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COMMENTS ON THE CANONICAL FORMALISM
OF TIME-DEPENDENT HIGHER ORDER LAGRANGIANS

by

Manuel de LEON and Paulo R. RODRIGUES

Abstract. We examine two types of canonical formalisms of
time dependent Lagrangians of higher order in the framework
of almost tangent geometry. We examine also a relation of both
formalisms with the help of the constraint theory.

§l. Introduction. During these last years a good number of
articles devoted to the study of Particle Mechanics and Field
Theories involving higher order derivatives have been made
(see for example [DLR] and the references therein). f~l these
studies may be treated from the Differential Geometry point
of view. In fact the geometrical study of higher order theo-
ries would be based on the theory of fibered manifolds and
Ehresmann's jet theory; if (E,p,N) is a fibered manifold, or
fibre bundle, that is, if p:E + N is a surjective submersion
and if JkE is the k-jet prolongation of (E,p,N) then a La-
grangian L depending on n-independent variables xa, m-func-
tions yA(xa) and on all derivatives of the y's with respect
to the x' up to order k (L is said Lagrangian of order k)
is a real function L:JkE + R. Using the geometrical formal-
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ism underlying the theory of fibre bundles, it has been pos-
sible to show that there exists an equivalence between var-
iational problems generated by functionals depending on reg-
ular Lagrangians of order 1 and "modified" variational prob-
lems given by functionals depending on the Poincar§-Cartan
invariant form. This equivalence is characterized by an in-
jective/surjective relation between the sets of extremals
of the respective problems. Furthermore, it has been possi-
ble to show that the above equivalence remains valid for the
cases k = 1 and dim N > 1 and k > 1 and dimN= 1, (see Dede-
cker [D1], [D2], Go ldschm i d t & Sternberg [DSJ). The case k > 1
and dim N > 1 is more complex since the Poincar§-Cartan gen-
eralized form is not uniquely determined as in the two sit-
uations above (see Garcia & Munoz [GM] and Horak & Kolar
[H K] ) .

The choice of a local expression for the Poincare-Car-
tan generalized form may determine or not a Hamiltonian for-
malism of higher order. If it IS the case this formalism is

'k-lon the jet bundle J- E (for a Lagrandian
L:JkE ...R) since the momenta are a set

developed
order k,

of
of

functions whose dependence on higher derivatives ranges
from 1 to 2k-l. This possibility will be called d~~eQt. How-
ever the Hamiltonization of higher order Lagrangians many
also be studied in an ~l1d~~ec.t form. In this case we use the

k 1 k-lwe ILv kno wn fact that J E is canonically embedded in J (J E).
We can th refore develop the Hamil tonian theory on the dual
manifold Jl*(Jk-1M) (see for example Aldaya & de Azcarraga
[AA1],[AA2] and Rodrigues [R]).

In this note we will consider only the case k > 1,
finite, N = m and E = RxM, where M is a manifold of dimension

k km. Thus J E may be identified with the bundle RxT M, where
TkM is the tangent bundle of order k of M. As in such situ-
ation there i~ a unique Poincar~-Cartan form, we propose to
express it in terms of the almost tangent geometry (see
[DLR]). Also, we will study a possible relation between the
direct and indirect canonical formalisms. More clearly, sup-
pose that L:JkE ...R is a regular Lagrangian of order k (see
section 3). Then the canonical formalism is given by a real
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function H defined on J2k-1E, called Hamiltonian of order k.
On the other hand we may pull-back L to Jl(J2k-2E), using

2k-l 2k-l kthe canonical projection Ok :J E + J E and the canoni-
cal embedding 1>:J2k-1E -, J1(J2k-2E) (see section 5). This
will give a function for which the Hessian matrix is not
(trivially) of maximal rank. We apply the constraint proce-

1 2k-2 1* 2k-2dure to obtain locally a Hamiltonian h' on J (J E)

which is of order k. Therefore we may say that, at the lo-
cal level, direct canonical formalisms may be developed in
the framework of the standard formulation of constraint

heory.

§2. Preliminaries. Throughout the text all functions, mani-
folds, etc. are smooth (C"'-class). Let (lRxM,p,JR)be a (triv-
ial) fibred manifold. By s ec fRx M] we denote the set of all
sections of (RxM,p,R), that is, the maps s rR + lRxM such that
pas = Id, (a local section s is defined on a domain U of R
such that p e s = Id along U). Locally (RxM,p,R) is character-
ized by coordinates (t,yA), 1 ~ A ~ m = dim M. The manifold
of all k - jets of sections s e: Sec (lRx~I),deno ted by Jk (1RxM)
is locally given by coordinates of type

(2. 1)

If s E:: Sec (RxM) and sk (t) is the corresponding k -jet of s
at t e:lR then we have

A A A di sAC t) , 1 i k.y s (t), y. -.-, dti ~ ~
1 1.

Sometlmes we will employ the notation yA
(~) appears only for technical reasons.

1. kfollowing coordinate system for J (R,M),

AYo' The factor
We may adopt the

(A A A)t,q ,Ql,.··,qk (2.2)

where
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A
q Aq.

1

and we have
Aq.
1

., A
1. Y i'

Tha manifold Jk(RXM) can be f ib red along R, M and
Ji(RxM), i < k, with projections ak:Jk(RxM) ~ R, Sk:Jk(R41)~
M and p~:Jk(RXM) + Ji(RxM) defined by

k -a (s(t)) t·,

we identify J°(RxM) with RXM.
The mapping sk:t + sk(t) is a section of (i(RxM) ,ak,R)

and is called ~he k~jet p~olongation 06 s.
As (RxM) ,p,R) is a trivial bundle we may identify maps

from R to M with sections of (RxM,p,R) as well as their k-

jets. Thus we set Jk(RXM) = Jk(R,M). Also, Jk(R,M) may be
identified with RXTkM, where TkM = Jk(R,M) is the k-jet man-o
ifold of all maps s:R + M with source at the origin t = O.
TkM is the ~angent bundle 06 o~de~ k.

We recall the following important result (see Goldsch-
midt & Sternberg [GSJ or de Leon & Rodrigues [OLR]): On
Jk(R,M) the~e i6 de6ined a unique one-60~m 8k with value6
in T(Jk-1 (R,M)) (T means tangent) s u.c.]: that 6o~ eve~y
s E: Sec(RxM) and all vec.~o~ 6ieldJ.>X on TJR (respectively
any ve~tic.al vec.to~ 6ield Z on Jk(R,M)) one ha~

k
TPk_l(Z),

The~e60~e, i6 u i6 a 6ec.tion 06 (JkQR,M) ,ak,~) then the~e
iJ.>s E: SecORxM) 6uc.h that u = sk i6 ~he k-jet p~olangation
06 s i6 and only i6 8k va ncs h e.« along the image u(R) (M i6

*we want u 8k :::0). In su.ch. a ca.se we sa.u that u i6 "holo-
nomic".

The components of 8k are real one-forms, locally ex-
pressed by
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A A A A Adq 1..q2dt ;... ;Sk _1 = dq k _1-qkdt ,

(if we adopt the coordinate y's, then we consider the one-
forms

A Ady -Y1dt -A
e 1

and
-AS.
1

O~i~k-l). (2.3)

So, a section u:R -+- Jk(R,lvl) is holonomic if and only
if "'SA 0, for all i e: {O,1, ... ,k-l}. If

'I< A 0, o ~ iu . = u e·
1 1

~ r < k -1 , then u is said r-holonomic..

Let us now take k = 2. We recall some basic results
on almost tangent geometry and we indicate our book [DLR]
for further details. Let M be a m-dimensional manifold. Then
the tangent bundle T2M of order 2 is endowed with a canoni-
cal endomorphism J1 :T(T2M) -+- T(T2M), called almo~t tangent
~t~uc.tu~e 06 o~de~ 2 and type 7, locally defined by

If we set J2
Locally

(J1)2 then J2 is an endomorphism on T(T2M).

Also, it is possible to show that on T2M there are defined
vector fields C1 and C2, locally characterized by

C1

We call C1 by Liouville vec.to~ 6ield (of order 2). These
results can be extended for any finite k , that is, the tan-
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gent bundle of order k, TkM, is also endowed with an almost
k ktangent structure J1 :T(T M).+ T(T M) and we have a family

of endomorphisms Jr = (J1)r, 2 ~ r ~ k as well as canonical
vector fields C"C2,··. ,Ck, where Cr = Jr_1(C,).

The autonomous (or time-independent) Lagrangian for-
malism of higher order as well as its canonical (or Hamil-
tonian) formalism can be deduced in an intrinsical way with
the help of the above structures and an appropriate exterior
calculus on higher order tangent bundles. In our book [DLRJ
it is shown that in these formalisms the form

ktakes a fundamental role in the theory. Here L:T M + ~ is
the Lagrangian of order k, dJs and dT are appropriate oper-
ators (see below). The intrinsical form of the 2kth-order
Lagrange equations is

where ~:TkM + T(TkM) is a semispray (see below) and EL is the
energy associated to L, defined by

Let us return to the case k = 2. \\Iedenote by j, (res-
pecti vely j 2) the induced endomorphisms on J2 ~ ,M) given by

Thus, locally, one has

A a A a
(y 1 -- + 2Y -A-) 0dt

ay~ 2 3y 2
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and we have the following equalities:

J,ca/dt) -* dtoJ,-C, J,Cdt) a

Jzca/dt) -* dtoJz-Cz JzCdt) 0 ,

={~'
o ~ i -:> 1 r ,-:> i~ Z

= ':-1
,

- a -* AJ,CA) J 1 CdYi)
aYi i = 2 i = 0

{' i 0

={ ':-2
~ i = 2ay.

J;Cd{)j C a ) = 1+2
2 ~ a 1-:> is 2 o , i~ ,1

~ i ~ 2.

To finish this section we remark that on J2CR,M) there
is defined also an appropriate exterior calculus induced by
J,; an interior product i- on r-formsJ,

r
L wCX,,···,J1x., ... ,X)i=l 1 r

and a differentiation dJ defined by dj
we say that a vector field ~ on JZCR,M) lis
type r , , ~ r -s 2 if and only if

i- d - di - . AlsoJ, J,
a -6 em.t-6 p!Lay 0 f

j CO = a and JrCc.;)= C , ~ r ~ 2.r r'

Thus, in local coordinates we have

a A a A a r,A a
r, + y,

al
+ 2Y2 ---x + -----xat 2ely, ay2

r,A functions of the variables Ct,y A A Awere 2 are ,Y"Y2)·
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§3. The direct canonical formalism. Let us set E = RxM and
use the identification of JkQR,M) with JkE. Let Lk:JkE + R
be a Lagrangian of order k. Then we denote by

the Poincare-Cartan form on J2k-1E, where the f's are func-
tions defined by

k-j k
fAI]' I (-1) i 1 4 (aL ) ,

i=o (i+1): a~(j+i)
~ j ~ k. (3.2)

In (3.2), dT is the operator which maps each function g on
r ' r+1J E on a functIon dTg on J E, locally expressed by

A AdTg (t ,y ,... ,yr+ 1 )

Clearly,

f f (AA A)
AI j = AI j t, Y ,y 1 •... ,y 2 k - j , l~j,.k.

We I'ecall that (3.2) along (2k-1)-jet prolongations takes
the fanil

We say that a section s E Sec(E) is an ext~emal for
Lk:JkE + R if

h ' 2k-1 . 1 . f' 2k-1'were X IS a a -vertlca vector leld on J E and

A direct calculation on local coordinates shows that (3.3)
takes the form
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Lk k dk k
~ ~(~)+ ...+(_l)k dtK

(_L_) 0 (3.4)'
dt ql Aq qk

which are the generalized Lagrange equations of order 2k.

We may extend the above notion of extremal to sections
which are not necessarily jet prolongations: a section u of
J2k-1E is an extremal of nLk if

o (3.5)

for every a2k-1-vertical vector field X on J2k-1E. In local
coordinates we see that (3.5) takes the form

o (3. 5)'

where fAil is defined by (3.2) and so (3.5)' is

(3.5)"

A main problem in the calculus of variations is to know if
*an extremal u of nLk is holonomic, i.e., if there is a sec-

tion s of E such that u = s2k-l. It can be shown that if Lk
is regular then u is holonomic and the section s such that
- 2 k - 1· I f Lk W h Lk. 0s = u ~s an extrema or . e say t at ~s ~egu~a~
if the Hessian matrix (a2Lk/ay~ y~) is of maximal rank.

The regularity of Lk is related with the form ~k. This
can be seen using the form nLk in (3.1). Let us take k = 2.
Then the intrinsical expression of nLk is

d- L2 1 2 + L2dtr2Lk -2 dTdj LJ1 2

d L2 1 2 - [c 1(L2) -¥T (C2 (L2)) -L2]dt .Jl L dTdJ2L

Therefore.
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(3.6)

and from a straightforward calculation one obtains

(see [OLR], p.93/94 for the autonomous situation).

Suppose that Lk:JkE + R is regular. Then we may define
the Legend~e t~an46o~mat~on in the following manner ([K]):
let (t,yA) be a coordinate system for E = RxM and (t,yA,y~,
... ,y~) the corresponding induced coordinates on JkE. Then
take into account the regularity of Lk and the equility in
(3.2) for j = k.Wesee that (t,l,y~, ... ,y~_l,fa/k) is a
coordinate system on JkE. Now, consider the induced coordi-

A A A k+lnate system (t,y 'Yl' ... 'Yk+l) on J E and take (2.2) for
j = k-l. The function fA/k-1 is defined on Jk+1E and a direct
calculation shows that

As before, the regularity of Lk gives a coordinate system
A A A k+l(t,y 'Yl' ... 'Yk-l,fA/k,fA/k-l) on J E. If we proceed in

. lb' . ( A A A)an ana ogous way one a talns a mapplng t,y 'Yl'··· 'Y2k-l
+ (t,yA,y~, ... ,y~_l,fA/k,fA/k_l, ... ,fA/l) which is called
the Legend~e t~an66o~mat~on, (which is assumed throughout
the text as at least a local diffeomorphism). For these new
coordinates, when k = 2 for example, we have

(3.7)

where
2 A 1 A k A A AH fAllY 1 + 2' fAI 2 Y2 - L (t,Y ,Y1'Y2) .
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DEFINITION. Let Lk:JkE + R be a regular Lagrangian.
The function Hk:JZk-1_E + R locally characterized by

k ~ A k A A
H = L fAI)o y)o-L (t,y ""'Yk)

j = 1

is called Hamiltonian 06 o~de~ ko

For these new coordinates the computation of (3. 7)

gives the c.anonic.al 6o~ of the Lagrange equations of 4th
order:

aHZ
-dTfA/1

aHZ
dTyA

ayA afAil
(3.8)

aHZ
-dTfA/Z

aHZ A aHZ nZ
A afA/Z

dTy 1; at ataY1

Equations (3.8) are also known as Hamilton eQuation~.

§4. The indirect canonical formalism. Let us consider the
jet bundle J1(Jk-1E) = RXT(Tk-1M), which may be locally
characterized by the following coordinates

A A A(t,y 'Y1'· ··'Yk-1 ;

Let us forget for a moment that Jk-1E is a (k-l) jet bundle,
that is, we think Jk-1E as a differentiable manifold of
dimension km. Denote by L1,k-1 a Lagrangian defined on
J1(Jk-1E). We may also think that L1,k-l is a Lagrangian
of order one and as we know from the order-one situation,
the Lagrange equations have the form

o ( 4. 1 )

where the u is the position and the v the velocity. So, re-
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turning
may take
the form

to the situation where Jk-1E is the jet bundle, we
zAo l' z~ 1 etc. as the "velocities" and (4.1) takes, ,

aL1,k-l
o ... A

aYk-l
o (4.2)

REMARK. If q:t ~ q(t) L M is a curve then the follow-
ing relations hold

A () _ ., Aqj,l t - J.Zj,l A
q. 2(t)J,

'1'" AJ • u , z . 2 'J,

o ~ j ~ k-1. Also, dT(aLl,k-1/az~ 1), 0 ~ j
tion on J2(Jk-1E) and it is not h~rd to see

~ k-l, is a func-
that

dTg A E...L +- A ~+Z
0, 1 oyA

+ ••• zk -1 1 A, aYk -1

+ 2 [Z~ ,2 ~+ + A ag ]A zk -1,Z a Aazo 1 zk -1 ,2,

where g
Azk -1 1;,

_ a 1,k-l a A A A. A- (L / zj,2) and (t,y ""'Yk-l' zo-l'···'
A A . Z k-1zo,2, ... ,zk-1,Z) are co ordi.nat es for J (J E).

1k-1 1 k-1The Lagrangian L' :J (J E) ~ R will be regular
if the Hessian matrix

a2L1,k-1 )
A B 'az. laz. 11. , J ,

O~i,j~k-l

is of maximal rank. If this is the case we may define a Le-
gendre transformation Leg:J1(Jk~lE) ~ Jl*(Jk-1E) in a similar
way as the standard situation and we define the corresponding

1 k-l 1* k-1Hami ltonian H' :J (J E) ~ R, oft.o n.de»: 1, by

(4.3)
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where the functions p are the momenta defined by

1-.-,
J .

n1,k-1
Aa z . 1J ,

(4.4)

We leave to the reader the deduction of the corresponding
Hamilton equations.

REMARK. We may derive the above equations directly
from the corresponding Poincar§-Cartan form nLt k-l =

, k-l 1 k-' A A A A' 4L' dt + (aL' lay. "1)8 .. " where e. , dy. l-z. ,dtJ- J- J- J- J,
, .:s j .:s k - l .

§5. Relating both formalisms. In the present section we ....rill

work with regular Lagrangians of 2nd order, L2:J2E + R. All
results may be extended for any finite k, but we take k 2
only to simplify the notations. Also, we will work with
indirect formalisms on J 1 (J2E) instead of J' (J 'E). This is
due to the fact that the corresponding Hamiltonian of order
2, H2:J3E + R is defined on the jet bundle J3E and J3E may be em-
beded in J' (J2E) as we will see below.

Let us recall here that a Lagrangian L1 :J'E + R of or-
der one is degenerate if the Hessian matrix of L' with re-
spect to the veloci ties in not of maximal rank. We suppose
that the set of points where the non-maximality of the ma-
trix occurs define a manifold S embedded in the evolution
space J1E. Also, for simplicity, we may suppose that, if the
rank of ca2L/a~ vB) is n = m-r, where m = dim M, then the
dynamical variables are supposed to be labelled in such a
way that the regular pkrt of the matrix lie among the first
n-velocities. The degeneracy assumption on L implies that
only n-momenta pB = aL1/avB, 1 ~ B ~ n, can be defined as
independent variables. Thus, in the dual evolution space
J1*E, there exists r-Qon~~~a~n~~ relations of type

i A Af (t,q ,p ) = 0,
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defining also a manifold embedded in J1*E, with codimension
r. We define a Legendre transformation (supposed diffeomor-
phism) between these manifolds and a Hamiltonian H1 which
may be extended to Jl*E by incorporating multipliers, that
is,

h1 1 i A A)= H + ~.f (t,q,p ,
1

(for more details about the constraint canonical formalism
see Dirac [Dr] or Sudharsan and Mukunda [SM]). We will apply
this method to give a relation between the above canonical

kformalisms. To do this, let us first recall that J E may be
embedded in Jl(Jk-1E) by a mappijg ~ such that in local
terms one has

t(~(u(s))) = t(u(s)); yA(~(u(s))) = yA(u(s));

AZo 1 (~(u(s))), y{(U(S)) ... Z~_2 l(Hu(s))) = y~_l(u(s));, (5.1)

A Azk,l,l(Hu(s))) = Yk(u(s))

where u ~ Sec(JkE) is a section. Also, the dual mapping ~*

allcw us to inject functions on JkE into functions on
J1(Jk-1E).

rn what follows we will consider only regular Lagran-
gians of order 2 (or 3), but all results are valid for any
finite k. Let us take first a Lagrangian L3:J3E .... JR of order
3 and let us use the same symbol for the induced Lagrangian
obtained from the action of the embedding ~. Then the incor-
poration of the constraint relation (5.1) in the Lagrangian

(5.2)

where the A'S are the Lagrange multipliers permit us to show
that the Lagrange equations (3.4)', for k = 3, can be derived
from the Lagrange equations (4.2) (for a proof see [DLRJ p.
190/191 or Aldaya and de Az carraga [AA2J, p.2546).
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PROPOSITION 1. Lei H3;J5E + m be the Ham~lion~an
eounie~pa~i 06 ihe ~egula~ Lag~angian L3:J3E + Rand
H',Z:J'*(JZE) + R ihe Hamilton~an eounte~pa~t 06 the ~egu-
la~ La.g~a.ngial1L 1,2:J' (JZE) + R. 16 we c.onscde»: the ~ela-
tion (~.Z) then the momenta fA/j given by (3.2) a-66ume the
6o/tm pr"l given by (4.4),1 < j < 3, un.de:r: the ac.t~oyt06ep·

Proof. Let v e:: J3E and consider the embedding ep :J3E

+ J'(J2E) and the Legendre transformation Leg:J1(J2E) +

Jl*(JZE). Then

A * A A.Y (v) =- (epoLeg)y (v); f,(v) * 0 1 A(epoLeg)PA' (v);...;Y3(v)
1< Z 1(epoLeg)PA' (v),

where the pl-' ,I, , ~ j ~ 3, are the momenta defined by
(4.4). Recalling that L3 is supposed to be a function of

3 3 A A A Atype L =- L (t,Y ,zo,l ,z', 1 ,zz ,) we have, after the action
of ep,the using (5.Z), that

aL',2
-A-az ,0,

aL3 A'-A-+ A
3z ,0,

aL',Z _
-A--az, ,,

(5.3)

, 3L',Z _ , 3L3
T-A-- Z-A-
- a Zz , a Zz ,, ,

A AIf we derive (5.2) with respect to Y, and yz' one has

aL' ,Z _ A ' ar.' ,Z
~ A dT(-A-)
3y, 3 z 1 Z,

3L ' ,Z .!AZ , 3L 1, Z
a A- Z A Z dT(-A-)
yz azz ,,

(5.4)

where the equalities on the right of (5.4) are given by
(4.Z). Now, from (5.Z) one has
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aL' , Z a3
';\.2 aL' ,Z a3

(5.5)-A- -A- i A -A- -A-
az, , az, , azz , azz ,, , , ,

Therefore,

-A'
3 3 , Z

d (~- 'AZ) d (~-.!.. d (~-' ))A T a~A T A T a A Z T A .
....1,, z, 1 azz 1, ,

d (~)_ 1 dz(=aL~3___
T A 2 T AaZ1 , azz 1, ,

(see (5.3))

and (5.3) becomes

a3 1 oL3
-A- - -[ciT-A-
aZ',l oZZ,2

(5.6)

which are, respectively, the momenta fAil' fA/2 and fA/3
expressed after the action of the embedding~. A

PROPOSITION 2. Le:t L Z :JZE .... R be ct /tegulct/l Lctg/tctng.{ctn
3 3 Z06 oILde/t 2. Le:t Pz:J E ....J E be :the canon{cal p/toject{on and

pu:t L3 = (P~)*L2 ct~ well ct~ 60IL :the {nduced Lag/tang{ctn on
J 1 (J2E) by ~. Then :the Lctg/tctng{an L 1 , Z:J 1 (JZE) .... R {~ Ln.d e»

penden:t 06 :the vct/t{ctble~ z~ l'

f I . bv i '. L3 (3)* LZ( A APr o o i", t 1.S 0 V1.0US, si nc e = Pz 0 t,y,z l'

z~ 1) is not a function of the variables z~ ,. Therefo~~
th~ Lagrangian L1,2:Jl(JZE) ....R related with such L3, ini-
tially given by
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is in fact of type
, 2 (dL 1 , 2) __AA dT ~ - O.aZ2 ,,

L1,2 since

a L , ,2Obviously, rank ----- = 2m, 1 ~ j ~ 3 and we may de-
azAj-',' , 2fine a Legendre transformation on the submanifold of J (J E)

f d i - b ( A A A) (t A 0,' ',',o co t me ns i on m y t, ,zo",z',l -+ ,y,PA 'PA J'

where now

n3
-A-
a z ,

0,

The Hamiltonian H' ,2 defined by H', 2 = PAo" zA , + PA'" z-i 1 -
1 7 dO"L ,- (which is of 2n order) may be extended to a neigh-

borhood in J'*(J2E) by the Hamiltonian

h1,2 = H1,2 + S'( A_ 0,')A Y, PA .

Therefore:

16 L2:J2E -+ R i~ a ~egula~ Lag~angian 06 2nd o~de~,
~hen i~ i~ locally pOb~ible to con~~~uct a Hamiltonian on a
neighbo~hood in Jl*(J2E) which i~ al~o 06 2nd onde~.

To conclude this note, we remark that the above proce-
dure may be extended to non-regular Lagrangians of order 2,
3, etc. Even in such situations we may obtain a Hamiltonian,* 2 ,* 3counterpart on J (J E), J (J E), etc. of order 2, 3, etc.

Acknowledgments. Work partially supported by Xunta de Gali-
cia, UFF ana CNPq (Proc. 30 ,115/79).

REFERENCES

[AA' ] Aldaya, V. & de Az carrag a , J., J. Ma~h. Phy~., '9
. ('978) .1869.

63



[AA2]

[01]
[02]
[DLR]

[01] .

[GM]

[GS]
[HK]
[ K]

[ R]
[SM]

Aldaya, V. & de Az carraga , J., J. Phy.6. A., 13 (1980),
2545.

Dedecker, P., C.R. Aead. Se. Pa~i6, 288 A, (1977), 827.
Dedecker, P., C.R. Aead. se . Pa~i6, 298 I, (1984),327.
de Leon, M. & Rodrigues, P.R., Gene~alized Cla66ieal

Meehanie6 and Field Theo~y, North-Holland Mathema-
tical Series, Vol. 112, (1985).

Dirac, P.A.M., Leetu~e6 on Quantum Meehanie6, Belfer
Graduate School of Sc. Mon. Ser. N2 3, (1964), N.Y.

Garcia, P. & Munoz, J., IUTAM-ISIMM Sympo6ium on Mode~Y!
Vevelopment6 in Analytieal Me.ehanie6, To~ino, (1982),
127.

Goldschmit, H. & Sterberg, S., Ann. In6t. Fou~ie~, 23
(1) (1973), 203.

Horak, M. & Kolar, I., c z ecno s t.ovau Math. J., 33 (108)
(1983),467.

Krupka, D., A~eh. Math. Se~ipta Fae. Se. Nat. B~une.n-
6il>,20 (1984), 2l.

Rodrigues, P.R., J: Math. Phy6., 18 (1977), 1720.
Sudharsan. E. & Makunda, N., Cla66ieai Vynamiel> - A

Mode.~n Pe.~6pe.etive., Wiley, (1974), N.Y.

CECIME
Conse.]» Sup~M de. Inve.6ligac.i(1ne.6 Cie.ntiMc.M

S~a.Ylo 123

28006 M~, Spain.

Ve.paJt.t.ame.ntode Geome.t!Ua
In6tituto de Matem<Lt<.c.a

UniveMidade. Fe.d~a£. F!umine.rtl>e.
24.000 Nit~oi, R.J., ~Mi!

(Recibido en jUlio de 1986).

64


