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SEMIHETRIZABLE, SUBMETRIZABLE
AND SIZABLE SPACES

by

Ali Ahmad FORA

ABSTRACT. In this paper we define sizable spaces
and some related notions. We study their properties
and their relations with other topological spaces.
We discuss some metrization theorems and present sev-
eral examples relevant ot our subject.

§1. lntroduction. Let:IN and R denote the set of all natural
numbers and the set of all real numbers,respectively. Let CiA

denote the closure of the set A. Let T(B) denote the topology
generated by the base B.

The familiar SOIlge.rr.6JLe.y Urr.e. S is defined to be the
space of real nurr~ers with the class of all half open inter-
vals [a,b), a < b, as a base. It is a well-known fact that S
is hereditary Lindelof, first countable, separable, submetriz-
able and nonmetrizable. It is also known that the Sorgenfrey
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plane SxS is not normal. (A space is called ~ubm~zabie if it
is mapped onto some metrizable space by a continuous, one-to-
one map).

Let d:XXX -+ [0,00) be a function and let p EX, r > O. The
d-open ~phene in X with center p and radius r, denoted by
Sd(p,r), is defined by:

We shall write S(p,r) for Sd(p,r) when there will not be occasion
for confusion. Let us define B* to be the collection of all d-
open spheres in X, i.e.,

B:~: = {S(p,r) : p e::X,r > a}.

For a nonempty set A S X, if {d(x,y):x,y e::A} is a bounded set
in~, then we define the d-diameten 06 A, denoted by 0d(A), by

0d(A) = d-diameter of A = sup{d(x,y): x,ye::A}.

We shall write 6(A) for 0d(A) if no confusion will arise. For
A S X, we define the function d(-,A):X -+:R by

dC-,A)(x) = d(x,A) = inf{d(x,a) : a fF~A, x EX}.

A topological space X is said to be ~ymmetnizabie if there
exists a function d:XXX -+ [0,00) satisfying the following condi-
tions:
(1) d(x,y) = a iff x = y,
(2 ) d(x,y) = d(y,x) for all x,y e::X;
(3) u s X is open if and only if whenever x e::U there is a t > a

such that S(x,t) c:; U.
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A topological space X is called ~emim~zable provided
that there is a function d:XXX + [0,00) such that
(1) d(x,y) = 0 iff x = y;
(2) d(x,y) = d(y,x) for all x,y E X;
(3) For any A <;; X and for any x E X we have x E CiA iff

d(x,A) = 0.

Let (X,T) be a topological space and let B be a base for
T. Let L:(XxX) UB + [0,00) be a function. Then L is called a
~izenunct£on for (x,T(B» if it satisfies the following condi-
tions:
(Ll) L(x,y) = ° iff x = y;
(L2) For any V,V' E B and for any x ,x' E V, y,y' E V', we have

L(x' ,y') ~ L(y,x)+L(V)+L(V');
(L3) For any x E X, for any open set Ux containing x, and for

any positive real number r, there exists a basic open set
V E B such that x e: V c: U and L(V ) < r ,x,r x,r x x,r

A space (X,T) is called ~izable is the topology T on X
has a base B for which the base has a size function L. This
space will be denoted by (X,T(B),L). A space is called ~ub~iz-
able if it is mapped into some sizable space by a continuous,
one-to-one map.

The author proved in [2J that a countable compact space
in metrizable if and only If it is sizable. In this paper, we
shall study the relation between the notion of sizable spaces
and the other notions defined above (submetrizable, symmetriz-
able and semitrizable spaces). We shall also discuss the metriz-
ability of certain spaces.
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§2. Some properties of size f unc tLon s , Let us start with.
the following result.

2. 1 THEOREM. Let L be a s.cze. 6u.nct.ton 60lt the .6pa.c.e
(x,T(B)). Then L(x,y) = L(y,x) 60lt all x,y E x.

Proof. Let x,t EX and let r be any positive real number.
Then by (L3) there exist basic open sets U EB, U £B suchx y
that x EU , Y EU , L(U ) < l~r and L(U ) < ~r. Using (L2), wex y x y
get

L(x,y) ~ L(y,x) + L(U ) + L(U ) < L(y,x)+r.x y

Since r is an arbitrary positive real number, L(x,y) ~ L(y,x).
Similarly, we have L(y,x) ~ L(x,y). Thus L(x,y) = L(y,x). ,

From the definition of the size function L, we may observe
that L actually consists of two function, L1:XXX ~ [O,~) and
L2:B ~ [0,00). Theorem 2.2 shows that L1 is well behaved. Howev-
er, Example 6.1 shows that L2 can behave strangely.

2.2 THEOREM. 16 L iA a, .6-tze· 6u.nc.ilon 60lt (X, T(B)), then
the lte.-6:tJvi.c.:te.d mtp L:xxx -+- JR -L.6 c.oYL:t-tnuOU.6.

Ppoof. Obvious from the inequality

IL(x',y')-L(x,y)1 ~ L(V)+L(V'), x,x' e::V; y,y' E V';v,V'e::8.

The above inequality holds because of (L2) and Theorem 2.1. ,

The following theorem studies the relation between o(V)
and L(V) for V L B, and the relation between the closure opera-
tor cl and the function L(-,A).

2.3 THEOREM. Let (X,T(B),L) be a .6-tzable .6pa.c.e. Then
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we. have. the. 60U.ow,(ng:
(L) O(V) ~ L(V) 60ft aU V e:B.

(ii) FoJt antj A S X, we. have. Cf. A c {x e: X : L(x,A) = O}.

(iii) The. e.quaLi;ttj ,(n (i .i) need VIfJ:t hold.
(Lv ) L(V) = 0 ,(n and onttj ,(6 V ..L6 a ,6,(Yl.gie.:ton (L e., a.6U

C.OYl..6..L6;Ung 06 onttj one. dement), {joJt V e:B.
Proof. (i) Let ve: B and let x,y e: V. For each n e:JNthere

exists V e: B such that ye: V and L(Vn) < lin. Using (L2), we
n n

get L(x,y) ~ L(y,y)+L(V)+L(V ) < L(V)+l/n. Hence L(x,y) ~ L(V).
n

Consequently o(V) ~ L(V).
(ii) can be easily proved by using (L3) and (i).
(iii) In the Sorgenfrey line S, define

L(x,y) = Ix-YI,x,ye:s; L([a,b)) = b-a, a < b.
Then S is sizable. Take A = (-1,0). Then L(0 ,A) = 0 and 0 ¢: CiA.

(iv) Let L(V) = 0, where ve: B. Then by (i) and (Ll) we
have the required result Conversely, let V = {p} e::: B. Suppose
that L(V) = l' > O. Then by (L3) there exists

1p e: V' s; V and L(V') < "2 r-. Therefore V' = V and L(V)
which is absurd. Consequently, we must have L(V) = o.

V' e: B such that
1< -1'
2

•
Actually, it is easy to prove that if x e: Ci S(p,r), then

L(x,p) ~ r. The following theorem shows that a size function
must satisfy a certain inequality which resembles, but is
weaker than, the triangle inequality for metric spaces.

2 • 4 THEOREM. Let (X, T (B) , L) be. a .6,(zabie -6 pac.e. Then
noJt antj V e:: B, 60Jt antj a,b e:: V and 60tt antj x E: X, we have.
L(x,b) ~ L(x,a)+L(V).

Proo]: By using (L3), for each n e:IN there exists a basic
open set V e: B such that x e: V and L(V ) < lin. Applying (L2)n n n
and Theorem 2.1 we get
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L(x,b) , L(x,a)+L(V)+L(V ) < L(x,a)+L(V)+1/n,
n

which implies the required conclusion. •

§3. Some properties of sizable spaces.

3.1 THEOREM. EVeJLtj me..tJU.zable. -6pac..e. J.A -6,[zab.te..
Proof. Let (X,d) be a metric space and let

B = {Sd(p,r) : p e:: X, r > ol ,

Define L:(XxX) U B -+- [0,00) by the following: L(x c y ) = d(x,y),
x,y ~ X and L(V) = 0d(V), V e:: B. Then X is a sizable space with
the size function L. •

The following result clarifies the relation between sub-
sizable spaces and sizable spaces.

3.2 THEdREM. Eve/tIj -6ub-6,[zable. -6pa.c..e. J.A -6,[zable..
Ppoof. Let (X,T) be a subsizable space. Then there exist

a sizable space (y,Ty) and a one-to-one continuous map f:X -+- Y.
Since (y,ly) is sizable, there exists a base By for Ty and a
size function Ly for (y,T(By)). Define B as follows:

Then B is a base for T because f is continuous and By is a base
for Ty. Define L:(XxX) U B -+- [0,00) as follows:

L(x,x') = Ly(f(x) ,f(x')), x,x' E:: X,
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Then L is a size function for (X,T(B»; (Ll) is easy to prove
because Ly is a size function anf f is a one-to-one map. To
prove (L2), let V,V' c B and let x~x' E V, y,y' E V'. Let r be
any positive real number. Then, from the definition of L, there
exist G,G' e:T and B,B' E By such that V = G nf-lcB), V' =
G~ n f-1(B') and L(V) ~ Ly(B) < L(V)+%-r , L(V') ~ Ly(B') < L(V')
~r. Since x,x' e:V and y,y' E V', therefore ff x ),f(x') e: B
and f(y),f(f') E B'. Applying (L2) for Ly, we get

L(x',y') = Ly(f(x' ),f(y') ~ Ly(f(y),f(x»+Ly(B)+Ly(B')

< L(y,x) +L(V)+L(V' )+r.

Since r is an arbitrary small positive real number, L(x' ,y') ~
L(y,x)+L(V)+L(V') and hence (L2) is proved. To prove (L3), let
x £X, let U be any open set in X containing x and let r bex
any positive real number. Let B EBy be any basic open set such
that f'{ x ) E B s Y and L (B) < r. Then x £ V = U n f-1(B) E B

y x
and L(V) ~ Ly(B) < r. This completes the proof of the theorem. !

The following two results are corollaries to Theorem 3.2
and the fact that every submetrizable space is subsizable (use
Theorem 3.1).

3. 3 COROLLARY. BUYl.g .o-tzabte. cs a topotog-tc.a..t pJtopeJdy.

3.4 COROLLARY. EveJuf .oubme..:tJt.£zabte. .opac.e..o ~ .o-tzabte..

nSince S is a submetrizable space, S (n~M) is submetri-
nzable and hence S is sizable. This shows that the class of all

sizable spaces contains properly the class of all metrizable
spaces. It also shows that a sizable space need not even be
normal.
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Using Theorem 3.2 again we can prove the following two
theorems:

3.5 THEOREM. Any topology MnVt tha.n a. .6"tzabi..e one .£.6
.6"tzable. In pantiQ ulah , any topology 6"tnVt than a .6ubm~zable
(metJUza.blel one.£.6 .6"tzabte.

Proof. Let (X,T) be a sizable space and let T' be any to-
pology on X such that T £ T'. Let i:(X,T') ~ (X,T) be the iden-
tity map; i is continupus because T £T'. Therefore (X,T') is a
subsizable space and consequently it is sizable. A

3.6 THEOREM. Any nonempty .6ub.6pac.e on a .6"tzable .6paQe
-w .6"tzable.

Proof. Let (X,T) be a sizable space and let A be a non-
empty subspace of X. Then the inclusion map j:A ~ X is a contin-
uous one-to-one map. Thus A is subsizable and hence sizable. A

The following theorem shows that sizable spaces must sat-
isfy certain separation axioms and certain countability condi-
tions.

3 • 7 THEOREM. Let (X, T ( B)) be a .6"tzable .6paQe Wilh .6"tze

nunQt,,[on L. Then we have the nollaw{ng:
(i) X -C-6 a Hau.6dotL66 .6paQe.
(ii) EveJty pa"tnt ,,[n X .£.6 a Go-.6U ,,[n X.
(iii)The eU.aganal /:, = {(x,x) : x e: x} .£.6 a. zVtO-/.)U in xxx and

henQe a Go-.6et ,,[n xxx.
Proof. (i) Let x,y e: X such that x ~ y. Then L(x.y) = r > O.

Using (L3), there exist two basic open sets U ,U e:B containingx y
x,y, respectively, such that L(U ) < r/4 and L(U ) < r/4. Thenx y
U n U = 0. For if z e: U n U , then by using (L2), we obtain

x y x y
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Lt x.y ) ~ L(z,z)+L(U )+1(U ) < -21r which is absurd.x y
(ii) Let p e:X. For each n e:M, there exists V e: B con-

00 n 00

taining p such that L(V ) < ~. Then {p} S n V . If t .e:::: n V ,n n n=1 n n=1 n
then p,tE V for all n EJN. By Theorem 2.3 (i), we get that

n 1
L(p,t) ~ L(V ) < - for all ne:JN. Therefore L(p,t) = 0 and con-

n n 00

sequently p = t. Hence {p} = n V .
n=1 n(iii) According to Theorem 2.2, the restricted map

L:XXX +F is continuous. Therefore 6 = L-1(0) is a zero set and
consequently it is a Go-set in the product space Xxx. •

In the modified Sorgenfrey line S~ (for the definition
of S* see Mrowka [3]), we know that the diagonal of (S*)2 is
not a zero set in (~,:)2 (see Tan [5]). Therefore S:':cannot be a
sizable space. It is not difficult to prove that the product
of two sizable spaces is again sizable. Combining this result
together with Theorem 3.6 and Corollary 3.3, we obtain the
fact that (S*)n can not be embedded in Sm for any m,n EJN.

§4. Sizable spaces and semimetrizable spaces. Let us
start this section by defining an operator A on subsets of a
sizable space (X,T(8),L) as follows:

AA(A) = A = {x e: X : L(x,A) = O}, A S;X.
s;

We also define a sizable space (X,T(B) ,L) to be n-i.c.e. if B" (=
the set of all L-open spheres in X) forms a base for some topo-
logy (this topology will be denoted by T(8*) on X. We shall
use ce*A to denote the T(8*)-closure of A, where A SX.

A sizable space (X,T(8),L) is loc.atly n-i.c.e. at p E X if
for any L-open sphere S(q,r) containing p, there exists r' > 0
such that S(p,r') sS(q,r). A sizable space X is said to be lo-
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c.aLty n.-tc.e if it is locally nice at each p e: X.'It is clear that
if a sizable space is locally nice then it is nice. However the
converse need not be true (see Example 6.5).

We shall prove that B* need not form a base for any topo-
logy on X (Example 6.2) and, if B* forms a base for some topo-
logy on X then it is not necessarily Hausdorff (Example 6.3).

The following theorem shows that the operator A need not
define a closure operator on X.

\

4.1 THEOREM. Le..:t (x,T(B),L) be a..6-iza.ble.6pa.c.e. Then
we have the 6olloW-tng:
(i) In AS B then A SB.

Q ......(ii) (A B) = A UB 60/[, My A,B S X~
(iii) 1\ -fA not a.n -idempotent e..tO-6uJte apenaxon,

"Proof. (i) Let xe::A. Then L(x,A) = O. Since A ~B,there-
fore L(x,B) ~ L(x,A). Hence L(x,B) = 0 and consequently x e: 13.

(ii) By (i), we have AU 13 ~ (A 0 B). To prove the other in-
elusion, let x e: (A 0 B). Then L(x ,A U B) = O. Consequently
L(x,A) = 0 or qx,b) = O. This implies that x -= AU B.

(iii) Loooking at the example constructed in Example 6.2
let A = TI (2-2n, 2-2n+1). Then A = U [2-2n, 2-2n+1] U {a}

n=l n=l
~ '" r ~ Aand A = AU {L}, This shows that A f:. A. Consequently 1\ is not a

closure operator on X. !

The following theorem gives us some relations between
s:

T(B) and T(B") for a nice sizable space.

4.2 THEOREM. Let (X,T(B) ,L) be a. -6-iza.ble .6pa.c.e. Then
we ha.ve the 6olloW-tng:
(i) S(p,r) -i.6 open -<.n (X,T(B» bOJL a.t.t p -= X a.nd r > O.
(Li ) 16 X .i6 ni.c.e, then (X, T( B":) S r (B) •
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(iii) 10 x ~ nice, then (X,T(B~» ~ a T1-~pace.
Proof. (i) To prove that S(p,r) is open in (X,T(B», let

y E S(p,r). Then L(p,y) < r, i.e., r' = r-L(p,y) > O. By (L3),
there exists V e: B such that y E V and L (V) < r ", We claim that
V S S(p , r}. To prove our claim, let x e: V. Then by Theorem 2.4,

we get L(p,x) ~ L(p,y)+L(V) < L(p,y)+r-L(p,y) = r. Therefore
x E S(p,r), i.e., our claim is proved and consequently S(p,r)
is open in (X,T(B».

(ii) It is clear by using
(iii) Let x,y e: X such that

It is clear that if 0 < I' , < 1
"iI',

and y e: S(Y ,rJ , x t:. S(y ,I" ) • "

(i).
x f y. Then L(x,y) = r > O.
then XE S(x,r'), y ¢S(x,r')

The following theorem shows that a locally nice sizable
space admits a weaker topology which is semimetrizable. It is
also shown in this case that the operator A is indeed a closure
operator.

4 .3 THEOREM. LeX (X, T (B) ,L) be a loc..ai.1.y n,tc.eIs-<..zable

~pac.e. Then A = Cl*A 6o~ ai.1. A ~ X, and henc.e (X,T(B*» ~ a
~e.mi.metJU.zable. ~pace .• Mo~eove.~, the. opesaxo): A lJ:> indeed a
c.lo~U!te openaton .. ConveJt.6uy, -<"0 (X,T(B",) ,L) ~ ~e.mUn~ab..e.e.

(~0lffl1~zable), then r x, T(B) ,L) ~ .toc.ai.1.y nic.e.
Proof. Let p e: Cl'A, where A ex. Let r be any positive

real number. Then S(p,r )n A f 0, i.e., there exists a E A suchI'
that L(p,a) < r . Consequently, L(p,A) = 0, i.e., p EA. This
proves that Cl'A £; A. To prove the other inclusion, let p E:A,
i.e., L(p,A) = O. Let S(q,r) be any open sphere containing p.
Since (X,T(B),L) is locally nice at p, therefore there exists
r' > 0 such that S(p,r') ~ S(q,r). Since L(p,A) = 0, therefore
there exists a E: A such that L(p,a) < r ". Hence S(p,r') n A f 0,
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i.e., S(q,r)n A ¢ ~. This implies that p ECl*A. Now, if
(X,T(B*),L) is semimetrizable then it is symmetrizable and con-
sequently (X,T(B),L) is locally nice. ,

Examp 1 e 6.5, given later, illustrates that the assumption
"locally nice" in Theorem 4.3 can not be replaced by the weaker
condition "nice".

It is proved in Davis, Gruenhage and Nyikos ([1J, Example
3.1) that there is a regular symmetrizable space X which is not
subparacompact and contains a closed set which is not a Go-set.
This will not occur if the symrnetrizable space is sizable (Theo-
rem 4.4). Davis, Gruenhage and Nyikos constructed (in [1J, exam-
ple 3.2) a symrnetrizable space which is not semimetrizable. It
is also known that all T2 first countable symmetrizable spaces
are semimetrizable. The following theorem shows that a symme-
trizable sizable space is indeed semimetrizable. Note that a si-
zable space need not be first countable. Actually, the Radial
Interval Topology constructed in Steen and Seebach [4J is a si-
zable space which is not first countable.

4 .4 . THEOREM. Let (X, T (B) ,L) be. 0. .6yrmre..ttu:.zo.bte. .6,[zo.bIe.
.6pctee.. The.n we. ho.ve. the. 6ottow-i.ng:
(i) (X, T (B) ,L) -U .6emime.tJU.zetbIe..
(ii) Eve.ny d0.6 e.d .6et: ,[n X -i..6 0. Go -.6 et: ,[n X.

'"Proof. (i) Let A ~ X. Then CIA ~ A according to Theorem
'"2.3 (ii). To prove the other inclusion, let x EA, i.e.,

L(x,A) = o. Then L(x,Cl.A) = o. Since (X,T(B) ,L) is symrnetrizabJe
'"and CiA is a closed set in X, x E Cl.A. Consequently Cl A = A

and thus (X,T(B) ,L) is semimetrizable.
(if) Let A be a closet set in X. For each a -= A, let
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Vn(a) £B be such that a E V (a) and L(V (a» < 1/n. Let
n n

Vn = U {V (a) : a E A}. Then V is open and A <;; V . To prove~ noon n
IIV c.:;; A, let p e: n V • Then p e: V for each n E lli.Thereforen=1 n n=1 n n

there exists a e: A such that p e: V (a ). Thus L(p,a ) ~n n n n
L(Vn(~)) < 1/n. Hence L(p,A) = o. Consequently p e: ce. A. Hence

00A = Q V , i.e., A is a Go-set in X .•n-1 n

The following is our last result in this section.

4.5 THEOREM. The. So/tge.nn/te.y line. S ..iA .o-tzab.te. and not
.6 yrrme.tJUzab.te. Ino/t .6e.mime.tJUzab.te.J •

Proof. We proved before that S is sizable (Corollary 3.4).
To prove S is not semimetrizable, suppose on the contrary that
it is so. Then there exists a semimetric d for S. For each
point x e:S there corresponds a positive real number r definedx

a semimet-by r = d(x,(_oo,x» (note that xE¢ Cl.(-ClO,x)and d isx
ric on S). Let A = {xe: JR : r > 1/n}, n e:JN. Then the coi-n x
lection {A : n e:IN} forms a countable cover of the second cat-

n
regory space UR,T ), where T is the Euclidean topology on JR.u u
Thus some one of the sets A fails to be nowhere dense in

n
some integer me:JN, there is an interval (a,b)OR, T ), so for

u
in which Am is dense. Let aO e: Am n (a,b). Then
(a ,a +1) n (a ,b) n A .,.0. Let a1 e: A n (a ,a +1) n (a ,b). Then

00 0 m moo 0

we can inductively define the sequence (an)n=1 in Am such that
a < a 1'::;;a and la -a 1< 1ln, ne:lli. Since aoe:Ce.{a1,a",..},o n+ n no' L

d(ao' a1,a2, •.. ) = O. Thus there exists ke:JN such that
d(ao,ak) < 11m. Since ak e: Am' d(ak,(-oo,ak» = r > 11m. Conse-
quently d(ao'~) ~ r, i.e., d(ao,ak) > 11m which is a contra-
diction. This completes the proof that S is not semimetrizable.
But since S is a first countable Hausdorff space, S is not
symmetrizable. A
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§5. Nice and 1oca 11y nice 5 izab 1e spaces. This section is
divided into three parts. The first part will discuss the metri-
zability of the semimetrizable spaces which is induced by a si-
zable space (Theorem 5.2). The second part will discuss certain
conditions under which a sizable space will be locally nice
(Theorem 5.3). Afterwards, we shall discuss certain conditions
under which the spac~ (X,T(B*» will be a regular space (Theo-
rem 5.4, Theorem 5.5 and Corollary 5.6). The third pat will
discuss certain condition under which T(B) = T(B*) (Theorem 5.7~
Finally, we shall discuss the metrizability of a sizable space
(Corollary 5.8 and Theorem 5.9).

5.1 THEOREM. Let (X, T( B) ,L) be. a. .6e.paJtable. loe.a.-U.y n.ice
.6.iza.ble. .6 pa.c.e.. T he.rr. (X, T ( B;':» Ls a. .6 eco rr.d courr.ta.ble. .6pace ,

Proof. Let D SX be a countable T(B)-dense set in X.
Define Bl as follows:

B1 = {S(p,r) : p Ei: D, r is a positive rational}.

Let U e:T(B;':)and let ye: U. Then there exists a positive ratio-
nal number r such that S(y,r) £ U. Since S(y,r) is a T(B)-open
set, there exists v e: B such that y e: V £ S(y ,r/4) and L(V) <

r/4. Since D is T(B)-dense, there exists p e: V n D. This implies
that p e: S(y,r/4), i.e., L(p,y) < r/4. Consequently, we have

1 1 1Y e: S(P'2r). To prove S(P'2r ) £ S(y,r), let z e: S(P'2r ).
Then L(p,z) < ~r. Applying Theorem 2.4 we get L(z,y) ~ L(z,p)

1+L(V) < r. Hence z e:S(y,r). Thus we have found that y ~ S(p,~)
£U.

Consequently, B
l

is a base for (X,T(t':». Since Bl is
obviously countable, (X,T(B*» is second countable. A
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The following theorem shows some conditions under which
a sizable space will be submetrizable.

5.2 THEOREM. Let (X, T(B),L) be. a .6e.paltable. loe.a..U..y...
nie.e. J."Lzable. .6pace. and a.6.6ume. thas: (X, T (B" » -fA a lte.gulaJr.. J.> p:te.e..
The.n (X,T(B;"» L6 me.:tJUzable. and he.nce. (X,T(B» -fA a .6ubme.:tJU-
zable. .6pace..

Proof. Using Theorem 5.1, we get that (X,T(B*» is second
countable. Since (X,T(B*» is a regular T1-space (Theorem 4.2),

therefore by the classical theorem of Urysohn (see Willard [6J,
p.166), the space (X,T(B*» is metrizable. Since T(B*) s: T(B)
(Theorem 4.2),. the identity map i:(X,T(B» -+ (X,T(B;"» defined
by i(x) = x, x ~X, is continuous. Hence (X,T(B» is a subme-
trizable space. •

The following theorem shows that a sizable space can be
locally nice without being metrizable.

5.3 THEOREM. LeX (X,T(B),L) be. a J.>-<.zable..opac.e. sox-
-fA n--tng the. noUow-<.ng e.oY!.cUt-i..D n: 60lt aY!.y x -= X .the.Jl.e. e.xJ.A:t.o
I' > 0 J.>ue.htha.-t 60lt any I' < I' and 60lt any y e::S(x,r) .the.lte.

x x
e..w:tJ.J V e:: B .6uc.h .that [x ,y} ~ V £ S(x ,r) and L (V ) < r . The.n
(x,T(B),L) -fA loc.ally n-ic.e..

Proof. Let B~ = {S(x,r) : x e::X, 0 < r < r). Let
sCx,») &:B~ and y e::S(x,r). Then there exists a basic open set
V e:: B such that {x,y} ~ V <;; S(x,r) and L(V) < r-, If t = r-L(V)
then we claim that S(y,t) ~S(x,r). To prove our claim, let
z £ S(y,t), Le., L(z,y)< t. Then using Theorem 2.4 we get
L(z,x) ~ L(z,y)+L(V) < t+L(V) = r. This proves our claim. Now

1 .{} ( h) e::B~~ d e::S( h) C:S( )let h = 2" min t, I's:' Then S y, 1 an y y, - x ,r .
This proves that {S(x,r) : 0 < r < r } is a local base inx
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.'.(X,T(B~» at x. Consequently (X,T(B),L) is locally nice. !

The following three results show that a nice sizable
space may satisfy under certain conditions a high separation
axiom without being metrizable.

5 • 4 THEOREM. Ld (X, T (B) ,L) be. a toc.attlj nic.e. -6.£zabte.
-6pac.e. and te.:t fA: (X,'T' ( B~':» -+ OR, T ) wah T = the. EucLi.de.an to-

f U u
potoglj on JR and fA(x) = L(x,A}, x e:X, be. c.on.ti.nuOU-6 n0lt ill
ctM e.d pltOPe.!t -6ub-6ers A .£n. (X,T (B~':)). Then. (X,T (B~':» JA a T4-
-6pac.e.. Molte.ove.!t, e.Ve.!t1j UMe.d -6d.£n (X,T(B1:» JA a zeAo -6e.:t.£n
(X,T(rj':».

Proof. Let A,B be any two closed proper disjoint sets in
(X,T(B*». Define the funcion f:(X,T(B*» -+ GR,T ) by f(x) =u
L(x,A)/(L(x,A)+L(x,B», x EX. Then f is well defined because
of Theorem 4.3 and moreover f is a corrti.rueus function with
A = f-1(0) and B = f-1(1).Consequently, (X,T(B*» is a T4-space
and moveover, A,B are zero sets in (X,T(B*». •

5.5 THEOREM. Le.:t (X,T(B),L) be. a nic.e. -6,[zab.te. -6pa.c.e.
-6~61j.£n.g the. fioUow.£n.g c.ond-i;U,on:.£6 L(x,S(p,r» = 0 then
L(x,p).$- c: (x,pe::X, r > 0). The.n (X,T(B~':)).£-6a T3--6paC.e.·

Proof. Since (X,T(B*» is a T1-space (Theorem 4.2), it
~.suffices to prove that (X,T(B"» is a regular space. To do this,

let A be a T(B*)-closed set and let p EX-A. Then there exists
q £ X,r > 0 such that pe:: S(q,r) ~ X-A. Since L(p,q) < r,

1 .*t = r-L(p,q) > O. Let h = L(p,q)+'2 t. Then p e:: S(q,h) S C! S(q,h)
~S(q,r) S X-A (we have used the condition stated in the Theo-
rem for C£.~·;S(q,h)S S(q,r». This completes the proof that

s,(X,T( S'» is a regular space. !
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The following result is an inmmediate corollary to the
above theorem.

5.6 COROLLARY. Let (X,T(B) ,L) be. a ~u.e.e.-6-t.zable. -6 pac.e.
Let {x e:: x: L(x,p) .....<; r} be. c1.o-6e.d -t.n (X,T(Bi:» n0ft ali p e: X
and ali r > o. The.n (X, T (B

i:» ~ a T 3~.6pac e. A

To present our last result in this section, we need the
following definition. Let (X,T) be a topological space and let
A S X, then A is said to be T-paJtac.ompact fte..tative to X if
every open cover of A by members of T has a locally finite (in
X) refinement by members of T.

5.7 THEOREM. Let (X,T(B),L) be. a n.[c.e. .6-t.zable. .6pac.e

and let (X,T(B1,)) be. Hau6doftnn. In e.ac.h T(B)-c1.o.6e.d pftOpe.Jt .6ub-

-6 ex 06 X ~ T (B1
' ) -paJta.C.ompact fte..tative. to (X, T (B~") ) , the.n

T(B) = T(B1
'). Mofte.ove.Jt (X,T(B» -U a T4-.6Pac.e..

Proof. Since T(B*) S T(B) ttheorem 4.2), it remains to
.f.prove that T(B) sT(B"). To do this, let F be a closed proper

set in (X,T(B». Let p EX-F. For each x e::F, there exists
y EX, r > 0 such that x E S(y ,r ) c .r«, .r ) and p ¢x x x x - x : x
CI*S(y ',r ) (this is because (X,T(B*» is a Hausdorff space).x x
Let C = {S(y ,r ) : x En. Then r. is a T(Bi:)-open cover of F.-v xx tV

Thus there exists ~' = {Ua: a L~} a locally finite (in (X,
T(8~») refinement which covers F and such that Ua e:: T(B*) for
all a. e:: t.. Let U = U {U .: a. E ~}, then U e::T(B~") and p ¢ U.* a. .'.Let M = Cl U, then F SUs: M and M = U {C,t'U : a E l1}, becausea.

.f.~' is locally finite in (X,T(B"». Since ~' is a refinement of
~ and p ¢ Cl'S( x,rx) for all x e:: F, therefore p ¢ Cl~:Ua for all

a. e:: ~; hence p rI:. M. This implies that p e:: X-M S X-F, F S U and
U n (X-M) = 0. Hence F is a T(B~':)-closedset. Consequently
T(B) = T(B~':).
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The above proof also shows that (X,T(B»is a regular space.
To prove that (X,T(B» is a normal space, let A,B be two

closed proper disjoint sets in (X,T(B». For each x E A, there
ex ists y e:: X, r > 0 such that x&:: S(y ,r ) set S(y ,r) andx x x x x x
B n cl S(y ,r ) = 0 (this is because (X,T(B» is a regular space).x x
Let ~1 = {S(yx,r) : x e=A}, then ~1 is a T(Bl':)-open cover for A.

Therefore there exists R,~ = {Va: a e= M a T(Bl':)-open locally fin-
ite (in (X,T(B*») ~efinement for ~1 which covers A. Let
V = U {Va: a EtI}, then V is open in (X,T(Bl'=» and A S V. Let
H = cf..l':V = U{C,{':V : a e:tI}, then H is a T(Bl':)-closed set anda
A S V S H. Now, it is clear that A SV, B S; X-H and V n (X-H) = 0.
Therefore (X,T(B» is a normal space. &

Actually we can strengthen the conclusion of Theorem 5.7
to deduce that (X,T(B» is a binormal space.

The following result in an immediate corollary of Theorem
5.2 and Theorem 5.7.

5.8 CORQLLARY. Le:t (X,T(B),L) be. a. loc.aU..y nic.e. .6iza.bte..

.6e.panabf..e .6pa~e.'and f..e:t (X,T(B*» be a Ha.u.6do~66 .6pac.e.. Le:t

e.ve.tuj T(B)-c.f..0.6e.d p~op~ set: in X be. T(B:':)-pa.Jta.C.ompac.:t ~e.f..a..:tive.

to (X,T(B~». Then (X,T(B» i.6 a me.tnlzable. .6pac.e.. ,

We observed that a sizable space can be locally nice by
putting some condition on the size function. However, the author
shows in [2] that a sizable space can be locally nice by putting
certain conditions on the topological space itself. The follow-
ing theorem is obtained in [2].

5.9 THEOREM. Le:t (X,T(Z3),L) be. a .6izable. c.ounmbly c.om-

pac.:t .6pac.e. The.n it i.6 loc.aU..y nic.e. and .6 e.pCVl.able.. MoJte.ov~,
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T(B) = T(B*) and (X,T(B» ~ a m~zable ~pa~e .•

§ 6. Examp 1es. We start this section with the following exam-
ple.

6.1 EXAMPLE. TheJl.e eUJ.:,:t6 a ~ize 6unc.Uon L:(XxX) U B-+

[0,00) and theJte eUJ.:,t two bM.[~ open. ~et6 u.v E: B ~u~h thiu:
u c= V and L ( U) i L ( V ) •

Proof. Let X =:R, B = {(a,b) : a < b}, L(x,y) = \x-y\,
x,y E: X, L«a,b» = feb-a), a < b, where f:(O,oo)-+ (0,00) is any
function with f(t) ? t and lim inf f(t) = 0. Then (X,T(B),L(f»
is a sizable space. For ex~~e, if we take f(t) = max{t,8t-t2},
t > 0, then f will generate a size function on (X,T(B» with
L«0,8» = 8 and L«0,4» = 16. Notice that U = (0,4) s V =
(0,8); U, V e: Band L (U) I L (V) • •

6.2 EXAMPLE. Let (x,T(B),L) be a .6izable .6pa~e. Then.
s,

B" need not 60Jun a bMe 60Jt any topology on X.

Proof. Let X = [O,lJ. Define B as follows:
B = {{0},{1},{2-n}: n£JN} U{(a,b): (a,b)S;(2-n,2-n+1): nEJN}

Then B is a base for some topology T(B) on X. Define L as fol-
lows:

L(1,x) = L(x,l) = x(1-x)+2 if x £ U (2-2n,2-2n+1);
n=1

oou[-2n-1 -2n]= L(x,l) = x(1-x) if x € 2 ,2 ;n=o

00

L(1,x)

L(x,y) = Ix-yl, otherwise.
Define also

L«a,b» = b-a, (a,b) €:B)
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L({O}) = L({1}) = L({2-n}) = 0, ne:lli.

Then L is a size function for (X,T(B)). Let r be any positive
real number such that r < 1/4. By doing some calculations, one
finds that

1 1 J n OOu [-2n-2 2-nJS(1,r) = «O,~l-t)) U (~{1+t),1) ( 2 ,2 ),
n=o

where t = (1- 4r) 1 / 2. Let m be an even natural number such
\

that 2-m < r. Then S(2-m,r') =(2-m_r',2-m+r'), r' > 0. Now if
-m -m -m+l -mve::sO ,r') n (2,2 ), then L(v,l) > 2. Hence S(2 ,r') cf=

S(l,r) for all r' > 0. Consequently B* can not be a base for
any topology on X. Therefore (X,T(B),L) is sizable but not nice .•

6 • 3 EXAMPLE. Let (X, T(B) , L) be a £.oc.ctU.y rUce -6.£zab£.e

.opac.e. Then (X, T(Bl':)) .£-6 not. nec.eMaJrily a HilLIAdoJtnn -6pa.c.e.

Proof. Let X = [0,1], B = {{0},{1}, (a,b): O<a<b<l}.
Define L(x,y) = Ix-yl if xy ~ 0, L(x,O) = L(O,x) = x(l-x) if
x ;ii, L(O,l) = L(1,O) = 1 for x,y &: X, and define L«a,b) =b-a,
° < a < b < 1, L({O}) = L({l}) = 0. Then B is a base for some
topology on X, and moreover L is a size function for (X,T(B)),

i.e., (X,T(B),L) is a sizable space. By doing some calculation
, [1. 1 1/2we flnd that S(O,r) = O,~l-t)) U (~l+t),l), where t = (1-4r)

and ° < r < 1/4, and S(l,r) = (l-r,l], ° < r < 1. Therefore
S(O,r)n S(l,r') ;i 0 for every r,r' > 0. Hence (X,T(B*)) is not
Hausdorff. Notice that (X,T(B)) is locally nice and hence nice ••

The following result is an immediate consequence of Exam-
ple 6.3, Theorems3.7, 4,2, 4,3 and 4.5, and the theorems of
Section 5.

6.4 EXAMPLE. (i) A Jte.n.£ne.ment on a -6emime.vuzable tope-
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lo 9 Y need not be -6e.m<ine.tJUzable.
(ii) A topology weak~ .then a -6~zable one need not be -6~zabte.
(iii) Let ex, T(B) ,L) be a loc.ally Mc.e -6~zable -6pa.c.e. Then we

have the 6oUowing:
a) (X,T(B*» need not be ~egulan.
b) The 6anc..t.ion L(-,A):(X,T(B1,»+ OR,T ) need not be

u
eo nlinuoU-6 60lt all A eros ed m (X, T ( B1

') ) •

c) The sei: {x e::X: L(x,p) ~ r} ~ not alwa.tj-6 c.l0-6ed m
(X ,T (B1: ) ) (p e::X, r > 0).

The following example shows that the assumption of local-
ly nice in Theorem 4.3 may not be weakened.

6.5 EXAMPLE. The.Jte ewtl.> a Mc.e .6~zable nOYl.-6epa.Jta.ble
.6pac.e (X,T(B),L) ~n w~h" Ls not a c.l0-6U:~e OP~OIt and
(X, T (B1:» ~ a -6epaJl.able. .6pac.e..

Proof', Let X =:INU [O,lJ, B = {{x} : x e::X}. Define L as
follows:

L(x,y) = I x-y l , if x,y e::[O,lJ or x,ye:::IN;
L(a,n) = L(n,a) = lin, if a is irrational in (0,1) and n ~ 2;

L(b,n) .= L(n,b) = 1, if b is rational in [0,1J and n ~ 2;

L({x}) = o of x e:: X.

Then L is a size function for the discrete space (X,T(B». If
r is a small positive real number, then

S(b,r) = (b-r,b+r)n X, {f b is rational in [0,1];

S(a,r) = (a-r,a+r) U {n:n e::JNand lin < r l , if a is irrational
in (0,1), 0 < r < 1-a;

S(n,r) = in} if n ~ 2, r < lin.

It is clear that B* is a base .for some topology on X (i.e.
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(X,T(B),L) is a nice space), and it is also clear that (X,T(B),L)
is not locally nice (in particular at irrational points in (0,1».
If A =:IN then A =:IN U {x : x is irrational in (a,1)} and ~ = X.
This shows that the operator A is not a closure operator. Since

~',the set of all rationals in X is dense in (X,T(B », then
(X,T(B*» is a separable space. A

We finish with two examples on sizable, semimetrizable and
symmetrizable spacesM

6.6 EXAMPLE. ThVLe. exisrs a .6e.mime.:tlL£zable. f.6yrmJe.:tIL£-

zable.) .6pa.c.e. wfUc.h JA no .6iza.ble..
Proof. Let (X,T(B),L) be the sizable space constructed in

Example 6.3. This space is locally nice. Accordirig to Theorem
4.3, the space (X,T(B*» is semimetrizable with the semimetric
L, and hence it is symmetrizable. Since (X,T(B*» is not Haus-
dorff, it can not be sizable, by Theorem 3.7. A

6 •7 EXAMPLE. ThVLe. excsrs it .6yrmJe.:tIL£zable. Hcuu,do Itn 6
.6pa.c.e. Y whic.h Ls not .6izable..

Proof. This example Y can be found in Davis, Gruenhage
and Nyikov ([1J, Example 3.2). Since Y contains a point which
is not a Go-set, it can not be sizable. A
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