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GENERATING UNIFORMLY DISTRIBUTED POINTS
IN A SPHERE OF NORM 1 I, IN R"

by

Stefan Corneliu STEFANESCU and Virgil CRAIU

Summary: In this paper an efficient algorithmis given
for generating uniformly distributed points in a sphere in
the space R" with norm i/ ﬂ . A way 1is suggested for generat-
ing uniformly distributed points in a general sphere of norm
| Iéc), or in the intersection of such domains in IR:‘_, and
uniformly distributed points on the surface of the Euclidean
norm sphere or in a bounded domain of RM. The classical re-
sults are obtained as particular cases.

§1. Introduction. Let R" the n-dimensional real space. For

p > 0, we consider the norm

1/
[ Cxpoxgneonxgly = CxgPelxg [Peo o x [PY7P (1)
and the sphere S(n,p)
S(n,p) = {(x1,X_,,.--,xn)|'x1 e R, I<isn, "(X1’x2’“"xnﬂhu" 1}, (2)

DEFINITION 1. The random vector (XI’XZ”"’Xn) is und-

{enmly distnibuted over the domain D = R", D bounded, of



nonzero volume (vol.(D) # 0) if it has the density function

( ) {1/vol(D), for (x1,x2,.",xn) e D ; (3)
g(Xq,Xy,.0,Xx ) =

0 , otherwise ;

where

vol(D) = J.b.jdt1...dtn. (4)

DEFINITION 2. The random variable E is EXPS(p) -d{stni-
buted (p-th onder symmeitrnical exponential distribution) if
it has the following density function

£(x) = [1/¢2.p"P 1 r(1/p)] exp(-|x|P/p) (5)

where

r(a) = | ta'1exp(-t)dt an are 0 (6)
o

DEFINITION 3. The random variable E is EXPN(p)-distri-
buted (p-th order non symmetnical exponential distnibution)
if it has the following density function

rﬁ/(p1/p-1F(1/P)]exp(—xp/p), for x>0
f(x) = (7)

0 , otherwise.

DEFINITION 4. The random variable G is gamma distrd-
buted with shape parametern a, a > 0 if it has the following
density function

[xa'1exp(-x)]/r(a), for x>0 ;
f(x) = (8)

0 , otherwise.

REMARK 1. Random variables having the normal distri-
bution with mean 0 and variance 1 are EXPS(2)-random varia-
bles. The exponential random variables may be regarded as
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EXPN(1)-random variables or as gamma random variables with

shape parameter 1.
We shall formulate an algorithm for generating uni-
formly distributed points over the domain S(n,p).

§2. Theoretical results.

THEOREM 1. 14§ Y1,Y2,,..,Yn,Yn*1 are {ndependent nran-

dom variables, YI’YZ""’Yn have EXPS(p) dLAtanutLon,Yn+1
has the density function

yP lexp(-yP/p), if y >0
£, = (9)

and

1/ .
X =YiN]YHp+|Yﬂph.,ﬂYMp+Y§H) P 1¢ign, (10)

then the random vecton (X1,X2,...,Xn) {8 undformly distnd-
buted over the domain S(n,p).

Proof. For any P 0 (yn+1 = R,), the transforma-
tion

a r 1 Paly PL.yP 1/ : o
xj o=y UyqIPely IPe ey 1P oy P, 1<,

(1)
1/
Wy 2 llwgl® o b\ P ndlr, [ Pops 09 P

s one to one between RnXR+ and S(n,p)xR,_. From (11), we

obtalin
y. = X.X ) 1<1<n
1 17 n+1 (12)
. - st [PudnetPe o . py1/p
Fia® ™ Fyq (1 1,1 Ix2| e Ixn[ )
Let J = D(y‘,y:,...,yn,yn+‘)/D(x1,x2,...,xn,xn+‘) be the

determinant of the matrix (ayi/axj)lsi,jsn+1



J = det((ayj/axj)]si’j<n+1) (13)
From (12), we obtain
n -1 '
J = (—xn+1/r§ JE(n,Xy,X;,...,X,-TP,p) (14)
where
ro= (- ]xg [P - |x, [P-oo - |x [Py 1/P
X 1 2 e n
1 0 X,
0 1 X,
F(n,xy,%5,.0.,X ,W,p) =det [ oo, (15)
0 0 0 1 Xp
d1 d2 d3 . dn W
and d, = sign (x;) }xilp_j, 1<i<n, sign (x) being the sign

of the real number x. Expanding the determinant (15) by the
first column we obtain the following recurrence relationship

F(X1,X2,e--,xnyW,P) = F(n'T,XZ,XS,---’xn,W,p) +

(16)
+ (1™ Zsign(x,) [x, 1P Tdet (A)
where A is the matrix
0 0 0 0 X4
1 0 0 X5
0 1 0 X3
A-ZY Faddenens bdaliin Bga, B d.dn a7
0 0 1 0 S S
0 0 0 1 X,

From the matrix A one can obtain a diagonal matrix by moving

the first row to the last place. Therefore

det(A) = (-1)“"x, (18)
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and hence the relation (16) may be written in the form
F(n’x*] ’x2’x3)' oo sxn,W,P) = F(ﬂ' 1 )XZ)X31 coe ,Xn,W,P) - |X1 Ip . (19)

By n sequencial applications of equality (19)and from (14)
and (15) we obtain

n 1/p-1
I = (g (foy PP Pie s i Py BT (20)

The random variables Y1,Y2,...,Yn,Y being independent,

n+1
it follows that the random vector (Y1’YZ""’Yn’Yn+1) has
the density function

_ n+1 )
YEJ [TT] exp(-,vg’/p)]/[zp”p 1r(1/p)}“ ,
j= L

8y (Y1sY9s e sYsVpa) = ; .
yri1272 n’/n+1 if Yne1” 0 ;

(21

g, if Ype1 €0 -
Let (x1,x2,...,xn,xn+1) be the random vector obtained from
the random vector (Yl’YZ""’Yn’Yn+1) by the transformation
(11). If gx(x1,x2,...,xn,xn+1) is the density function of
the random vector (X1,X2,...,kn,xn+1), then

SR (C PRI S5 SURD IR N VIO C STRRINS SO FRRIIS 00T ¢ STRRIS WP )

(22

where the Jacobian J of the transformation (11) is given by
(20). Now from (12) it follows that

(1 n+p-1 1/p-1 n

[xn+1 eXp(')(E+1/p]/ 2p I‘(]/p)]

if Xpe1” 0, (x1,x2,...,xn)e: S(n,p) ;

Bx (X5 s X sX0q) =) (23)

0 , otherwise.

\

1f g(x],xq,...,xn) is the density function of the random

vector (X‘,X,,...,Xn) given by (10), then 191



o«

B8(XqsXp,eeenX) = £ gx(x1,x2,...,xn,xn+])dxn+] = constant (24)

which proves the theorem.

REMARK 2. Making the substitution t = xP /p in the

n+1
integral (24) we obtain

8(Xqs0e0,X ) = [p"r(n/p+1)]/[2r(1/p)]™ = 1/vol(S(n,p)).

COROLLARY 1. (Stefdnescu [12]). I§ ?1,22,...,Zn,zn+1

are {ndependent random variables, Z 1<ig<n, having a non-

i)
maf distribution with mean 0 and varcance 1, and Zn+1 having

the density function

z exp( -22/2), if z >0;

f(z) =
0 ;  ifz<0 ;
and
_ 2 2 2 2 1/2 .
Xi = Zi/(Z1 +Zz+...+Zn +Zn+1) : 1<1ign,
then the nandom vecton (X1,X2,...,Xn) {8 undlformly distni-

buted 4n the sphere S(n,2) (of Euclidean norm).

The proof of this statement results from Remark 1 and

Theorem 1 for p = 2.

§3. Generating algorithm. Since the density function (5) 1is
obtained by symmetry from the density function (7), we have:

PROPOSITION 1. I W (48 a discrete nandom variable thaz
may take the values -1 and 1 each with probabifity 1/2 and
E is a EXPN(p)-distributed nandom variable then W.E 44 a
EXPS(p) distributed random variable.
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REMARK 3. This proposition can be used for computer
generation of EXPS(p) random variables starting from
EXPN(p) random variables. Stefdnescu and Vaduva [13] (ex-
tending the method suggest by Kinderman and Monahan [5],
[6]) indicate efficient algorithms for generating EXPN(p)

random variables.
The EXPN(p) random variables may be generated using:

PROPOSITION 2. 14 G 44 a gamma random variable with

shape parameten 1/p Zhen the random vardiable (p.G)”p L4

EXPN(p) distributed.

PROPOSITION 3. I4 U {5 a uniform random vardiable on
the 4intenval (0,1), then the random variable (—p'zn(U))1/p
has the density function given by formula (9).

Proof. The random variable Z with density function
(9), has for z » 0, the distribution function

z
F(z) = [ tP exp(—tp/p)dt = 1—exp(-zp/p).
0
Since for a random variable U uniformly distributed on (0,1),
the random variable F-1(1-U) has the distribution function

F, the proposition is established.

THEOREM 2. I{ W1,W2,...,Wn,G1,G7,...,Gn,U are Linde-
pendent random uaniableb,_w],wz,...,wn discrnete random var-
{ables that may take only the values -1 and 1 each with

probability 1/2, G1,G2,...,Gn random variables gamma distrd-

buted with shape parameten 1/p, U uniformly distributed on
(0,1), and
_ 1/p " 1/p "
Xi = (wiGi )/(G1f62+...+bn £n(U)) , 1<1<n,

then the nandom vectonr (X1,X2,X3,...,Xn) Lb undformly dis-
tributed on the domain S(n,p).
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The proof of Theorem 2 results from Theorem 1 and Pro-

position 1, 2 and 3.

The Theorem 2 leads to the UNIFS generating algorithm
of points P(x1,x2,...,xn) uniformly distributed on the do-

main S(n,p).

Algorithm UNIFS (UNIFormly distribited points inside the
Sphere S(n,p) ).

Step 0. Read n,p.

Step 1. Generate U1,U2,...,Un,U independent random varia-
bles uniformly distributed on (0,1).

Step 2. Generate G1’GZ""’Gn independent random variables
having a gamma distribution with shape parameter
1/p.

Step 3. S « (G1+GZ+...+Gn-£n(U))1/p.

Step 4. If Ui < 1/2 then Wi +« -1; else W.1 <« 1 ; (for
i = 1,2,338 5@ a0

1/P/c. ;
Step 5. X « wiGi /S; 1<1<n.

Step 6. Write the point P(x1,x2,x3,...,xn). STOP.

REMARK 4. The UNIFS algorithm is very fast. Comparing
‘the results obtained by Dedk [3] and Stefanescu [12], the
UNIFS algorithm (the case p=2) is proved to be the fastest
algorithm for generating uniformly distributed points inside
the sphere of Euclidean norm.

For computer generating gamma and uniformly distribut-
ted random variables, a subroutine library is used, the RAVAGE
(Viduva [16]). It may be consulted the references [7],[9],
[10],[11] or more precisely [1],[2],[5],[6],[14].

§4. Other domains. Further we shall generate sequences of
uniformly distributed points on other bounded domains D,
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S,(n,p) = {(XI’XZ’""Xn)I(XI'XZ"“’xn) =S(n,p), x; > 0, 1<i<n}

@ |

» h}

- - n

S,(n,p,h,c,b) = {(x1,x2,".,xn) <R |"(x1—b1,".,xn-bn)"

So+(n,p,h,5,5) = {(X),Xg, X)) & So(n,p,h,é,B) |x;> by, lsign}
2

2 2
SS(n) = {(x1 1Xp s em X)) € R" ]x1 RGP X = 1}

where ¢ = (c1,c2,...,cn), b = (b1,b2,...,bn) with c; > 0,
bi e R, 1<ig<n, h > 0, and for (y],yz,...,yn) < R™ we have

(%) 1
102y g0l = (g1 [PreylxyIP+..ocy I [P 1P,

4.1. Uniformly distributed random points on S _(n,p). The proof
of the following theorem is similar to that of Theorem 1.

THEOREM 3. Iy Y]’YZ""’Yn’Yn+1 are Andependent nran-
dom vandiables, Y1,Y2,...,Yn have EXPN(p) dLAtanutLon,Yn+1

has the density function (9), and

e P P P P 1/p )
Kg1® Vo d (¥gor Yetowod Y0 4 %504 /P, 101 g ivgmy
then the nandom vecton (X1,X2,...,Xn) L8 undporamly distrni-
buted on the domain S, (n,p).

From Theorem 3, for p = 1, we obtain

COROLLARY 2. (Feller [4], p.76). I§ E;, 1<i<n+l,
are independent exponential random variables and

X; = By/(Eq +By +...+E +E

i n+1)’

then the nandom vecton (X1,X <X ) 48 undformly distnd-

rA
buted in the "unity" n-simplex S, _(n,1).



4.2. Uniformly distributed random points on So(n,p,h.é,B)

and So+(n,p,h,é,5), Starting from the points P(X ,X,,u,X ),
uniformly distributed on the domain S(n,p), the following
theorem enables the generation of points Q(y],yz,...,yn)
uniformly distributed inside the sphere So(n;p,h,&,B).

THEOREM 4. 14 the hrandom vectoxr (X1,X2,...,Xn) Ls und-
formly distributed on the domain S(n,p) and

Y, = (hX;) /c; +b,, 1<i¢n,

then the nandom vecton (Y1,Y2,...,Yn) i85 uniformly distri-
buted on the domain So(n,p,h,E,E).
The proof follows from Definition 1 and using the

transformation

n, (25)

VY
-
N

Yy = (hxi) /ci+bi, 1
that is one to one between S(n,p) and So(n,p,h,é,B) and

whose Jacobian 1is constant:
T = DYy ¥ e wr s /DK K ohn st ) = 27 (IR

REMARK 5. One can obtain a similar result for do-
mains So+(n,p,h,6,E) considering the transformation (25)

‘with (X{5Xp5.000Xy) & S, (h,P)+

4.3. Uniformly distributed random points on a bounded do-
main. For generating uniformly distributed random points on

a bounded domain D, D CZRn, vol(D) # 0, we can use a compo-

sition-rejection procedure.

We consider a partition {Dj}1<j<m of the domain D:

D=D1UD2U...UDm, DiﬂDj=¢, vol(Dj)#O, Tgi<jgm

In this case the generation of a uniformly random point
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P(xl,x,,...,xn) in the domain D can be made by a random

choice of a domain Dj’ 1 £ j €« m (depending on vol(Dj)),

and then generating the uniformly distributed point on Dj'
We can obtain uniformly distributed points on the do-

main Dj by a rejection procedure:

- find a domain so(n,p,h,é,B) (or SO+(n,p,h,é,5)) that
includes the domain Dj;

generate uniformly distributed points P(x1,x2,...,xn) on
the domain So(n,p,h,é,B) (Theorem 4 and Algorithm UNIES);

reject these points P(x,,X,,. ..,Xx_)such that P D..
1772 n ]

The accepting probability Pz. of points into the do-

main Di is equal to

pac = vol(Dj)/vol(So(n,p,h,c,b)) < 1.

We can 1ncrease the accepting probability value pac (accel-
erating the speed of rejection procedure) by finding the

values po’ho’éo'bo of the parameters p,h,c,b so that
SO(n’pO’hQ’Co’bo)’ with SO(n'pO’hO’CO'bO) = D_]‘ will have

the minimum volume.

4.4, Uniformly distributed points on SS(n). The following

result is well known

PROPOSITION 4. (Dedk [3], Knuth [7]). 1§ the random
vecton (X1,X2,...,Xn) {8 undfonmly distrnibuted cn the do-
main S(n,2)-{0},

_ 28552 2 2+1/2 pi
% Xi/(X1 +}2 + X3 +...+Xn) , 1<1¢gn,
then the random vecton (Y1,Y2,...,Yn) (s undfomly dis-

tributed on the domain SS(n).



Using Proposition 4 and Corollary 1, one obtains Mu-
ller's result.

COROLLARY 3. (Muller [8]). 1§ Z,,Z,,Z5,...,Z are in-

dependent nandom variables, normally distributed with mean
0 and vardlance 1, and
2

_ 2
Y, = Zi/(Z1 +Iy 4. %1

2
n

2,1/2

-1+Zn

5 1 <1ig<n,

then the nandom vecton (YI’YZ”"’Yn) L8 undformly dListndi-
buted on the domain SS(n).

REMARK 6. In the case of uniformly distributed random
points Q(YI’YZ""’yn) on SS(n), the Definition 1 is not
used (since vol(SS(n)) = 0).
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