Example 6.3).

The following theorem shows that the operator A need not

define a closure operator on X.

4.1 THEOREM. Let (X,T(B),L) be a s{zable space. Then
we have the goLLowing:
(i) 1§ A =3B then & =B.
(ii) (a0B) = AUB fon any A,B = X.
(iii) A 48 not an Ldempotent closure operatonr.
Proof. (i) Let x < A. Then L(x,A) = 0. Since A =B, there-
fore L(x,B) < L(x,A). Hence L(x,B) = 0 and consequently x =8.
(ii) By (i), we have AUB =(aliB). To prove the other in-
clusion, let x & (a0B). Then L(x,AUB) = 0. Consequently
L(x,A) = 0 or L(x,b) = 0. This implies that x < AUB.

(iii) Loooking at the example constructed in Example 6.2
co - 3 A o 5 -
let A= (272, 20ty mend =1 2%, 27 Y (o)

n=1 AL R
AU {1}. This shows that A # A. Consequently A is not a

A

and A = A

closure operator on X. A

The following theorem gives us some relations between

T(B) and T(B*) for a nice sizable space.

4.2 THEOREM. Llet (X,T(B),L) be a sizable space. Then

we have the following:
(i) S(p,r) 48 open in (X,T(B)) for all p«X and r > 0.
(i1) 1§ X 4s nice, then (X,T(B*) < T(B).
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(iii) If X 44 nice, then (X,7(B")) is a T, -space.

Proof. (i) To prove that S(p,r) is open in (X,T(B)), let
y « S(p,r). Then L(p,y) < r, i.e., »' = r-L(p,y) > 0. By (L3),
there exists V& B such that y €V and L(V) < r'. We claim that
V €S(p,r). To prove our claim, let x & V. Then by Theorem 2.4,
we get L(p,x) < L(p,y)+L(V) < L(p,y)+r-L(p,y) = r. Therefore
x € S(p,r), i.e., our claim is proved and consequently S(p,r)
is open in (X,T(B)).

(ii) It is clear by using (i).

(iii) Let x,y € X such that x # y. Then L(x,y) = r > O.
It is clear that if 0 < r' < %r , then x & S(x,r'), y & S(x,r'")

and' v S(y,r), X&ESFrI ). A

The following theorem shows that a locally nice sizable
space admits a weaker topology which is semimetrizable. It is
also shown in this case that the operator A is indeed a closure

operator.

4.3 THEOREM. Llet (X,T(B),L) be a Locally nice sizable
space. Then A = CL°A for afl A = X, and hence (X,T(B*)) 45 a
semimetrnizable space. Moreoven, the operator A L4 indeed a
closure operator. Conversely, if (X,T(B*),L) s semimeirizable
(symmetrizable), then (X,T(B),L) s Locally nice.

Proof. Let p ECI,*A, where A =X. Let r be any positive
real number. Then S(p,r)NA # @, i.e., there exists ar e A such
that L(p,a ) < r. Consequently, L(p,A) =0, i.e., P =A. This
proves that CZ A e 8 To prove the other inclusion, let p EA
i.e., L(p,A) = 0. Let S(q,r) be any open sphere containing p.
Since (X,T(B),L) is locally nice at p, therefore there exists
r' > 0 such that S(p,r') € S(q,r). Since L(p,A) = 0, therefore
there exists a = A such that L(p,a) < r'. Hence S(p,r')NA # §,
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i.e., S(q,r)N A # §. This implies that p e CL"A. Now, if
(X,T(B*),L) is semimetrizable then it is symmetrizable and con-

sequently (X,T(B),L) is locally nice. A

Example 6.5, given later, illustrates that the assumption

"locally nice" in Theorem 4.3 can not be replaced by the weaker

condition "nice'".

It is proved in Davis, Gruenhage and Nyikos ([1], Example
3.1) that there is a regular symmetrizable space X which is not
subparacompact and contains a closed set which is not a Gé—set.
This will not occur if the symmetrizable space is sizable (Theo-
rem 4.4). Davis, Gruenhage and Nyikos constructed (in [1], exam-
ple 3.2) a symmetrizable space which is not semimetrizable. It
is also known that all T2 first countable symmetrizable spaces
are semimetrizable. The following theorem shows that a symme-
trizable sizable space is indeed semimetrizable. Note that a si-
zable space need not be first countable. Actually, the Radial
Interval Topology constructed in Steen and Seebach [u] is a si-

zable space which is not first countable.

4.4 THEOREM. Let (X,T(B),L) be a symmetrnizable sizable
space. Then we have the followding:
(i) (X,T(B),L) 48 semimetrnizable.
(ii) Every closed set in X 48 a Gg-set 4in X.

Proof. (i) Let A = X. Then CLA S A according to Theorem
2.3 (ii). To prove the other inclusion, let X E:K, i.e.,
L(x,A) = 0. Then L(x,CLA) = 0. Since (X,T(B),L) is symmetrizable
and CLA is a closed set in X, x €CZA . Consequently CZA = K
and thus (X,T(B),L) is semimetrizable.

(ii) Let A be a closet set in X. For each a € A, let
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Vh(a) & B be such that ae V (a) and L(Vn(a)) < 1/n. Let
Vp = U {V (a)rae A} Then V is open and Ac Vn' To prove
ﬁV cA, let p = ﬂ V s Then P an for each ne N. Therefore

there exists a < A such that pe Vn(an)' Thus L(p,an) <
L(Vn(an)) < 1/n. Hence L(p,A) = 0. Consequently p & CL A . Hence
ﬁV , i.e., A is a Gg-set in X. A
=1 I

The following is our last result in this section.

4.5 THEOREM. The Songengrey Line S 45 sLzabfe and not
symmetrnizable (nor seémimetrizable).

Proof. We proved before that S is sizable (Corollary 3.4).
To prove S is not semimetrizable, suppose on the contrary that
it is so. Then there exists a semimetric d for S. For each
point x S there corresponds a positive real numberj r. defined
by L, = d(x,(-»,x)) (note that x& CL(-°,x) and d is a semimet-
ric on S). Let A = {x=e R: L, 2 1/n}, n N. Then the col-
lection {An : ne N} forms a countable cover of the second cat-
regory space (]R,Tu), where Tu is the Euclidean topology on R.
Thus some one of the sets An fails to be nowhere dense in
CIR,Tu), so for some integer m & N, there is an interval (a,b)
in which Am is dense. Let a, < Amn (a,b). Then
(ao,ao+1)n (ao,b)n A #0. Let a, = AN (ao,ao+1) n (ao,b). Then
we can inductively define the sequence (a ) in A such that

=1

a <a, <$a and |a -a | < 1/n, neN. Slnce a, aCK{al,a? 4 4!

d(ao, CIPLPYRRY ) = 0. Thus there exists k< N such that

d(ao,a ) < 1/m. Since a, €A, d(ak,(-oo,a )) = r > 1/m. Conse-

k
quently d(a ,a.k) r, i.e., d(a 23y ) > 1/m which is a contra-

diction. This completes the proof that S is not semimetrizable.

But since S is a first countable Hausdorff space, S is not

symmetrizable. A
163



§5. Nice and locally nice sizable spaces. This section is

divided into three parts. The first part will discuss the metri-
zability of the semimetrizable spaces which is induced by a si-
zable space (Theorem 5.2). The second part will discuss certain
conditions under which a sizable space will be locally nice
(Theorem 5.3). Afterwards, we shall discuss certain conditions
under which the space (X,T(B*)) will be a regular space (Theo-
rem 5.4, Theorem 5.5 and Corollary 5.6). The third part will
discuss certain condition under which T(B) = T(B*) (Theorem 5.7).
Finally, we shall discuss the metrizability of a sizable space

(Corollary 5.8 and Theorem 5.9).

5.1 THEOREM. Let (X,T(B),L) be a separable Locally nice
sLzable space. Then (X,T(B*)) 48 a second countable space.
Proof. Let D =X be a countable T(B)-dense set in X.

Define B1 as follows:

BF= {s(p,r) : p €D, r is a positive rationall.

Let U =T(B*) and let y € U. Then there exists a positive ratio-
nal number r such that S(y,r) = U. Since S(y,r) is a T(B)-open
set, there exists V& B such that y €V < S(y,r/4) and L(V) <
r/%. Since D is T(B)-dense, there exists p € VM D. This implies
that p « S(y,r/4), i.e., L(p,y) < r/4. Consequently, we have

y & S(p,%r ). To prove S(p,%—r ) & S(y,r), let z ES(p,-jQ'—r ).
Then L(p,z) < S Applying Theorem 2.4 we get L(z,y) < L(z,p)

2
+L(V) < r. Hence z « S(y,r). Thus we have found that y'¢=S(P,%r)

=Uu.
i & g 2
Consequently, B1 is a base for (X,T(B")). Since 31 is

obviously countable, (X,T(B*)) is second countable. A

164



The following theorem shows some conditions under which

a sizable space will be submetrizable.

5.2 THEOREM. Let (X,T(B),L) be a separable Locally
nice sizable space and assume that (X,T(B*)) is a negular space.
Then (X,T(B*)) 44 metrizable and hence (X,T(B)) is a submetri-
zable space.

Proof. Using Theorem 5.1, we get that (X,T(B*)) is second
countable. Since (X,-T(B*)) is a regular Tl—space (Theorem 4.2),
therefore by the classical theorem of Urysohn (see Willard [6],
p.166), the space (X,T(B*)) is metrizable. Since T(B¥) = T(B)
(Theorem 4.2), the identity map i:(X,T(B)) - (X,T(B*)) defined
by i(x) = x, x @ X, is continuous. Hence (X,T(B)) is a subme-

trizable space. A

The following theorem shows that a sizable space can be

locally nice without being metrizable.

5.3 THEOREM. Let (X,T(B),L) be a s{zable space sat-
isding the §ollowing condition: forn any x =X there exists
24P duch that for any r < v and fon any y e S(x,r) there
ex(sts V « B such that {x,y} =V < S(x,r) and L(V) < r. Then
(X,T(B),L) 48 Locally nice.

Pr'oof. Let 31 = {S(x,r):x =X, 0 <r< rx}. Let
S(x,r) « B;: and y « S(x,r). Then there exists a basic open set
V & B such that {x,y} =V < S(x,r) and L(V) < r. If t = r-L(V)
then we claim that S(y,t) =S(x,r). To prove our claim, let
z « S(y,t), i.e., L(z,y) < t. Then using Theorem 2.4 we get
L(z,x) € L(z,y)+L(V) < t+L(V) = r. This proves our claim. Now
let h = lmin{t,ry}. Then S(y,h) =B} and y =5(y,h) S8(x,r).

2
This proves that {S(x,r) :0 < r < rx} is a local base in
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£

1)) at x. Consequently (X,T(B),L) is locally nice. A

(x,T(B
The following three results show that a nice sizable
space may satisfy under certain conditions a high separation

axiom without being metrizable.

5.4 THEOREM. Let (X,T(B),L) be a fLocally nice s{izable
Apace and Let fA:(X,T(B*)) > GR,Tu) with LA the Euclidean to-
poLogy on R and fA(x) = L(x,A), x «X, be continuous for all
closed proper subsets A in (X,T(B¥)). Then (X,T(B*)) is a T~
space. Moreoven, every closed set Ain (X,T(B*)) 48 a zero set 4n
(x,T(B)).

Proof. Let A,B be any two closed proper disjoint sets in
(X,T(B*)). Define the funcion f:(X,T(B*)) > GR,Tu) by f(x) =
L(x,A)/(L(x,A)+L(x,B)), x € X. Then f is well defined because
of Theorem 4.3 and moreover f is a contimous function with
A = f_l(O) and B = f—l(l).Consequently, (X,T(B*)) is a T, -space

and moveover, A,B are zero sets in (X,T(B*)). 'y

5.5 THEOREM. Let (X,T(B),L) be a nice sizable space
satisfying the §ollowing condition: if L(x,5(p,r)) = 0 then
LEkp) L' xp®'Xy P >’O). Then (X,T(B*)) is a T ,-4pace.

Proof. Since (X,T(B")) is a T,-space (Theorem 4.2), it
suffices to prove that (X,T(B*)) is a regular space. To do this,
let A be a T(B*)—closed set and let p € X-A. Then there exists
q = X,r > 0 such that pe S(q,r) ¢ X-A. Since L(p,q) < r,

t = r-L(p,q) > 0. Let h = L(p,q)+%t. Then p =S(g,h) = CIL*S(q,h)
=5S(q,r) < X-A (we have used the condition stated in the Theo-

rem for CI,*S(q,h) < S(qg,r)). This completes the proof that
(X,T(B*)) is a regular space. 4
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The following result is an inmmediate corollary to the

above theorem.

5.6 COROLLARY. Let (X,T(B),L) be a nice sizable space.
Let {x €X: L(x,p) < v} be closed in (X,T(B*)) for all p =X
and all r > 0. Then (X,T(B¥)) is a Ty-space. A

To present our last result in this section, we need the
following definition. Let (X,T) be a topological space and let
A < X, then A is said to be T-paracompact relative to X if
every open cover of A by members of T has a locally finite (in

X) refinement by members of T.

5.7 THEOREM. Let (X,T(B),L) be a nice s{izable space
and Let (X,T(B*)) be Hausdonff. 1§ each T(B)-closed proper sub-
set of X is T(B')-paracompact nelative to (X,T(B*)), then
T(B) = T(B"). Moreover (X,T(B)) 4s a T, -space.

Proof. Since T(B*) < T(B) (Theorem 4.2), it remains to
prove that T(B) < T(B*). To do this, let F be a closed proper
set in (X,T(B)). Let p € X-F. For each x €F there exists
¥y eX, r >0 such that XG:S(y r, )cC!Z S(y ,r ) and p €
CI_ S(y S8 ) (this is because (X, T(B *)) is a Hausdorff space).
Let ¢ = {S(yx,rx) x @F}. Then £ is a T(B ")-open cover of F.
Thus there exists ¢' = {Uy: o €A} a locally finite (in (X,
T(B*))) refinement which covers F and such that Uy € T(B*) for
all aesA. Let U = U{U : o = A}, then U e T(B*) and p & U.
Let M = CK U, then F & U =Mand M = U {CE*UO‘: oA}, because
g' is locally finite in (X,T(B¥)). Since g'is a refinement of
¢ and p & CZ "S(x, r, ) for all x F, therefore p & CZ U for all
o e A; hence p a‘:M. This implies that p eX-M < X-F, F =U and
UN(X-M) = @#. Hence F is a T(B*)-closed set. Consequently
T(B) = T(B").
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The above proof also shows that (X,T(B)) is a regular space.
To prove that (X,T(B)) is a normal space, let A,B be two
closed proper disjoint sets in (X,T(B)). For each x « A, there
exists y_«X, r_ > 0 such that x « S(y_,r ) < cl S(y,,r,) and
Bnce S(yx,rx) = ¢ (this is because (X,T(B)) is a regular space).
Let ¢, = {S(yx,rx): x A}, then gy is a T(B¥)-open cover for A.
Therefore there exists Qi = {Va: a =A}a T(B*)—open locally fin-
ite (in (X,T(B*))) refinement for £ which covers A. Let
v==3 {Va: o A}, then V is open in (X,T(B*)) and A = V. Let
H = cl*v = U{CZ*VG: o A}, then H is a T(B¥)-closed set and
A oV <H. Now, it is clear that A <V, B =X-H and VN (X-H) = 2.

it

Therefore (X,T(B)) is a normal space. A

Actually we can strengthen the conclusion of Theorem 5.7

to deduce that (X,T(B)) is a binormal space.

The following result in an immediate corollary of Theorem

5.2 and Theorem 5.7.

5.8 COROLLARY. Let (X,T(B),L) be a Locally nice sizable
sepanable space and Let (X,T(B¥)) be a Hausdonf space. Let
every T(B)-closed proper set in X be T(B¥)-paracompact relative
2o (X,T(B*)). Then (X,T(B)) 44 a metrizable space. A

We observed that a sizable space can be locally nice by
putting some condition on the size function. However, the author
shows in [2] that a sizable space can be locally nice by putting
certain conditions on the topological space itself. The follow-

ing theorem is obtained in [2].

5.9 THEOREM. Let (X,T(B),L) be a sizable countably com-
pact space. Then it is Locally nice and separable. Moreoven,
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T(B) = T(B*) and (X,T(B)) is a metrizable space. A

§6. Examples. We start this section with the following exam-

ple.

6.1 EXAMPLE. Thenre exdists a s4ize function L:(XxX)UB ~
[0,2) and there exist two basic open sets U,V =B such that
U<V and L(U) £ L(V).

Proof. Let X =R, B = {(a,b) : a < b}, L(x,y) = |x-y|,
x,y = X, L((a,b)) = f(b-a), a < b, where f:(0,») > (0,») is any
function with £(t) > t and %}g inf £(t) = 0. Then (X,T(8),L(f))
is a sizable space. For example, if we take f(t) = max{t,8t-t2h
t > 0, then f will generate a size function on (X,T(B)) with

L((0,8)) = 8 and L((0,4)) = 16. Notice that U = (0,4) &V =
(0,8); U,y B and L(U) £ L(V). A

6.2 EXAMPLE. Let (X,T(B),L) be a sizable space. Then
B* need not form a base for any topology on X.

Proof. Let X = [O,l]. Define B as follows:

B = {{o0},{1},{27"} : nen} U{(a,b) : (a,b) (272,27 new)

Then B is a base for some topology T(B) on X. Define L as fol-

lows:
| (n=2n0 =20+l
L(1,x) = L(x,1) = x(1-x)+2 if x & U1(2 R e T
n:
) e 2oiop il o Lo
L(1,x) = L(x,1) = x(1-x) if xe [J [277777,27°";
n:
L(x,y) = |x-y|, otherwise.

Define also

L((a,b)) = b-a, (a,b) €8,
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L({0}) = L({1}) = L({27™}) = 0, neN.

Then L is a size function for (X,T(B)). Let r be any positive

real number such that r < 1/4. By doing some calculations, one

finds that

s(1 _ 1 1 n¢ 1l [o72n-2 ,2-n
,v) = ((0,5(1-£)) U (5(1+t),1]H N U [2 e b
n=o
where t = (1—4r~)1/2. Let m be an even natural number such
that 2™ < ». Then S(27",r') =(2 ™-r',2 ™r'), ' > 0. Now if
-m _, -m ,-mt+l -m _,

ve S(2 ,e')n(2 7,2 ), then L(v,1) > 2. Hence S(2 ,r') &
S(1,r) for all r' > 0. Consequently B* can not be a base for

any topology on X. Therefore (X,T(B),L) is sizable but not nice. A

6.3 EXAMPLE. Let (X,T(B),L) be a Locally nice sizable
space. Then (X,T(B*)) s not necessarily a Hausdorgg space.

Proof. Let X = [0,1], B = {{0},{1}, (a,b) : 0<a<b<1}.
Define L(x,y) = |x-y| if xy # 0, L(x,0) = L(0,x) = x(1-x) if
x #1, L(0,1) = L(1,0)
0<a<b<1, L({o}h)

topology on X, and moreover L is a size function for (X,T(B)),

1 for x,y & X, and define L((a,b) =b-a,

L({1}) = 0. Then B is a base for some

i

i.e., (X,T(B),L) is a sizable space. By doing some calculation
we find that S(0,r) = [O,%{l—t))lJ(%(1+t),1), where t = (1—l+r)1
and 0 < r < 1/4, and S(1,r) = (1~r,1], 0 < r < 1. Therefore

s(o,r)n S(1,r') # @ for every r,r' > 0. Hence (X,T(B*)) is not

/2

Hausdorff. Notice that (X,T(B)) is locally nice and hence nice. A

The following result is an immediate consequence of Exam-
ple 6.3, Theorems3.7, 4,2, 4,3 and 4.5, and the theorems of

Section 5.

6.4 EXAMPLE. (i) A regdinement of a semimetrizablfe Zopo-
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Logy need not be semimetrizable.
(ii) A ftopology weaken then a sizable one need not be sizable.
(iii) Let (X,T(B),L) be a Locally nice sizable space. Then we
have the foflowing:
a) (X,T(B*)) need not be regular.
b) The function L(-,A):(X,T(B¥)) » (R,T ) need not be
continuous for all A closed in (X,T(B*)).
c) The set {x X : L(x,p) < r} 45 not always closed in
(X,T(B*)) (peX, r > 0).

The following example shows that the assumption of local-

ly nice in Theorem 4.3 may not be weakened.

6.5 EXAMPLE. There exists a nice sizable nonseparable
space (X,T(B),L) in which A {4 not a closure operator and
(X,T(B*)) 44 a separable space.

Proof. Let X =NU [0,1], B = {{x}: x €X}. Define L as

follows:
L(x,y) = |x—y], if x,y = [0,1] or x,y €N;
L(a,n) = L(n,a) = 1/n, if a is irrational in (0,1) and n2>2;
L(b,n) = L(n,b) = 1, if b is rational in [0,1] and n > 2;
L({x}) = 0 of x = X.

Then L is a size function for the discrete space (X,T(B)). If

r is a small positive real number, then

S(b,r) = (b-r,btr)y X, if b is rational in [0,1];

S(a,r) = (a-r,at+r)U{n:n €N and 1/n < r}, if a is irrational
in (0,1), 0 < r < 1-a;

S(n,r) = {n} if n> 2, r < 1/n.

It is clear that B is a base for some topology on X (i.e.
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(X,T(B),L) is a nice space), and it is also clear that (X,T(B),L)
is not locally nice (in particular at irrational points in (0,1)).
If A =N then & =NU{x: x is irrational in (0,1)} and %=z
This shows that the operator A is not a closure operator. Since
the set of all rationals in X is dense in (X,T(B*)), then

(X,T(B*)) is a separable space. A

We finish with two examples on sizable, semimetrizable and

symmetrizable spaces.

6.6 EXAMPLE. There exists a semimetrizable (symmetri-
zable) space which 45 no sizable.

Proof. Let (X,T(B),L) be the sizable space constructed in
Example 6.3. This space is locally nice. According to Theorem
4.3, the space (X,T(B*)) is semimetrizable with the semimetric
L, and hence it is symmetrizable. Since (X,T(B*)) is not Haus-
dorff, it can not be sizable, by Theorem 3.7. A

6.7 EXAMPLE. There exists a symmetrizable Hausdorg g
space Y which 4is not sizable.

Proof. This example Y can be found in Davis, Gruenhage
and Nyikos ([1], Example 3.2). Since Y contains a point which

is not a GG—set, it can not be sizable. A

g %

REFERENCES

[1] Davis, S.W., Gruenhage, G. and Nyikos, P.J., Gg-Sets .n sym-
metrnizable and nelated Apaces. Gen. Top. and its
Applications 9 (1978), 235-261.

172



[2] Fora, A.A., Metrization of countably compact spaces, Math.
Japon., to appear.

[3] Mréwka, S., Recent results on E-compact spaces, Proc. Se-
cond International Conference in General Topology
and its Applications (1972), 298-301.

[4] Steen, L.A. and Seebach, Jr.J.A., Counterexamples in Topo-
Logy, Holt, Rinehart and Winston, Inc., New York,
1970.

[5] Tan, H.P., "N-Compactness and strong zero-dimensionality",
PhD. Dissertation, SUNY at Buffalo, 1973.

[6] Willard, S., General Topofogy, Addison-Wesley, 1970.

Department of Mathematics
Yarmouk University
Inbid, JORDANIA.

(Recibido en marzo de 19843 versidn revisada en Septiembre de
1984).

173



