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ON THE RELATION BETWEEN CONNECTION AND SPRAYS
by

Ieke MOERDIJK and Gonzalo E. REYES

A well-known (and simple) result of linear algebra

§ .
T 82R" is com-

asserts that any bilinear symmetric form RxR
pletely determined by its values on the diagonal: letting
o(t) = 6(t,t) be the quadratic form associated to §, we

may recover the original form § simply as the polar form

of o, i.e. §(tq,ty) = %(0(t1+t2)—0(t1)-0(t2)).

This result has been '"lifted" to differential geometry
in Ambrose, Palais, Singer (1960), by showing the existence
of a natural bijection between symmetric affine connections
(which play the role of bilinear symmetric forms) and sprays
(which play the role of quadratic forms) on a smooth finite-
dimensional manifold. To state this result in a precise way,
let us recall some of the standard terminology and notation.

Let T(M) ™ M be the tangent bundle of M. It has a
canonical vector bundle structure over M with fiber Rm,
where m = dim(M)..The second tangent space TZ(M) = T(T(M))
has two vector bundle structuresover T(M), givenby T(nM)
and TT (M) respectively. Similarlv, the fibered product
T(M) ﬁ'T(M) again has two different vector bundle structures

over T(M), given by the canonical projections p; and P,-
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T (M) ﬁT(M) ﬂ—»T(M)

P ™

i
TM) — ML M

An affine connection on M is a map

T(M) ¥ T(M) VAR V)

of vector bundles over T(M) with respect to both structures
(i.e. V is a smooth map such that mwpyeV = Pq» T(my) oV = Py,
and V is linear with respect to both structures). Writing
Z:TZ(M) > TZ(M) for the symmetry (or twist) map, we call V
symmetrio if for all (tvtz) e T(M) i T(M), V(t],tz) =
z(v(tz,t1)).

The importance of connectionsin differential geometry,
mechanics, relativity theory, etc. is well-established, and
it is unnecessary to elaborate this here. Is should be point-
ed out, however, that for many purposes (such as covariant
differentiation, geodesics,...) the simpler notion of a
spray (french: gerbe) suffices. Furthermore, sprays appear
quite naturally in these domains, for instance in the theory
of dinamical systems in situations where kinetic energy and
field of forces are homogeneous of the same degree (cf. God-
billon (1969)). A spray on a manifold M is a smooth map

TM) %> T2 (M)

which is symmetric section of T(my) (i.e. Zooc = o, and
T(my)eo = id, or equivalently TreM)°9 T id), which is homo-

geneous in the sense that
o(ast) = a*(a@a(t)) (aeR, t eT(M))

where on the right-hand side, - refers to the nT(M)-vector

bundle structure and © to the T(my)-one (cf. e.g. Lang(1972)).
Notice that a spray is a particular case os a second-

order differential equation (i.e. of a symmetric vector
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field T(M) » T(T(M)), which suggests the interest of this no-
tion in mechanics.

We can now formulate the result of Ambrose, Palais,
and Singer.

THEOREM. (Ambrose, Palais, Singer (1960)). Let M be a
smooth finite dimensional manifold. There {8 a natural bi-
fection between symmetric affine connections

T(M) % T(M) —V> TE(M)

and sprays T(M) -5 T2 (M) given by o(t) = V(t,t).

The aim of this paper is to generalize this theorem
beyond the case of smooth finite-dimensional manifolds, for
example to manifolds with singularities (such as arbitrary
fibered products of manifolds), and spaces of smooth func-
tions. Let us explicitly formulate the latter case here.
Let M and N be smooth manifolds, and let C”(M,N) be the
space of smooth functions from M to N. The natural way of
defining the tangent space is as TC” (M,N) =deme(M,TN),
with the canonical projection T _« = (m )*:Cm(M,TN) >

o C (M,N) N

C (M,N) induced by ™ via composition. This gives a ''vector
bundle" over C*(M,N). One may then define (symmetric) af-
fine connections and sprays on Cc*(M,N) as smooth maps (in
the appropriate sense to be explained in section 3):
C™(M,TN) Cw(MfN)C”(M,YN) V.M, TN), respectively
c”(M,TN) - C”(M,T°N). In section 3, we will explain this is

detail, and prove.

THEOREM. ("Ambrose-Palais-Singer for function spaces')
Let M and N be smooth manifolds. There 44 a (naturatl) bijec-
tion between symmetric connections V on Cw(M,n) and sprays
o on C”(M,N), given by o(f) = V(£,f) for f < C"(M,TN).

As will be pointed out, this theorem is more general
than the preceding one, not every (symmetric) affine conec-
tion on C"(M,N) comes from one on N via composition.
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The original proof of Ambrose, Palais, Singer (1960)
proceeds by locally integration the spray (considered as a
second-order differential equation), and the proof cannot
simply be generalized to the case of spaces c”(M,N) of
smooth functions. Instead, we will proceed by adapting the
functorial approach to algebraic schemes (as in SGA 3, De-
mazure (1970), Demazure § Gabriel (1970)) to differential
geometry, much in the spirit of Ehresmann and Weil. We
hasten to point out, however, that the reader is not assumed
to be familiar with the theory of schemes (as developed in
the references just mentioned). But for those readers to
whom this material is known, we mention here that our meth-

od also gives the following result.

THEOREM. ("Ambrose-Palais-Singer in algebraic geom-
etry") Let X be a scheme (over a f§ield k). There L8 a nat-
unal bijection between symmetric affine connections
T(X) ¥ T(X) > T5(X) = T(T(X) and sprays T(X) < 2 (X),
given by o = VoS§ whene T(X) N T(X) § T(X) 48 the diago-

nat.

Furthermore, our method yields a corresponding result
for schemes over an arbitrary base scheme, as well as one
for spaces Hom(X,Y) of morphisms from one scheme to another.

§1. Microlinear spaces.

As said in the introduction, algebraic schemes over a
field k (or over a fixed base scheme S) can be considered
as set-valued functors on a category of k-algebras. We will
here follow a similar road, but starting from a more gener-
al setting so as to include both algebraic schemes and

C”-manifolds.

1.1 /A-functors. Let k be a field, and let /A be a subcate-
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gory of the category of k-algebras. For A,B A, Homm(A,B)
denotes the set of morphisms in A, or A-homomorphisms, from
A to B. A need not be a full subcategory, i.e. Homm(A,B) may
be a proper subset of the set Hom, (A,B) of all k-algebra
maps A + B. We will assume that A has the following proper-
tie:

(A1) A has binary coproducts.

For A,B « A, we write A R B for their coproduct in the
category A. This need not be the same as the coproduct A ? B
in the category of all k-algebras. We will impose some more
conditions on A as we proceed. But for concreteness, the read-
er may just think of A as being the category of all finitely
generated k-algebras. (Later on, we will consider examples
where A consists of rings of smooth function on manifolds,
see section 3).

An A-functor is a set-valued functor A X Sets. A mor-
phism of IA-functors is of course a natural transformation.
So if X,Y:A -+ Sets are two A-functors, a morphism t:X » Y
consists of a collection of functions TA:X(A) » Y(A), A run-
ning over the objects of /A, such that for every A-homomor-
phism A + B we have tp°X(h) = Y(h)etr,. If X and Y are A-func-
tors, we write A(X,Y) for the set of morphisms from X to Y.

An important class of A-functors are the representable
ones, i.e. A-functors of the form

A = HoqA(A,-):A + Sets.

Note that A(A,X) = X(A), A(A,B) = Hom, (B,A).
Another A-functor which plays a central role is the
underlying set functor, which we denote by R,

R:A + Sets, R(A) = |A| = the underlying set of A.

Since each A « A is a k-algebra, it is clear that R is a k-
algebra object in the category of A-functors, with "point-
wise'" operation (i.e. for example addition +:RxR + R is the
morphism given by taking +A:R(AJXR(A) + R(A) to be the ad-
dition of A. RxR is the product, see 1.3(a) below). R need
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not be representable, but if A has a free object on one gene-
rator, this object will represent R. So R = fTET in the case
where A is the category of initely generated k-algebras. (A
may have a free object on one generator different from k[x],
as in the case of rings of smooth functions considered in
section 3).

For the particular case where A consists of all fin-
itely generated k-algebras, every scheme (X,OX) of finite
type corresponds to an A-functor s(X):A + Sets defined by

s(X)(A) = Homk(POX,A) = morphisms Spec(A) » X.

So s(Spec A) = A. This gives a full and faithful embedding
of the schemes (of finite type) into the category of A-func-
tors. (The finite type assumption can be eliminated by choos-
ing for A a suitable category of '"models"). All this is ex-
tensively discussed in e.g. Demazure § Gabriel (1970).

1.2 Weil algebras. These are k-algebras of the form
Womak[Xg 0002, /1

where I = Mp+1 for some natural number p, and M = (x],,,,kn)

is the maximal ideal. We will assume

(A2) A contains all the Weil algebras, and all the k-al-
gebra maps of Weil algebras; and for each Weil algebra
W and each A A, A 2 W= A ﬁ W.

So coproducts in A are the same as coproducts of k-algebras
if one of the factors is a Weil algebra. Weil algebras of
the form k[x,,..
and it is useful to introduce some notation: we will write

.xn]/Mp+1 will occur very often in this paper,

& p+1
Jp(n) = k[x1,...,xn]/M .

and delete n when n = 1, i.e. J = k[x]/(xp+1).
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1.3 Some standard constructions of A-functors.

(a) If X, Y are A-functors, the product XxY is simply the
A-functor defined by taking "pointwise" the product of Sets:

XxY(A) = X(A)xY(A).

Similarly, if X $2¥Y are morphisms of A-functors, the
fibered product X EY is the A-functor given by

KFY) = X0, X Y = () € XWXY (M) 0400 = 4 (1)

More generally, the inverse limit lim Xi of any system (Xi)i

of A-functors can be constructed in this way:
(Lim X’l)(A) = lim Xi(A)-

(b) If X and Y are A-functors, the function space YX of /A-
morphisms X - Y is the A-functor defined by

YX(A) = A(AxX,Y).

For any A-functor Z, there is a canonical isomorphism

(YX)Z N Y(XXZ)'
In particular, evaluating this isomorphism at A = k =« /A (by
(AZ2)) we get

ACZ, YY) = A(ZxX,Y). (1

(c) Let X be an A-functor. The tangent bundle of X is defined
to be the function space XJI,
X1 = xF[e)

T(X) = (2)

where k[e] is the ring of dual numbers. So for A =A, T(X)(A)
= X(A[e]) where Afe] = A P k[e] € A by (A2). There is a cano-
nical base-point projection
: m
T(X) —> X
induced by the A-algebra map A[e] —gAa-A, 0,(e) =0, i.e.
(my)p = X(04):T(X)(A) = X(A[e]) » X(A), for A=A; and a
zero-section
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0
X 2 10
i
induced by the A-algebra map A CJ&*'A[E], i.e

(0 X(i,):X(A) ~ X(A[e]).

XA~
This construction is obviously functorial: a morphism X Ty

of A-functors induces a morphism

T(X) T(Y)’ (dO)A = OA[E]

X’
with fibered products:

with nYOdo = gom and dooOX = 0Y°0. Furthermore, T commutes

T(X? Z) = T(X) T?Z)T(Y)
(and more generally with all inverse limits).

(d) As a generalization of the tangent bundle of an A-func-
tor, we can define the jet bundle (a la Ehresmann) of an A-
functor, simply by replacing J, by Jp(n). For an /A-functor
X, we let

J
JB(X) = X PP

so JU (X)(A) = X(A J (n)), and as in (c) before there is a
4

w
canon1ca1 base point prOJect1on J (X) L By induced by
A J (n) —25 A, and a zero- sectlon X Ox, 4n (X) induced

by A —léa-A % Jp(n), and all this is again functor1a1 in X.
More generally, for any Weil algebra W, the canonical

k-algebra projection W + k induces a morphism

R A
WX, xk - x

for any A-functor X. called the W-prolongation of X. (For
the case of manifolds, these prolongations were defined in

Weil (1953), see 3.2 below).
1.4 Inverse limits in /A. Finite inverse limits need not exist
in /A. However, if (Ai)i is a finite diagram of algebras in

/A, we can compute the inverse limit in the category of k-al-
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gebras (this is just the inverse limit of the underling sets),
A = 1im A,. We will assume that if A is an object of A, then
it is the inverse limit of the A; in the category A. In
technical terms (cf. MacLane (1971)),

(A3) The inclusion functor A<> k-algebras reflects
finite inverse limits.

1.5 Microlinear spaces. The category of A-functors is really
too large to do geometry in. Accordingly, we will now re-
strict our attention to the class of microlinear spaces.
Intuitively, these are A-functors X which behave as if they
had local coordinates, at least with respect to maps of the
form W + X, where W is a Weil algebra:

DEFINITION. A microlinear space {or more explicity,
microlinear A-space) is an A-functor X such that for any
finite inverse limit diagram of Weil algebras {W b Xi}i€I’
W= 1limp W., the induced diagram of function spaces i
{(x" XWl}ieI is an inverse limit of A-functors: xw==;yh XM,

For example, the diagram

P
J3.(2) —Ls g,
ke | (1
J — >k

1

is an inverse 1limit (a fibered product) of Weil algebras
. 2 2
(where J; = k[e], J,[2] = k[eq,€e,], with el - €] = €3 =
€1€2 T 0, and p1(€1) = €= pz(“:z): P1(€2) =0-= P2(51))-
So if X is microlinear, we have a fibered product of func-

tion spaces corresponding to (1), i.e.

J1(2
T(X) ¥ T(X) = X 1440 (2)

which is essentially what is needed to define addition of
tangent vectors as a morphism T(X) e T(X) 3 T(X). (2) is a
special case of '"condition (E)" considered in Demazure (1970);
see also Mumford (1966), p.26. Any microlinear space satis-
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fies condition (E), but microlinearity is strictly stronger.
Some more inverse limits of Weil algebras like (1) above are

listed in the next section, see 2.1.

There is a plentiful supply of microlinear spaces:
1.6. PROPOSITION. (a) Let (Xj)jeJ be an arbitrany dia-
gham 0§ microlinean spaces. Then LimJ Xj L4 again micro-
Linean.
(b) 1§ X 44 a micrnolinean space, Zthen s0 L4 xY for any /A-
functon Y.
(c) The undenfying set functon R {s a microlinean space.
(d) For everny B e A, the nepresentable /A-functor B 4s a micnro-
Linean space.

Proof. (a) and (b) are simple general properties of in-
verse limits. For (c), let {Ww iy, Wi} be a finite diagram
of Weil algebras, W = lim W, . Then for each A A,
(AQW AW 2
and hence an inverse limit in A, by (A2) and (A3). But R (A)=
AQW=AgQW, and similarly for R"i(A), so (c) follows. The
proof of (d) makes a similar use of (A2) and (A3), since for

any Weil algebra W, B" = Hom (B, W® -). A

is also an inverse limit of k-algebras,

It is easy to see that in the case of A = all finitely
generated k-algebras, the A-functor s(X) corresponding to a
scheme X is a microlinear space (cf. the example al the end
of 11}

1.7 R-module structure. (a) Let E : X be a morphism of micro-
linear spaces. An R-module structure on E 4 X is given by
morphisms E%IE:-E, RxE + E, and X 8 E over X which make the
appropriate diagrams (expressing that these maps constitute
an R-module structure on the fibres) commute. Equivalently,
for each algebra A €A we have maps +A:E(A)X?A)E(A) + E(A),
-A:AXE(A) + E(A) and OA:X(A) + E(A) over X(A) which give the
fibers of pA:E(A) + X(A) an A-module structure, and this
structure is natural in A (e.g. for - this means that for
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f
any A-homomorphism A + B the square

AxE(A) — 2 L B(A)

lE(f)
BXE(B) ——B 5 E(B)

leE(f)

commutes, etc.).

If E® X and F 1 X both have such an R-module struc-
ture, a map ) E over X (i.e. pp = q) is R-lzinear if for
each A A, ¢A FgA) > E(A) induces A-linear maps on the
fibres: qA (x) $2a35 pA (x), for x =X(A).

(b) If E B X has an R-module structure, and Y f X is
a morphism of microlinear spaces, we obtain an obvious R-
module structure on E Y + Y, called the induced R-module
structure. 1f E 5 X and F % Y both have an R-module struc-
ture, an R-linear map from p to q is a pair (¢,f) with
F $ By Y £ X, p¢ = fq, such that the map F LQLJ—Ella—E X Y is an
R-linear map from F 1Y toE § Y - Y equipped with the in-

duced structure.

X

(c) PROPOSITION. I§ X 448 microlinean, then TX > X

has a canonical R-module structure, which {8 natural in X,
in the sense that fon Y -f> X, the pairn (Y > £ X, TY df TX) 4s
an R-Linear map from my Lo my.

Proof. This result can already be found in Demazure
(1970) . with "condition (E)" instead of microlinearity, but
for the convenience. of the reader, we outline the proof.
The structure is defined as follows. The zero section XSQTX
has already been described: X(A) —2»X(A[e]) = T(X)(A) is
simply X(i,) with A <A, Ale] being the canonical A-algebra
map. Multiplication -A:AXT(X)(A) + T(X) (A) is the function

AxX(A[e]) » X(A[e]), (a,x) = X(u,)(x),
where ua:A[e] + A[e] is the A-algebra map given by u, (€) =ae.
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It is for the definition of % that we use microlinearity:
if X is microlinar, the fibered product (1) in 1.5 gives for

each A «A a fibered product of Sets

X(A8J,(2)) _MABRY) | X(A8J,)

X(A@pz) (TTX)A

X(A®J,) ("x)a > X(A)

let 6:J,(2) = k[€1’€2] +~ k[e] = J, be the k-algebra-map
iven by 6§(e.) = €. Then +,:X(A x X(Ale + X(Ale is
given by §(e;) ATX(ALED) 2 X(ALE]) + X(A[eD)
defined by

*A(t1’t2) = X(AQG)(<t],t2>) s

where <t ,t,> = XU\@J](Z)) is the unique element with
X(Aéapi)(<t1,t2>) Tutyie It is routine to check that this
indeed defines an R-module structure which is natural in X,
as stated in the proposition (the fact that (f,df) is R-

linear is an easy consequence of naturality).

(d) REMARK. If E R X is equipped with an R-module
structure, then we obtain an R-module structure on the mor-
phism EY—EX xY for each A-functor Y in the obvious way. (For
example, addition +:EY;YEY + EY is the morphism
gY x, EY = (E;E)Y _£12L+ EY, where + is the addition of the

XY
given R-module structure on p.

1.8 Vector bundles. (a) Let E E X be a morphism of micro-
linear spaces. The fiber tangent bundle (or '"'vertical tan-
gent bundle") is defined as the fibered product TX(E) =
XT?X)T(E)

Ty (E) ——— T(E)
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So Ty(E)(A) = {t = E(A[e]) | dp,(t) = 0} (recall that dp,(t)
= 0 can be unwound as PA[E](t) = X(i °0A)(pA[ ](t)), with
A s, Ale] and A[e] O, A as before).

(b) If E ® X as in (a) is equipped with an R-module
structure, this gives an associated R-module structure on
T(E) 135 T(X) by remark 1.7(d) (since T(X) = XJ1), and hence
we obtain an induced R-module structure on T (E) "p, x by
1.7 (b). Explicitly, the R-module structure on T (E) B, x
can be described as follows:

(i) the zero section 0:T(X) = T x (E) = T(E) is the composite
x % e % 1.
(ii) the multiplication RXTX(E) + Ty(E) is given by the

components
*ASAXTy(E) (A) » Ty(E)(A) = E(A[e]), (a,t) a*p(e]t

where on the right-hand side, 'A[a] refers to the multipli-
cation of p, RxE — E, evaluated at Ale] = A.
+

(iii) Similarly, the addition TX(E)XTX(E)'+ TX(E) is given
by the components

Ty (E) (A) xay Tx (B) (A) AT B (W), () Y1'Ale] f2e

where again, on the right-hand side tales refers to the ad-
dition EiiE of p evaluated at A[e] & A (this makes sense

since TX(E)(A)X?A)TX(E)(A) < (EiE)(A[s])).

(c) DEFINITION. Let E® X be a morphism of microlinear
spaces equipped with an R-module structure, as above. E-R X
is called a vector bundle if the canonical map E§E<g TX(E)
is an isomorphism, where o is defined by components

0, (E(A) g EQ) + Ty(B)(A), oy (eq,e5) =E(i) (e7) * e-E(ip) ())

X(A)

with + and « referring to the R-module structure on E 14 X,
i.e. the A[e]-module structure on the fibers of
E(A[e]) » X(Ale|), and A JﬁA[e] as before. Note that o is bi-

linear (i.e. each o is A-bilinear).
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1.9 LEMMA. Let EX X be a veeton bundte as in (c) a-
bove.
(i) For any morphism of micholinearn spaces Y + X, the 4in-
duced structure (1.7(b)) on EiY + Y {4 again a vecton bun-

dee.
(ii1) Fon any A-functor Y, the comnesponding structure on
EY » x¥ (1.7(d)) 44 again a vector bundle.

Proof. Straightforward verification.

1.10 PROPOSITION. Let X be a microlinear space. Then
T(X) X x equipped with the canonical R-bundfe structurne of
1.7(c) 44 a vector bundle.

Proof. Write A®J,8J, = A[EI'EZ]’ and q; for the
Ale;]-algebra map q; = OA[Ei]:A[E1’EZ] + Ale;]. So for the
case where E = T(X), the fiber tangent bundle of 1.8(a) is
the A-functor

TIOOA) = s =X(A[eg,e,]) [ X(ay)(s) = 0 € TOYA) =X(Ale,DDY, (D)

and the map o has components
GAIX(A[‘:]])X?A)X(A[QJ) - X(A[€1:€2])
onA(t1,t2) = X(iA[€1])(t1) +€2'X(iA[€1‘])(t2),

where iAl:e1]:A[r»:1]‘—-> Aleq,e,], and + and - refer to the
A[ez]—module structure of T(X)(A[ez]) = X(A[e1,sz]). Now
given s € TXT(X)(A) as in (1) above, we claim that there are
unique t,t, = T(X)(A) with ("X)A(t1) = (NX)A(tZ) such that
s = aA(tl’tZ)' Clearly for t, we have to take

ty = X(a,)(s) = X(A[e ]).

To define t,, we use microlinearity of X. Observe that

m r1
k[e;] = k[e;]@k[e,)] _":2“’ k[e,] 8 k[e,] (2)
is an inverse 1limit of Weil algebras, where m(e1) = €4%€y, and
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ri(ei) = €5, r1(ez) =0 = rz(e]). Hence

X(ALeq]) HEORL x(afey ep)) KAOTLL x(afey e,))
X( X '
2

is an equalizer, and since clearly X(A@rI)(s-a(t1,OD =
X(A8r))(s-a(ty,0)) (where s-a(t;,0) is given by the A[ez]-
module structure of T(X) (A[e]]) = X(A[e1,ez])), there is a unique
t, e T(X) (A) with X(A@m)(t2)+a(t‘,0) = s. But by definition
of a, we have aA(tl’tZ) = X(A@m)(t2)+a(t],0), thus proving
the proposition. A

Working with vector bundles, rather than just R-module
structures, greatly simplifies the computations in the next
section, by the following result.

1.11 PROPOSITION. Let E 5 X and F $ X be vecton bundees
oven X, and Let E £ F be a moaphism with qf = p. Then f (%
R-Linean iff £ 48 R-homogeneous.

Proof. Suppose f is R-homogeneous, i.e. for each A € A
we have fA(a-e) = a-fA(e) for all ae A, e «E(A). To see
that f must be additive, take A = A and er,e) < E(A), and
let u = fA@J (2)(5 +E(1) (e )+eZ-E(1)(eZD v =oege
fA@J1(2)(E(1)(e1))+EZ A8J 1 (2)(E(1)(e2)), where AL+ A8J{(2)

A[EI’EZ]‘ By (1) of 1.5, we have a fibered product

(F(A@p1) ’ F(A@pz)) :F(A[E] »52]) :'F(A[E]])FE(A)F(A[EZ])-

But by homogeneity, F(A@pi)(u) = F(A@pi)(v) for i = 1,2,
and therefore u = v. Thus also F(u)(u) = F(u) (v) where
u;A[e1,sz] + A[e1,€2],u(e1) = u(e,) = €,. But by homogeneity
of f, with o as in 1.8(c), F)(u) = a(O,F(iA)fA(e1+e2)),
(where A<~AsA[e,]) while by definition F(u)(v) =
a(O,F(iA)(fA(e1)+fA(e2)). Since o is an isomorphism (1.8{c)),

we conclude that fA(e1,e2) = fA(e1)+fA(e2).
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§2. Connections and sprays on microlinear spaces.

The object of this section is to prove a generalization
of the theorem of Ambrose, Palais, and Singer (1960) on the
correspondence between affine connections and sprays, which
applies to any microlinear space over a given category A of
k-algebras satisfying the axioms (A1)-(A3) of the previous
section. Before going into this, however, we list some in-
verse limits of Weil algebras that we will need in the course
of the proof. (Some of these inverse limits also appear in
Koch (1983)). At the end of this section, the special case
of connections and sprays on algebraic schemes will be spel-
led out.

2.1 Some inverse limits of Weil algebras. Microlinearity will
be applied to the following inverse limits of Weil algebras.
(i) and (ii) have already occurred in the previous section.

The proofs that these diagrams are indeed inverse limits are

completely straightforward, and omitted.

(1) J1(2) ——J,

|
72| |

J] —— > k
If we write J,(2) = k[n1,n2], J; = k[e], then p; (n;) = &,
p1(n2) =0 = pz(nI) (this is diagram (1) in 1.5).
(i) J, EsJ 07, —lvJ 07
A1), 94 188y 9,8,

2

writing J; = k[e], J,8J; = k[e,e,], m(e) = e;-¢,,
ri(ei) =€, r](ez) =0 = r2(€1) (this is (2) in the proof
of 1.10).

(iii) J, e J

T
19894 = J,8J,

1
writing J, = k[&8], J,8J, as in (ii), s(n) = eq*e, 5 T is the
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twist-map t(eq) = €,, t(e,) = ¢4.

3 q1
——»J]@J1 —J

%2

(iv) J2

with s as in (iii), qq and q, the projections, qi(ei) = g,
q1(52) T = q2(51)~
W) I, Mues2) 29 5 es.(2) 87
2 2 2 ﬁ@jg* 2 2 2t
i

writing J,(2) = k[s,,az], J, as in (iv), m(8;) = 6°6;.

187, ——1——»J 187,87, ,
m@J1

_,J

(vi) J1

notation as in (ii).

(vii) J,(2) ™ J,087,(2) —‘-——»J 8J,(2)8J, ,

1
m@J1

J1(2), J‘ as in (i), m(ni) = €°Ny.

(viii) J,(2) —S>J1(2)8J1(2) I%%(Z)GJ](Z),

writing J,(2) as in (v), and J,(2) = k[A1,A2] = k[u1,u2],
J,(2)8J,(2) = k[Al,Az,u1,u2], s is given by s(8;) = Aj+u;
T is the twist-map.

2.2 Affine connections. (a) Let X be a microlinear space.
The iterated tangent bundle T(TX) has two vector bundle
structures over TX. Namely the usual tangent bundle
T(TX) s T(X) of proposition 1.10, and the vector bundle
structure given by 1.9(ii), i.e. obtained from the tangent
bundle structure T(X) X x by taking functions spaces:
rx) X, exy = T o0, 3

(b) T(X) T(X) also has two vector bundle structures
over T(X), both 1nduced from the tangent bundle structure:
(1.9(i)): T(X) ¥ T(X) 21 T(X) can be given the 1nduced structure
obtained by taklng the fibered product along T(X)-—ex, and
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™
T(X) ¥ T(X) ——sz(§) can be given the induced structure ob-
tained from T(X) —» X.

(c) An affine connection on X is a map
T(X) ¥ T 5 T(T(X)

which is a linear (or homogeneous, cf. 1.11) map of vector
bundles for both structures over T(X):

T(X)¥T(X) Y1) T(X)}T(X) VP (TX)
(1) \ / (2) \R %x
T(X) T(X)

(d) Let T(X) ¥T(X) L. T(X) §T(X) be the twist-map,
L = (nz,n1). There is a similar symmetry map on T(TX), which
we also call I, T(TX) 2 T(TX). Writing T(TX) = (xJ1)J1 =
XJ18J1, ¥ is simply induced by the symmetry map.J]6J1—1-J18J1
(occuring in 2.1(iii)). An affine connection V on X is call-
ed symmetric (or torsion free) if Vel = E°V,

(e) Let us rewrite this is terms of A-functors.
T(X) §'T(X) = X(A®J1(2)) (by microlinearity, cf. 1.5(2)),
and T(TX)(A) = X(A8J;8Jy). (mpy),:X(ABJ;8J )~ X(A®J,)
is the map X(Ateqa), w1th q as in 2. 1(1v), and (TwX)A is
X(ABJT, 8J,) — 2> il 2

nection V has components

X(A8J1). So a symmetric affine con-

V,iX(A8J(2)) = X(A®J,8J))

inducing A-linear maps on the fibers corresponding to (1)
and (2) in (c) above, and satisfying moreover X(A@r)ovA =
V,°X(A8%) with J, 8J, 1,00, 9, ¥ J,(2) the obvious
twist-maps.

2.3 Sprays. Let X be a microlinear space. The second-order
tangent space TZ(X) of X is the microlinear space
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J2
T,(X) = X ° .

The canonical projection TZ(X) —Bi-T(X) has components

(Py) a:T,(X)(A) = X(A®J,) » X(A8J,), (Px), = X(A@u), where
JZ-E J, is the quotient map (u(8) = e in the notation of
2.1). There is an obvious multiplicative action on the fibers
of nxopx:ngx)-+ X, RXTZ(X)AL T,(X), with components
AxX(A 8 J,) —*X(A@Jz), -A(a,t) = X(ua)(t), where (writing
J, = k[8] as in 2.1) AeJ, 1i’»AQJZ is the A-algebra map
given by ua(G) = a-§.

(b) A spray on X is a homogeneous section of Py i.e.
a morphism

T(X) 3 T, (X)

with pyeo = id, which preserves the multiplicative action
(in other words, each component OA:X(A8J1) - X(A@JZ) is
A-homogeneous, oA(a-t) = a~oA(t)).

(c) Since X is microlinear, a spray on X can equiva-

lently be defined as a homogeneous map
™ ¥ T(TX)

which is symmetric, i.e. oo = o, and commutes with the two
projections: T y°o = id = Tmyeo (this way of defining a
spray is perhaps slightly more common in the literature).
The equivalence follows immediately from the fact that, by
2.1(iii), the following diagram is a fibered product, where

A is the diagonal

T,(X) ———— T(TX)

| |

terx) <2234 L pexxrm .

2.4 THEOREM. Let X be a micrnofinean space. There 4is a
natunal one-to-one cornespondence between symmetfrdic afgine
connections V on X and sprays o on X, given by the formula
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X(A@S)(O’A(t)) & VA(tyt),
where t = T(X)(A), and Jzi J 83, as in 2.1(iii). (o 48
called the geodesic spray associated with V).

Proof. We first describe the correspondence.

(a) From connections to sprays: Given V, we define O
as follows. For t € T(X)(A) = X(A8J1), we note that by def-
inition (with q; as in 2.1(iv)) X(A@q1)(VA<t,t>) =
VA(n1<t,t>) = VA(t) = VA(n2<t,t>) = X(A®q;) (VA<t,t>). But
by 2.1(iv),

X (A8
X(A0J,) XA8s X(A@J1@J1)—£—ﬂLX(A®J1)
X(A8q,)

is an equalizer. So there is a unique u EX(A@JZ) with
X(A®s)(u) = VA<t,t>. We define oA(t) = u for this u. One
easily checks that o satisfies the conditions of 2.2(b).
(Note that we did not use the symmetry of V to define this
spray o).

(b) From sprays to connections: Here, we use the equal-
izer 2.1(v) of Weil algebras. Given a spray o and tangent
vectors t1,t2 < T(X)(A) with ("X)A(t1) = (nx)A(tz), consider
81°X(i) (£1)+8,°X(5,) (t5) = T(X)(A8J,(2)) = TN (A[6;,8,]),
where J,(2) = k[61,62] as in 2.1(v), and j,:Ac> A8J,(2).
Write v = cA@Jz(Z)(GI'X(jA) (t1)+62-X(jA) (tZJ) CTZ(X)(A@JZ(Z))
X(ABJ, @JZ(Z)). Then by homogeneity of o, X(A@Jzem) (v)
X(A@mGJz) (v) = X(A@JZGJZ(Z) @Jz), so by microlinearity
of X and 2.1(v) we cbtain a unique r € X(A@JZ(Z)) with
X(A®m)(r) = v. We let VA(t1,t2)_ = X(A®q)(r) for this r,
where JZ(Z) 2 J1 8J, is the canonical quotient map (q(di) =
€5 in the notation of 2.1(v), 2.1(ii)).

We have to check that V is indeed a symmetric affine
connection on X. Naturality of VA in A follows easily from
the uniqueness of r as given by microlinearity. V commutes
with the projections to T(X): we check the case of diagram
(1) in 2.2(c), that of (2) being similar. So we need to
check that for tht, € T(X) (A) as above,
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X(A8q)V,(t;,t,)) = t; « X(A8J,) (m

with q, as in 2.1(iv). But by equalizer 2.1(vi),(1) follows
from

X(ABmAB qq) (V,(t,,t,)) =X(ABM) (t;) & X(A®J,8J,), (2)
and (2) is just a consequence of the homogeneity of o:
X(Axmoq1)(VA(t1,t2)) =(pX)A[eZ]OA[eZ](EZ'UTX)(”dt1))
(by definition of V, where i,:A » Ale,] and ABJ,8J; = Ale,,¢,])
= €, T(X) (ip) (py) p (0, (7))
(by naturality of Py and o, and homogeneity of o )

= Ez'T(X) (iA(t|)

L}

X(A®m)(ty).

The homogeneity (and hence linearity, by 1.11) of V in each
variable, and the symmetry of V as defined from the given o
are obvious.

(c) These operations are inverse to each other: First,
given a spray o, (b) and (a) give a new spray ¢ determined

by the equality
X(A@S)(GA(t)) = VA(t;t) (3)

(where s an in 2.1(iv)), where Ya in (3) is the connection
defined from o as in (b). To show that o itself also satis-
fies equation (3), it is clearly sufficient to show

X(A@S5)(0,(t)) = 1 = X(A®J,(2)), (4)

where r is as in (b) above for the particular case that
ty=ty,=1t, and J, § JZ(Z) is given by S(8) = 6,4+, nota-
tion as in 2.1(v)), so qe$ = s for q as in (b) and s as in
2.1(iii)). By definition of r, we thus have to verify the
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X(18(03)) (94(1)) = opgy () XABS)) (1)) =XABTAI,(2). (5)

But (5) is immediate from the homogeneity of o.

The other way round is more complicated. Given a sym-
metric affine connection Vv, (a) and (b) give a new symmetric
affine connection V which is by its definition completely

determined by the equation
X(u°j)§A(t]’t2) (6)

= X@ (Tp 1, 5] PTOO G) (£)A,T00 (1) (820 M TOO () (£)A,TC0 (1) ()

where t,t, = T(X) (A) is a pair of tangent vectors with
(M) a(tq) = (M) (L), so Vu(ty,t ) € X(A8J,8J,)
X(A[e1,ez), j is the inclusion A8J18J1C—>A8J 8J,8J,(2),
i.e. A[s1,€2]4* A[X{,2,,eq,E ;] (where X1-A2 = s% = 0 for
i=1,2, ajta, = 3), and u is the A-algebra map

A[A1, 2,61,52]-E_A[X1,X2,€1,EZ] ! given by u(ry) = 1y,

u(e;) = (e +ez) Aj, and A[A1, 25€1E 2] is defined by the
relatlons A?l AZ = é% = ((e1+ez) X ) 0 (i =1,2; a;+a,

= 3), while finally A-l A[A1, 2] is the embedding, and

A[A{15,8q,8; 13 A[ A ,e1, ] is the quotient map.
We need to show V = V. So fix ti,t; & T(X)(A) as above,
and let
S = A[X ](A t +A2t2,U1t1+U2t2)y (7)

where A[A,u] = A8J,(2) 8J,(2) = A[A1,A2,u1,u2], and the
occurences of t; in (5) stand for X(A ~ Alx,u])(t;). (Below,
we will continue suppressing such embeddings and just write

ti). Similarly, we define
S = A[k.u] (At 1At Hqt ity t,). H

So S and S are elements of X(A8J1(2)@J1(2)0J18J1) =
X(A[2,u, 51,52]). By symmetry of V we have

X(A8T®T)(S) =S (8)
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where t denotes the twist-map of 2.1(viii) resp. 2.1(iii),
i.e. (A@T@T)(Ai) = My (A@T@T)(E1) = 62,(A9T9T)(ui)=)\i,
(A8t @T)(ez) = €4. And by homogeneity of V for each of the
two R-module structures we have

X(my)(S) = X(my)(S) = X(A[r,u,eq,€,,0]) (9)

X(my) (S) = X(my)(S) = X(A[A,u,eq,€;,a]), (10

where A[),u,e;,6,,0] = A8J,(2)8J,8J,8J,, i.e. a? =0,
and the mi,ﬁi are the A-algebra maps given by the two multi-
plications in the i-th argument, i.e. m1(xi) = ady, mi(s1)
€1 my(uy) =y = my (g, mlep) =my(e)) = €5,m0) =Xy, my(eq) =
acq; mp(A3) = Ay = mp(Ay), myleq) = eq = my(eq), my(ny) =
auy, myley) = €y, my(uy) = uy, myey) = ae,.

There are corresponding equations (8),(9),(10) for S.
By the equalizer 2.1(vii), or rather, 2.1(vii) tensored with
itself, we conclude that there is a unique

T = X(A8J,(2)8J,(2)) = X(A[Ar,u]) with
X(A8m®m)(T) = S an

with m as in 2.1(vii), i.e. A®@m@®m:A[A,u] - A[z\,g,el,ez] is
given by Xik+ EI.Ai’ LFRadi-P Sl But then by (8) above and
2.1(viii), there is a unique U CX(A@JZ(Z)) with

X(A®s)(U) =T, (12)

where s is as in 2.1(viii). And analogously, there areunique
T and U satisfying (T1): X(Aem@m)(T) = $§ and (12):
X(A®s)(U) = T.

We now prove S = S, using U and U. By the diagrams
2.1(iv) and (v) and microlinearity of X, it sufficies to
show that

X(u) (8) = X(A[r,u,Y,8]), (13

X(u) (S)

1

where Y = (Yl’YZ)’ = (61,82) are indeterminates given by
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a
the relations Biz =0 = y1l-ya2 = ((B1+Bz)yi)2, for i = 1,2;
a ta, = 3, while u is the A[A,u]-algebra map given by u(si)
3 (B1+BZ)-Yi. But by spelling out (6) and the definition of

S, we have

X(u) (8) = X(v)(S) (14)

where A[Z\,L_A,EPQZ] X A[r,u,Y,8] is the A-algebra map given

by v()\i) = Y1>\i+yzui, v(ui) Y1>‘i+Y2“i’ v(si) = €. And

by definition of T and U,
X(v) (S) = X(w)(U) (15)

where w:A[y,,v,] = A[},u,y,8] is given by w(y;) =
(B1+B,) (Y4A; *Yv,u;), with A[Y1,Y2] = A8J,(2) as before.
Writing w for the composite

Alvy.vy) = AD,u] 2 AD,u,Y,8]
we find that )
X(w) (U) = X(w,)X(w,) (V)
X(w,) (T)
X(u) (S),

I

the last identity by definition of T, cf. (11), and the fact
that ue(A@m®m) = Wy This proves S = S

To conclude the proof, define maps

2 2
F,F:A®@A" » X(A0J,0J,)

ljy F(a®b) = VA(a1t1+a2t2,b1t1+b2tz), F(a®b) =
VA(.a1t1+a2t2,b1t1+b2t2). Write A8J,(2) 8J,(2)@J, 8J, =
A[):\,g:e1,ez] as before, and A8J,8J,08J,8J, =
Aleq,e,5,€4,e,] and define

h LD
A[r,u,eq,6,] —a,b, Aleq,e,,eq,6,]
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by ha b(Al) = e al, b(u ) = _z-b . Moreover, let
A[e1, 2] b A[el,ez,e1, 2] be the map j = A®@m®m, i.e.

j (e, ) wrgL e By microlinearity of X and the limit 2.1(iv)
of We11 algebras, X(j) is a 1-1 function, and by bilinear-
ity ©f ¥, resp. 6A we have X(hy ) (S) = X(j) (F(a®b)), resp.
X(ha,p) (8) = X(j) (F(a®b)). Hence since S = § and X(j) is
1-1, F(a8b) = F(a®b). Putting a = (1,0), b = (0,1), we

conclude that vA(t1't2) = VA(t1,t2).

This completes the proof of Theorem 2.4.

2.5 Application to schemes. Let /A be the category of A-alge-
bras (or rather, to avoid size problems, an appropriate small
subcategory of '"models'"). As discussed extensively in e.g.
Demazure (1970), Demazure § Gabriel (1970), a scheme X over
k can be considered as an A-functor s(X), s(X)(A) =
Homk(FOX,A), and this provides a full and faithful embed-
ding of the category of schemes into the category of A-func-
tors. It is easy to see that s(X) is microlinear for every
scheme X. Moreover, s preserves tangent bundles and other
prolongations (cf. 1.3(c),(d)). More precisely, s(TX) = T(sX),
where on the right-hand side T(sX) is the A-functor defined
in 1.3(c), and on the left-hand side X is the tangent bun-
dle constructed as a scheme over X in the usual way, from
the sheaf Q1X/k of OX-modules on X. Similarly, one can de-
fine the scheme TZ(X), e.g. as the fibered product of
schemes as at the end of 2.3 above, so that s(TZ(X))zié(sX),
etc. etc. In this way, we obtain the following result as a

special case of theorem 2.4.

COROLLARY. (Ambrose-Palais-Singer theorem for schemes)
Let X be a scheme overn k. There is a 1-1 cornespondence be-
tween symmetrnic affine connections T(X) iT(X) b T(TX) on X
and sprays T(X) $ To(X) on X (on alternativety, T() $ T(MX),
cf. 2.3(c)).

Note, however, that theorem 2.3 gives much more for
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the case where A is the category of all k-algebras. For ex-
ample, one obtains an Ambrose-Palais-Singer theorem for
"schemes" YX of morphisms from one scheme X to another Y
(cf. 1.6(b)). Moreover, a completely analogous argument as
the proof of 2.4 will give a result like the corollary just
stated, for schemes over a fixed base scheme S. (Classical-
ly, one constructs the tangent bundle of X + S from Q1X/S'
As A-functors, this corresponds to taking the vertical
tangent bundle, i.e. the fibered product

Tg(X) ———» TX

boa: o)

S {m—/——> TS

One can now copy the proof of 2.4, replacing T(X),
v v
(X) iTTX) + T(TX), etc. by Tg(X), TS(X) §TS(X) + TgTg(X),
etc. throughout).
We will not elaborate these '"algebraic' instances of
2.4 further, but turn instead to the context of differen-

tial geometry.

§3. Applications to differential geometry.

In this section, we will describe a category A of al-
gebras appropriate for differential geometry, and show how
the classical result of Ambrose, Palais, Singer (1960) is a
special case of theorem 2.4. We will also explicity formu-
late some more general versions of theorem 2.4 in this con-

text.

3.1 ¢”-rings and c”-functors. We consider R-algebras of the
form CwGRn)/I, where CmGRn) is the ring of C”-functions on
R®, and I is an ideal. A C”-homomorphism C”(R™)/1 $ C®®™)/J
of two such rings is an R-algebra homomorphism induced by a
smooth function R™ $ R" via composition. In other words, a
C”-homomorphism C*®M/1 » C”®™)/J is just an equivalence
class of C”-functions R™ $R" with the property that
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f eI =fop « J, two such functions ¢ and ¢ being equivalent
if for each i = 1,...,n, miop = nio$ mod J. Let C” be the
category whose objects are R-algebras (isomorphic to ones)
of the form CmGRn)/I ("Cw-rings"), and whose morphisms are
the Cm—homomorphisms. For A,B « C”, Homcm(A,B) is the set
of Cm-homomorphisms A > B. A Cm'functor is a functor
c” + Sets (an A-functor where A = Cw). As in section 1,
Cm(X,Y) denotes the set of morphisms from a c”-functor X to
another one Y.

Axiom (A1) is satisfied for Cm-rings. Coproducts of

C”-rings are given by

C”a@)/lgc ®R™/J = C®®R<R™)/(1,J). (1)

Notice that the underlying set functor R of 1.2 is repre-
sentable: R = C°(R). Clearly R[x1,...,xn]/1 « CTR™)/I when
I> mp+1 for some p > 0, so c” contains all the Weil alge-
bras, in fact as a full subcategory. Moreover, (1) and a
simple Taylor series argument gives Agw - Aﬁw for any
C®-ring A and Weil algebra W. So axiom (A2) is satisfied.
(A3) is easily verified directly.

3.2 Manifolds and prolongations. Let M be a (paracompact)
C”-manifold. The ring C”(M) of C”-functions on M is an ob-

ject of c®, since
co(M) = CT@®™)/my M

where M=+ R™ is identified with a closed subspace of R"
(Whitney embedding theorem), and mﬁ is the ideal of func-
tions which vanish on M. So M gives rise to a C”-functor

s(M) = Homcw(cw(M),-):C" > Sets (2)

Note that s(M) is a microlinear space, by 1.6(d).
Regarding Cc”-manifolds as C -functors does not change

the class of morphisms: if M and N are manifolds, then a
morphism s(M) + s(N) of c”-functors corresponds (by the for-
mula A(A,B) = Hom, (B,A) of 1.1) to a C”-homomorphism
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C”(N) » c”(M), which corresponds in turn to a smooth map
N - M,

R

C”(sM,sN) = Homqe(C”(N),C(M)) = C”(M,N). (3)

So s is a full embedding of the category of manifolds into
the category of C”-functors.

Fibered products of manifolds need not exist. But if
Ny i M<§ N, are smooth maps of manifolds which are trans-
versal (i.e. (f,g) A Vg S MxM) then Ny § N is again a mani -
fold (e.g. Golubitsky § Guillemin (1973), p.9), and it is
easy to see that in this case Sﬂh ﬁNZ) = S(N1)S(ﬁ)S(N2),
i.e. s preserves transversal fibered products (see e.g. Kock
(1981)).

The embedding s preserves tangent spaces,

s(TM) = T(sM) (4)

where TM is the usual tangent bundle of M and T(sM) is the
tangent space as constructed in 1.3(c). And more generally

for any Weil algebra W
W
s = sy (5)

where s(M)w = s(wM) is the function space as in 1.3(d) and
wM is the prolongation of M by W (see Weil (1953), for the
case of jet-bundles, this is due to Ehresmann). The isomor-
phisms (4) and (5) follow immediately from the definitions.
Moreover, it is not difficult to check that s maps the usu-
al vector bundle structure on TM - M to the vector bundle
structure defined in 1.7(c) (note that s(R) = R).

3.3 Connections and sprays on manifolds. Recall that, clas-
sically, an affine connection V on a manifold M is a smooth
map T (M) fi T(M) % T(T(M)) which is linear with respecto to
both vector bundle structures over T(M). Since s preserves
transversal fibered products and tangent bundles and s is
full and faithful (3.2), it is clear that such an affine
connection on M is the same as an affine connection on s (i)
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s(M) as a C”-functor in the sense of 292

A spray on M is usually defined either as a homogene-
ous section T(M) ¢ T,(M) of the projection T,(M) ~ T(M),
TZ(M) being the manifold of second-order tangent vectors (i.
e. the jet-bundle JZ(R,M)o in the notation of Golubitsky §
Guillemin (1973)), or alternatively as a section
TM) $ T(T(M)) of T(TM) LM, T (M) which is symmetric
(£eoo = o where T(TM) X T(TM) is the twist-map) and homoge-
neous. These two definitions are equivalent, and clearly
come down to the same thing as a spray on s(M) as defined
in the general context of A-functors in 2.3. By the embed-
ding s, we thus obtain as a special instance of theorem 2.4
the known case for differentiable manifolds:

COROLLARY. (cf. Ambrose, Palais, Singer (1960)). Let M
be a manifold. There (8 a natural bifjection between symme-
tric lon tonsion-gree) aggine connections TMXTM ¥ TTM on M
and sprays TM g T, M.

Let us immediately note that theorem 2.4 gives much
more for the case of C -functors. For example, since inverse
limits of manifolds are still microlinear spaces when regard-
ed as C”-functors, the corollary just stated applies equally
well to manifolds with singularities.

We will now formulate an other instance of theorem 2.4
in the context of differential topology, for spaces of
smooth functions. However, it is convenient to work with a
proper subcategory of the category C* of C”-rings described
in 3.1 above, and we first turn to the description of this

subcategory, called W.

3.4 The category W of cw~rings. W is the full subcategory
of C* whose objects are the Cm-rings (isomorphic to ones) of

the form
c'(M) 8 W (M
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where M is a (paracompact) manifold and W is a Weil algebra.
We remark that if W = Cm(Rk)/I (with x* 1 for every multi-
index a = (a1,...,ak) with |a| > p+1 say), the coproduct in

(1) can also be described as

R

C(M) @ CP®)/1 = TR )/ (D), (2)

where (I) refers to the ideal generated by the compositions
ka % Rk f R with f « I. This follows from the coproduct
formula (1) in 3.1 by writing C* (M) = CmCRn)/ma and using a
simple Taylor series argument.
From the corresponding facts for the category Cm, it
is clear that W also satisfies (A1)-(A3). Moreover, the

embedding s of manifolds into W-functors given by
s(M) = Homg (C™(M),-)

has the same properties as for the case of C : s is full and

faithful, preserves tangent bundles and prolongations, and

transversal fibered products; all this is just as in 3.2.
For later use, we prove here the following lemma.

LEMMA. Let W = CTR™)/I be a Weil algebra, and Let X
and Y be manifolds. Then any morphism of§ W-ﬂunctonb
Wxs(X) > s(Y) s <induced by a smooth function R™xX » Y. (In
othen wonds, >(Y)S(X)(q) L8 sunfective, whenec1eﬂkmw(c @{),
c”m" )/1) (8 the quotient map).

Proof. We identity Y with a closed submanifold of RE.
By 3.4(2) and 3.2, a morphism Wxs(X) » s(Y) is represented
by a smooth function f(t,x):Rnxx + R®. The problem is that
f does not need to map into Y, although by definition (see
3.1) f maps oxX into Y.

Let U be a tubular neighbourhood of Y, so Ye U = R®
and there is a smooth retraction U > Y. Let V = f-1(U). More-
over, fix for a > 0 a smooth diffeomorphism ¢a(t)ﬂf‘+ B(o,a) =
{te R" | |t| < a}, which is the identity near 0, and depends
smoothly on the parameter a > 0. Now let a(x):X +-R>0 be a

smooth function with |t| < a(x) = (t,x) €V, and let
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gRXX > ¥, g(t,x) = T£(b, (4 (t),X)

We claig that niof = miog mod(I) (i = 1,...,e), with

(I) e C (RHXX), i.e. g represents the same morphism
Wxs(X) » s(Y) as f does (cf. 3.4(2)). Since I is finitely
generated (remember that W is a Weil algebra, so I is just
an ideal in R[xl,...,xn]), a simple partition of unity ar-
gument shows that it sufficies to prove that

moef -mieg e (1) e C(W) (i=1,...,e) (1

where V' is an open neighbourhood of oxX in R"xX. Now take
V' such that ¢a(x)(t) = t whenever (t,x) € V'. Since

mer —ni:Rr + R vanishes on Y and f defines a morphism
Wxs(X) -+ s(Y), we have by definition that nirf -y = (1) <
CmCRHXX). Hence (1) follows by definition of g and choice of

V.

3.5 Spaces of smooth functions. (a) For manifolds X and Y,

Cw(X,Y) denotes the spaces of smooth functions from X to Y.

If Z and P are two other manifolds, a function C‘”(X,Y)~> c”(p,2)
is called smooth if F can be extended to a natural transfor-
mation (a morphism of W-functors) s(Y)S(X)~1 s(Z)s(P), i.e.
F = TR Notice that it follows from naturality of t and the
preceding lemma that if such a t exists, it is necessarily

unique.

(b) Recall that a function il W § E Cw(P,Z) is called
path-smooth if for every smooth RxX $ Y, the function
Rxp E(%), 7 defined by

F(a) (t,p) = F(a(t,-))(p)

‘is smooth. It follows from Boman's theorem (Boman (1967))
that R can be replaced by any manifold; that is to say, if
F is path-smooth and T is a manifold, then for any smooth
TxX $ Y, F(a):TxP + Z is again smooth. The following propo-
sition shows that in some cases, including the important
cases of the space of functions Cm(M,R) and the space of
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paths Cw([0,1],M) of a manifold M, smooth maps of function
spaces are the same as path-smooth maps. (For the case
Cm([0,1],M) of paths, we remark that the proof of (ii) of
the following proposition also applies to manifolds with
boundary). Part (ii) of the proposition (observed indepen-
dently by A. Kock) is not the most general formulation pos-
sible; we conjecture that the converse of (i) holds for all

manifolds of finite type.

PROPOSITION. Let X,Y,Z, and P be manifolds.
(i) Every smoozth map C”(X,Y) + C*(P,Z) 4is path-smooth.
(1i1) In case X L4 compact on Y = Rd, the convernse of (i)

also hotds.
Proof. (i) If F = TR as in (a) above, then for
rRxX ¢ Y, F(a) = T (a) where a is considered as an ele-

ment of s(Y)S(X)(CmﬂR)), so (i) is clear.

(ii) We only prove the case where X is compact; the
case Y = R” is similar, but much easier. So suppose we are given
a path-smooth function e 6%, X) & c”(P,2). We will define a
morphism TZS(Y)S(X) - s(Z)s(p) of W-functors with R = F.
Let C™(M) W be an object of W, with W = C®R")/I say, and
let £ e s (M) gw), i.e. £ is a morphism
Wxs (M)xs(X) + s(Y) of W-functors. By the lemma in 3.4, we
may assume f is represented by a C -function
f(t,m,x) :R™xMxX + Y. Let T (M) gy (£):Wxs(M)xs(P) + s(Z) be
represented by the function F(ffi,m,-))(p):RHXMXP + Z.

We claim that Teo (M) 9wis well-defined! tIndeedy!} stp-
pose f and g:R™xMxX + Y < R® represent the same W-morphism,
i.e. £ (t,m,x)-g;(t,mx) « (1) c” R"xMxX) for all i = 1,

..,e. Write

P

o=y "
£ (t,m,x)-g; (t,m,x) = [ Ay (t,m,x)¢. (1) (n
o=

with ¢i e I, and define

K
ARDM R Tx. . RTE + R®
K

1 S g
1 2 T .
A, (t,m,x,s s8] g; (t,m,x) + a£1 A.a(t,m,x.)sOl (i=1,..4,0)
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i = )
(where s™ = (s%,...,si_)). Then A(t,m,x,0,...,0) € Y, so by
compactness of X we find for each m, M a neighbourhood

Umg and an € > 0 with

A(t,m,x,sl,...,se) = U

whenever m = Uy and |[t], |s*] < e, where U is a tubular
neighbourhood of Y as in 3.4, with retraction r.

4 Fix m e M, and suppose Z is a closed submanifold of
R,

Then for j = 1,...,d we can write for m = Uy, and [t],
Is}] < e:

F(rA(t,m,-,s',...,59)) (p); = F(rA(t,m,-,0,...,0)) (P);
J J (2)
i 1 e j
% z Baj('",)’.s )""S )(P)Sa »
ayl
by the fact that F is path-smooth. So if § > 0 is so small
that [t] < & = ¢ (t)| = [(¢](t),... 05 (£))] < € then

substituting ¢1(t) for sl in (2) gives
F(f(t,m,-))(p)j—F(g(t,m,-))(P)j < (I) C:Cm(B(O,ﬁ)anOXP) (3)

Since this holds for each m < M and I is a finitely gener-
ated ideal with 0 as only zero, a simple partition of unity

argument gives
F(£(t,m,-)) (p); - F(g(t,m ) (p); < (1) < C”R™McP) (4)

showing that T (M)Ow(f) is well-defined. (This argument is
similar to the proof of theorem 8 in Bruno (1985)).

Once we know that T is well-defined, it is easily
checked that t is a natural transformation, and we leave

this to the reader.

(c) REMARK. Using Boman's theorem, it follows from
(i) of the above proposition that a function G: x,Y) » CW(P 7)
is smooth iff it induces in a natural way path-smooth func-
tions wF:Cw(x,wY) > Cw(P,wZ) for each Weil algebra W ( -

denotes the prolongation, cf. 3.2).
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3.6 Connections and sprays on spaces of smooth functions.
Let M and N be manifolds. An affine connection on C”(M,N) is

a smooth map

M, N TN) ¥ c® (M, T2N)

which commutes with the two projections into c”(M,TN) (i.e.
T(my) oV (£) = myof, Tryo¥(£) = mjof, for M 3 INKTN), and is
linear for both vector space structures on the fibres.

Similar, a spray on C®(M,N) is a smooth section
c”(M,TN) ¥ C”(M,T,N) of the map C”(M,T,N) + C”(M,TN) induced
by the projection T,N + TN, and which satisfies the obvious
homogeneity condition. (Alternatively, a spray can be defined
as a map C*(M,TN) $ Cc*(M,T2N), cf. 2.3).

As a special case of theorem 2.3 we obtain

COROLLARY. Let M and N be manifolds. There (s a naturaf
bijection between symmetrnic connections CwULTNﬁ'DD ¥ CwOLTaﬂ
on C7(M,N) and sprays C"(M,TN) ¥ C”(M,T,N) on C”(M,N).

3.7 REMARK. The corollary above is really more general
than the classical theorem of Ambrose, Palais, Singer (1960)
(cf. 3.3 above), since not every (symmetric) connection on
¢”(M,N) comes from one on N by composition. To take a simple
example, let M = R = N and define a symmetric connection V
on Cwﬂ{JU as follows. Let f « CC(R,R) and X,Y = Tf(CmGRJU).
We can write X(t) = (f(t),g(t)), Y(t) = (£(t),h(t)), and let
V(LYY (1) = (£(1),g(t),h(t),g(t)-h(t)-£'(t)). Then Ve(X,Y)(t)
depends not only on f(t) but also on f'(t), and hence Ve

cannot come from a connection on R.

Ackowledgements and further references. In Kock's note Kock
*
{(1983), written in response to Bunge § Sawyer (1983) , the

(*) note added in proof: after hearing from our results, M. Bunge inform-
ed us that the treatment of Bunge-Sawyer can be generalized, Their
new version is almost as general as ours.
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author gives a categorical proof of the 1-1 correspondence
between symmetric connections and sprays for the case of
(essentially) smooth manifolds of finite dimension (see al-
so Kock-Lavendhomme (1984)). All we did was to show that this
correspondence extends to arbitrary microlinear spaces
(otherwise known as infinitesimally linear objects, cf. Ber-
geron (1980)), so as to include e.g. the case of function
spaces, manifolds with singularities, and algebraic schemes.
We wish to point out here that there are essentially two
ways of presenting the proof of theorem 2.4, and we en-
courage the reader to compare these approaches. One way is
in the spirit of SGA3 and Demazure § Gabriel (1971), as we
have chosen here. The other is to use "functorial semantics"
(Lawvere (1963)), or equivalently, give a presentation in
the context of "synthetic differential geometry' (Kock (1983)
and Kock-Lavendhome (1984) are written in this spirit, and

a synthetic proof of the general case will appear in our

forthcoming monograph Moerdijk § Reyes (1987)).

During the preparation of this paper, the first author
was supported by the Minist2re de L'Education du Gouverne-
ment du Québec, through its sponsoring of the Centre Inter-
universitaire en Etudes Catégoriques. The second author en-
joyed support from the same Ministere, and from the National
Science and Engineering Research Council of Canada.
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