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COMMENTS ON THE CANONICAL FORMALISM
OF TIME-DEPENDENT HIGHER ORDER LAGRANGIANS

by

Manuel de LEON and Paulo R. RODRIGUES

Abstract. We examine two types of canonical formalisms of
time dependent Lagrangians of higher order in the framework
of almost tangent geometry. We examine also a relation of both
formalisms with the help of the constraint theory.

§1. Introduction. During these last years a good number of
articles devoted to the study of Particle Mechanics and Field
Theories involving higher order derivatives have been made
(see for example [DLR] and the references therein). All these
studies may be treated from the Differential Geometry point
of view. In fact the geometrical study of higher order theo-
ries would be based on the theory of fibered manifolds and
Ehresmann's jet theory; if (E,p,N) is a fibered manifold, or
fibre bundle, that is, if p:E » N is a surjective submersion
and if JkE is the k-jet prolongation of (E,p,N) then a La-
grangian L depending on n-independent variables x?, m-func-
tions yA(xa) and on all derivatives of the y's with respect
to the x' up to order k (L is said Lagrangian of order k)
is a real function L:JkE + R. Using the geometrical formal-
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ism underlying the theory of fibre bundles, it has been pos-
sible to show that there exists an equivalence between var-
iational problems generated by functionals depending on reg-
ular Lagrangians of order 1 and '"modified" variational prob-
lems given by functionals depending on the Poincaré-Cartan
invariant form. This equivalence is characterized by an in-
jective/surjective relation between the sets of extremals
of the respective problems. Furthermore, it has been possi-
ble to show that the above equivalence remains valid for the
cases k = 1 and dim N >1 and k > 1 and dimN= 1, (see Dede-
cker [D1],[D2], Goldschmidt & Stemberg [DS]). The case k > 1
and dim N > 1 is more complex since the Poincaré-Cartan gen-
eralized form is not uniquely determined as in the two sit-
uations above (see Garcia § Munoz [GM] and Hordk § Kolar
[HK]).

The choice of a local expression for the Poincaré-Car-
tan generalized form may determine or not a Hamiltonian for-
malism of higher order. If it 1s the case this formalism is

developed on the jet bundle Pl

E (for a Lagrandian of
order Kk, L:JkE + R) since the momenta are a set of
functions whose dependence on higher derivatives ranges

from 1 to 2k-1. This possibility will be called dixect. How-
ever the Hamiltonization of higher order Lagrangians many
also be studied in an (nd<rect form. In this case we uie the
“1gy.

We can therefore develop the Hamiltonian theory on the dual
1

well-known fact that JkE is canonically embeddedinlﬂ(J
manifold J *(Jk-]M) (see for example Aldaya § de Azcdrraga
[AA1],[AA2] and Rodrigues [R]).

In this note we will consider only the case k > 1,
finite, N = R and E = RxM, where M is a manifold of dimension
m. Thus JkE may be identified with the bundle RXTkM, where
TkM is the tangent bundle of order k of M. As in such situ-
ation there is a unique Poincaré-Cartan form, we propose to
express it in terms of the almost tangent geometry (see
[DLR]). Also, we will study a possible relation between the
direct and indirect canonical formalisms. More clearly, sup-
pose that L:JkE - R 1is a regular Lagrangian of order k (see

section 3). Then the canonical formalism is given by a real
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function H defined on JZk-1E, called Hamiltonian of order k.
On the other hand we may pull-back L to J‘(JZk-2
the canonical projection oﬁk'1:J2k TE o JRE and the canoni-
cal embedding ¢:J2k-1E > J‘(JZk_“E) (see section 5). This

will give a function for which the Hessian matrix is not

E), using

(trivially) of maximal rank. We apply the constraint proce-
dure to obtain locally a Hamiltonian plo2k-2 o 5l ()k'l)

which is of order k. Therefore we may say that, at the lo-

cal level, direct canonical formalisms may be developed in
the framework of the standard formulation of constraint

theory.

§2. Preliminaries. Throughout the text all functions, mani-
folds, etc. are smooth (Cm-class). Let (RxM,p,R) be a (triv-
ial) fibred manifold. By sec(RxM) we denote the set of all
sections of (RxM,p,R), that is, the maps s:R + RxM such that
pes = Id’ (a local section s is defined on a domain U of R
such that pes = Id along U). Locally (RxM,p,R) is character
1zed by coordinates (t,yA), 1 €« A<m=dimM. The manifold
of all k-jets of sections s « Sec(RxM), denoted by Jk(MXM)
is locally given by coordinates of type

A A A
(t,)’ )Y1y"'))k)- (2-1)

~

If s = Sec(RxM) and sk(t) is the corresponding k-jet of s

at t « R then we have

A A A_ 1 di .
y = s (t), ¥s = [T E—I s (t), 1 <1 < k.
, i 3 A _ A
Somet;nes we will employ the notation y = Yo The factor

(vr) appears only for technical reasons We may adopt the

follow1ng coordinate system for J ®R,M),

A
(t,a",af, g (2.2)

where
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and we have

q; = ityy, 0<sig<k, 1TgAgm,

Tha manifold Jk(RXM) can be fibred along R, M and

JLReM), i <k, with projections of: JK®xM) » R, 80K @R -

M and pk J (RxM) » J* (RxM) defined by

KGe)) =t B*ER) = s ana SNERe) =3t

we identify J°(RxM) with RxM.

The mapping §k:t > §k(t) is a section of (Jkﬂb$0,akJU
and is called the k-jfet prolongation of s.

As (RxM),p,R) is a trivial bundle we may identify maps
from R to M with sections of (RxM,p,R) as well as their k-
jets. Thus we set Jk(RXM) = Jk(R,M). Also, Jk(R,M) may be
identified with RxTXM, where TXM = JX®,M) is the k-jet man-
ifold of all maps s:R - M with source at the origin t = 0.
TEM 1s the tangent bundle o4 onder k.

We recall the foliowing important result (see Goldsch-
midt § Sternberg [GS] or de Leén § Rodrigues [DLR]): On
Jk(R,M) there (s defined a unique one-§oam EM with values
An T(Jk—1OR,M)) (T means tangent) such that fon every
s = Sec(RxM) and all vectorn f4elds X on TR (respectively

any vertical vecton 6Leld Z on Jk(R,M)) one has
8, (TE*(X)) = 0; o, (2) = ToX ()
"k * Yk Pr-114):

Thenefone, if u is a section of (JX®R,M),aX R) then there
{4 s e Sec(RxM) such that u = 3K 45 the k-fet prolongation
0f s ALf and only Lf By vanishes along the image u(R) (on if
we want u ek = 0). In Auch a case we say that u {8 "holo-
nomic".

The components of ek are real one-forms, locally ex-

pressed by
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A A A A A A A A A
6" = dq -q1dt y By = dq1~q2dt;...;9k_1 =qu_1-qkdt,

(if we adopt the coordinate y's, then we consider the one-

forms
A _ A A . A _ A, A, . gA A LA
g = dy y]dt ; B 1= dy1 Zyzdt,...,ek_1 dyk_1 kykdt,
and
A _ 1 LA . }
ei T ei, 0<1isgsk-1). (2.3)

So, a section u:R - JkCR,M) is holonomic if and only
if uto} = 0, for all i e {0,1,...,k-1}. If u*e? = 0, 0¢i

< v <k-1, then u is said r-holonomic.

Let us now take k = 2. We recall some basic results
on almost tangent geometry and we indicate our book [DLR]

for further details. Let M be a m-dimensional manifold. Then

2

the tangent bundle T°M of order 2 is endowed with a canoni-

cal endomorphism J1:T(TZM) - T(TZM), called almost tangent
sthuctune of order 2 and type 1, locally defined by

. 9 A, 3 A
diy = <80y F e gty
ay1 ayz

5
If we set J, = (J1)2 then J, is an endomorphism on T(T™M).

Locally

) A
Jy = ==x~0dy

ayz

2

Also, it is possible to show that on T°M there are defined

vector fields C, and Cé, locally characterized by

1

A A 5. _ A D
Ch =y —x* &y, —x5 Cp = Y1 &
ay1 ayz ayz

We call C1 by Liouville vecton field (of order 2). These
results can be extended for any finite k, that is, the tan-



gent bundle of order k, TkM, is also endowed with an almost

tangent structure J1:T(TkM) > T(TkM) and we have a family
of endomorphisms Jr = (J1)r, 2 < r < k as well as canonical

vector fields C1,C2,...,Ck, where Cr = Jr_1(C1).

The autonomous (or time-independent) Lagrangian for-
malism of higher order as well as its canonical (or Hamil-
tonian) formalism can be deduced in an intrinsical way with
the help of the above structures and an appropriate exterior
calculus on higher order tangent bundles. In our book [DLR]

it is shown that in these formalisms the form

_ 1 _1 42 K1 k-1
w = de1L+§dedJ2L Td'rde3L+"'+( 1) T(TdT dekL

takes a fundamental role in the theory. Here L:TkM - R is
the Lagrangian of order k, dJs and dT are appropriate oper-
ators (see below). The intrinsical form of the Zkth-order

Lagrange equations is

where g;TkM > T(TkM) is a semispray (see below) and EL is the

energy associated to L, defined by

B 1 5 3 a2 T S 'S )
B = L - 3 dp(CL) + 37 dp(Cal)+. + (-1 dr QL) - L.

Let us return to the case k = 2. We denote by 31 (res-
pectively JZ) the induced endomorphisms on JZGR,M) given by

J1 = J1-C1®dt H JZ = JZ-CZth.

Thus, locally, one has

s e dt s et - 07 ey 2o
31 %) a¥y 33

J, = L—@dyA X yA —B—adt,

2 7K 1 TA
Y1 )
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and we have the following equalities:

3, (a/3t) = -Cy 3 Jj(dt) = dted, = 0
e - % ™~
J,(a/8t) = -C, 5 J,(dt) = dtoJ, = 0,
3 : [ -A .
, O0gigi 9 y 1<1g2
. A ‘ i-1
3,2 - 354y J’;(dy‘.‘) .
3y~ . B
i 0 i=2 ; - 0 i=0
3 - [ A
T E S 0 CANRE .
- Y * 1-
3, 8p =) M MCAR
5;§ 0 1<ig2 0 » 0151
Therefore JT(dy?) - 68 - Jt(dyg), 1 <1< 2.

To finish this section we remark that on JZ(R,M) there
is defined also an appropriate exterior calculus induced by
31; an interior product ij on r-forms

1

T
iy w(Xy,..,X)) = Y w(Xy,e o Jyxg e, X))

Jq r i=1 r
and a differentiation ds defined by d; = i d-dis; . Also
Jq 2 J J J1
we say that a vector field & on J"(R,M) is a semispray of
type r, 1 £ r< 2 if and only if

Jr(g) 0 and J (&) =C 1< 71 < 2.

r’

Thus, in local coordinates we have

£ = 3, yA 9, ZyA 3, EA )
3t 1 A 2 A 2 A
ay aY1 3Y2
were gé are functions of the variables (t,yA,y?,yé).

(93]
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= RxM and

Let us set E
k:JkE + R

§3. The direct canonical formalism.
use the identification of JkGR,M) with JkE. Let L

be a Lagrangian of order k. Then we denote by

5A (3.1

_ ok A
Q= LAt ¢ £y 080 vl e fy 180

2k -
the Poincaré-Cartan form on J'k ]E, where the f's are func-

tions defined by

k-j . . k
1 i, 9L < g
£, ,: " -t T¢j<k .2
A/J izo ( ) (i+1)! dT (a » )’ ) ( )
(j+1)
In (3.2), dT is the operator which maps each function g on
r+‘E, locally expressed by

JTE on a function dTg on J

r
A A _ og : A og
dTg(tyY ,'-=;yr+]) Y + =0(1+1)yi+] ayA -
1

1

Clearly,

: A A A
fA/j = fA/j (t,y y)]’-~-y)2k-j)’

We recall that (3.2) along (2k-1)-jet prolongations takes

the form
Kk k . 3k-j k
4q 995 & 34y

We say that a section s « Sec(E) is an extremal for

LK. gKg 5 R if
2k-1, %
(S ) (lxgk) =0 (3.3)

where X is a a2kn1-vertica1 vector field on J2k_1E and
®k = dQLk. (3.4)

A direct calculation on local coordinates shows that (3.3)

takes the form
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k k k
L d, L k d _ '
? ) E(—E‘f)+"'+(-1) d—t? (—7\_) =0 (3.4)

which are the generalized Lagrange equations of order 2k.

We may extend the above notion of extremal to sections

which are not necessarily jet prolongations: a section u of

J2k-TE is an extremal of QLk if

u*(ixek) =0 (3.5)

2k- 2k-1

for every a 1—vertical vector field X on J E. In local

coordinates we see that (3.5) takes the form

Lk

(S8

d fA/1 =0 (3.5)'

>‘.

d

<

where fA/] is defined by (3.2) and so (3.5)' is

k k k
3L 3Lk 1,2 L k 1 .k oL
=g -dp &GPty dp 0N S dp () (3.59)"
24 28 : "’Yé & Wﬁ

A main problem in the calculus of variations is to know if

an extremal u of Q Lk is holonomic, i.e., if there is a Sec-
tion s of E such that u = "Zk 1. It can be shown that if L
is regular then u is holonomic and the section s such that

52k-1 k. We say that Lk is negulan

= u is an extremal for L
if the Hessian matrix (3 L /8)'k yk) is of maximal rank.

The regularity of L~ is related with the form 8- This
can be seen using the form QLk in (3.1). Let us take k = 2.

Then the intrinsical expression of QLk is

B 2 1 . 4 2
Qk = dj1L -3 deJZL + L%dt
2 1 2 2y _1 3y il
= dJ1L = iy deJZL - [C (L7 -5dp(Cy (L)) -L7]dt
Therefore

85



0, = dQ (3.6)

and from a straightforward calculation one obtains

O.n... 40, = tdet(3°L%/ay? yByay! a dy?n.. aay®
2 2 2 72 3
2
m

(see [DLR], p-93/94 for the autonomous situation).

Suppose that Lk:JkE + R is regular. Then we may define
the Legendre transformaztion in the following manner ([K]):
let (t,yA) be a coordinate system for E = RxM and (t,yA,y?,

..,yﬁ) the corresponding induced coordinates on J E. Then
take into account the regularity of Lk and the equility in
(3.2) for j = k.We see that (t,y*,y},....yp ;.£,,) is a
coordinate system on JkE. Now, consider the induced coordi-
nate system (t,yA,yﬁ,...,y£+1) on Jk+1E and take (2.2) for
j = k-1. The function fA/k-1 is defined on Jk+1E and a direct

calculation shows that

3fp/k-1 _ fasx-1 _ o221k
A B A.B
Vk+1 AVk+1 Wk

As before, the regularity of Lk gives a coordinate system

(t,yA,yﬁ,...,yﬁ_1,fA/k,fA/k_1) on Jk+1E. If we proceed in
an analogous way one obtains a mapping (t,yA,y1,...,y9k_1)

+ (t,YA»Y?,---:Yﬁ_1:fA/k:fA/k_1:---»fA/1) which is called
the Legendre transgormation, (which is assumed throughout
the text as at least a local diffeomorphism). For these new
coordinates, when k = 2 for example, we have

2

_ A1 A
Qp2 = £0/0 &y + 7 £y, dyy -H"dE, (3.7)

where

2 . Al A k.. A A A
HY = fann Ytz fap v - L (8 0ygy)).



DEFINITION. Let Lk JkE + R be a regular Lagrangian.

k. 2k-1

The function H :J -E - R locally characterized by

n A A
H® = Z fass yJ S AN CIR AP

is called HamiltonLan of orden k.

For these new coordinates the computation of (3.7)

gives the canonical fonm of the Lagrange equations of 4th
order:
2 2
%%x = dpfps s 5%%7? =
(3.8)
an’ PENE o _ g oA an?_ al?
ayﬁ TA/2 * 3f, ,,  "T17 5t at

Equations (3.8) are also known as Hamifton equations.

- §4, The indirect canonical formalism. Let us consider the
jet bundle J'(JXTE) = RxT(T* M), which may be locally

characterized by the following coordinates

A A A A A A
(t,)’ ’Y‘lt""yk-] > 20’1’21,]""’21('1,1)'

Let us forget for a moment that g is a (k-1) jet bundle,
that is, we think JX"1E as a differentiable manifold of

dimension km. Denote by A
J1(Jk'1E). We may also think that LR L P Lagrangian
of order one and as we know from the order-one situation,

a Lagrangian defined on

the Lagrange equations have the form

oy sk~1 1. kel

- dn -0 (4.1)
A T VA

u

where the u is the position and the v the velocity. So, Te-
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turning to the situation where Jk-1E is the jet bundle, we
may take zg 1> z? 1 etc. as the "velocities" and (4.1) takes
’ b

the form

1,k-1 1,k-1 1,k-1 1,k-1
aL >t - a (BL - oL d AL’ _y =0 (4.2)

' .\
Ed 01 ”ﬁq 37 1,1

REMARK. If gq:t - q(t) « M is a curve then the follow-
ing relations hold

Ay 2 AL A _
qj(t) = J-yA ; qj,1(t) =

A . A
A t) = jlalz. ,
j qJ,Z() J j,2

LA
o510
0 < j < k-1. Also, d (3L" k- 1/az ) 0 <3 < ko1, is a func
tion on Jz(Jk'1E) and it is not hard to see that

s A
, 1 “k-1,2

k-1 A

where g = oL /3ZA ;) and (t,yA,---,y£_1; Z,-

“’
Z£_1,1; Zé’z,...,zﬁ 1 2) are ccordinates for J (Jk L

1,k-1

c e ey

E).

The Lagrangian L .J (J E) + R will be regular

1f the Hessian matrix

2.1,k-1
3L’ o

[-ZT—B-'- > 0\<1,J\<k-1
LN

is of maximal rank. If this is the case we may define a Le-

* -
k- g E) » g! (Jk 1
way as the standard situation and we define the corresponding

= * =
Hamiltonian H1’k 1:J1 (Jk 1E) + R, orn orden 1, by

gendre transformation Leg: J (J E) in a similar

k-1 .
T,k-1 _ j,1T _A
H Pa Zj 4.3)

j=o
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where the functions p are the momenta defined by

. 1,k-1
piJ,;é.L_._, 0<j<k-1 (4.4)
J- azA 1
1

We leave to the reader the deduction of the corresponding

Hamilton eqguations.

REMARK. We may derive the above equations directly
from the corresponding Poincaré&-Cartan form QLt,k-1

1,k-1 1.k-1,. A A A _ L
L dt + (3L /ayj_])oj_], where éj_]«d)j_1 "jﬂdt

§5. Relating both formalisms. In the present section we will
work with regular Lagrangians of an order, LZ:JZE -+ R. All
results may be extended for any finite k, but we take k = 2
only to simplify the notations. Also, we will work with
indirect formalisms on J1(J2E) instead of J1(J1E). This 1is
due to the fact that the corresponding Hamiltonian of order
2y HZ:JSE + R is defined on the jet bundle JSEandLﬁElmn'be em-
beded thI(JZE) as we will see below.

Let us recall here that a Lagrangian L1:J1E + R of or-
der one is degenerate if the Hessian matrix of L1 with re -
spect to the velocities innot of maximal rank. We suppose
that the set of points where the non-maximality of the ma-
trix occurs define a manifold S embedded in the evolution
space J1E. Also, for simplicity, we may suppose that, if the
rank of (BZL/BVA VB) is n = m-r, where m = dimM, then the
dynamical variables are supposed to be labelled in such a
way that the regular part of the matrix lie among the first
n-velocities. The degeneracy assumption on L implies that
only n-momenta pB = BLI/SVB, 1 < B < n, can be defined as
independent variables. Thus, in the dual evolution space
J1*E, there exists r-constraints relations of type

A

£l(t,q M =0, 1<icr,



defining also a manifold embedded in J1*E, with codimension
r. We define a Legendre transformation (supposed diffeomor-
phism) between these manifolds and a Hamiltonian H1 which
may be extended to J1*E by incorporating multipliers, that
is,

gl < gl

4 wifi(t.qA,pA),

(for more details about the constraint canonical formalism
see Dirac [DI] or Sudharsan and Mukunda [SM]). We will apply
this method to give a relation between the above canonical
formalisms. To do this, let us first recall that JkE may be
embedded in J1(Jk-1E) by a mappijg ¢ such that in local

terms one has
t(o(u(s))) = t(u(s)); Y (suls))) = yr(u(s));
2 1(6(u())) = V()2 5 16 W) = vy yuls);  (5.1)

211 (8 (u())) = ya(u(s))

where u = Sec(JkE) is a section. Also, the dual mapping ®*
allcw us to inject functions on JkE into functions on
AN

In what follows we will consider only regular Lagran-
gians of order 2 (or 3), but all results are valid for any
finite k. Let us take first a Lagrangian L32J3E + R of order
3 and let us use the same symbol for the induced Lagrangian
obtained from the action of the embedding ¢. Then the incor-

poration of the constraint relations (5.1) in the Lagrangian

1,2 _ 3 1. A A 1.2, A A
=L KA(Yl'ZoJ) +’2' A (yZ - 21,1) ’ (5.2)

L
where the X's are the Lagrange multipliers permit us to show
that the Lagrange equations (3.4)', for k = 3, can be derived

from the Lagrange equations (4.2) (for a proof see [DLR] p.
190/191 or Aldaya and de Azcdrraga [AA2], p.2546).
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3.,5

PROPOSITION 1. Let H :J”E » R be the Hamiftondan
ccuntenpart of the negular Lagrangian LS:JSE - R and
H]’2:J1*(J2E) + R the Hamiftonian counteapart of the regu-
Lan Laghangian L1’2:J1(J2E) + R. 1§ we consdiden the nrela-
tion (5.2) then the momenta fA/j given by (3.2) assume the

gom pim1’] given by (4.4), 1 < j < 3, under the action ofd.
Proof Let v e:}SE and consider the embedding o: JSE
- I (J E) and the Legendre transformation Leg: J (J* E) >

3" (J%E). Then

A * 0,1 A
P\v) = boLeg) Y )5 yi(V) = (peleg) By (V)51 - Y5V
* 2,1
= (¢oleg) py’ V),
where the pi 1’1, 1T <] s 3, are the momenta defined by

(4.4). Regalllng that L is supposed to be a function of

type L3 = L (t,yA,zé ],,? 1,zé ) we have, after the action

of ¢,the using (5. 2), thdt

o1 _atb? _ad v et a2
Pa 1A 3 A A’ Pa I NN Z A
“o,1 0,1 1,1 1,1
(5.3)
RN a2 1 a3
A 2. A Z_A
%7 1 B2 1
. , i A A
[f we derive (5.2) with respect to Y4 and y,, one has
oLt 1Ly (8L1’2
v il Sl )
8.0 %42
’ (5.4)
) Al s PE I (BL]’Z]
A - 3 S W L
2 7

where the equalities on the right of (5.4) are given by

(4.2). Now, from (5.2) one has



aL"Z _aL® 1,2 . aL»? g’ (5.5)
A A 4 S A '
21,1 1,1 241 2,1
Therefore,
3 3 152
1_ . L3 1,2 L5 1 4 fILIPS
Ap t dT(B,A 7' T(;;K—_ 7 dT(B,A J)
231 1,1 29,1
3 3
= a (). a3 (see (5.3))
azA e T azA
1,1 2,1
and (5.3) becomes
3 3 3
0,1 _ aL 3L 1,2,3L
PA’ = -4 () ()
92 ,1 321" E)Lz"
3 3
s ; (5.6)
o1 97,2
21 .1 B
h 4 azé

which are, respectively, the momenta fA/]’ fA/’ and fA/S
expressed after the action of the embedding ¢. A

5
PROPOSITION 2. Llet LZ'J“E + R be a negular Lagrangian

of ornden 2. Let og J3E + J2E be the canonical projection and

put L3 = (pz) *L2 as welf as gon the Lnduced Laghangian on

I (J E) byd. Then the Lagtang&an L »2 J (J E) » R (s Ande-

pendent of the varcables z2 1

Proof. It is obvious, since L3 - (Dg)*oLz(t,yA,ZA

? 1) is not a function of the variables zg 1° Therefore

the Lagrangian L1 & J1(J E) > R related w1th such L3 ini-

tially given by

3 2, A _A 2, A A

1,2
" ALz IO -2y )

L =L
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1S 1n fact10§ type Ll’z = L3 ~AA(y? ~z§ ]), since
2 _ 9L 'y &y ’
Ap = dp(=g—)=0. &
dz
2,1
Obviously, rank 3 =2m, 1 £ j £ 3 and we may de-
A
.]’

fine a Legendre transformation on the submanifold of J1LﬂE)

A A A A

e : , A . R 0,1 1,1
of codimension m by (t,y ,uo’1,_1’]) (t,y Pa

PaT )
where now

oL )

@

21,1
1,2 _ _0,1_A 1,1.A
= PaAT %9,1 " PA T10

(which is of 2Md order) may be extended to a neigh-
* 2
L (J°E) by the Hamiltonian

The Hamiltonian H'»2 defined by H
1,2
L ’

borhood in J

1,2 2

Lol 1,.A o,l.
h = H + BA(y1 Pa ).

Therefore:

2. <2 ; ) = nd
14§ L™:J°E » R (s a regular Lagrangian of 2 onden,
~then it (s fLocally possible to constauct a Hamilionian on a

-

. 1% -2 . . y nd
necghborhood «n J° (J7E) which <s also of 2 onden.

To conclude this note, we remark that the above proce-
dure may be extended to non-regular Lagrangians of order 2,
3, etc. Even in such situations we may obtain a Hamiltonian

N 1% 2 T* .3 . L
counterpart on J (J°E), J (JE), etc. of order 2, 3, etc.
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