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Summary. The main purpose of the present paper is to es-
tablish a surjectivity result for nonlinear continuous mappings
on uniform spaces. Then one can prove that every surjective,
continuous and expansive map of an uniform space onto itself
has a unique fixed point. Moreover, such a map is a global ho-
meomorphism of the uniform space onto itself. As a consequence
of the main theorem a generalization of McCord's theorem to
locally convex spaces is proved.

The main purpose of the present paper is to establish
a surjectivity result for nonlinear continuous mappings on
uniform spaces, using the technique of Kasahara [1]. Then
one can prove that every surjective, continuous and expan-
sive map of an uniform space onto itself has a unique fixed
point. Moreover, such a map is a global homeomorphism of the
uniform space onto itself. As a consequence of the main
theorem a generalization of McCord's theorem [2] to locally

convex spaces is proved.
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§1. A surjectivity result. We shall denote by X a sequential-
ly complete Hausdorff uniform spaces whose uniformity is

generated by a saturated family of pseudometrics
{OA(X,y) : X €A},

and by ¥ a quasicomplete Hausdorff uniform space with a sat-
urated family of pseudometrics {Bu(x,y) :u e M}, (cf. [3],
[4]). The uniform space Y is said to be quasicomplete if

every bounded closed subset of Y is complete in the induced

topology.

If a= ¥ and S =« ¥ we shall use the standard notation
?(n) (a,S) = inf{éu(a,x) :x = S}

Let ¢:MxYxY - M be a mapping and {ék}:=o’ {;k}Z=o be
sequences in Y. We shall use the notation

¢k(“,ék,;k) =¢(¢k-1(u’gﬂ‘1’;[2‘1)’ék’;k)’ (k=1:2)"')) ¢O(U,£/0,§o) - u-

{e(n)(£) : u = M} be a family of functions
(Rl = [0,»)) with the properties:

Let (9)
@(u) (+):R] > R

1) &(n) () is non-decreasing and continuous from the right

1
&

with respect to £ on R1 for fixed pe M.

+?

2) 0 < d(u)(£) < £ for all £ > 0 and u = M.
3) For every ue M there exists &(u)(£) « (¢) such that

sup { 000" (1,5,,4,))(2) : n=0,1,2,...} < $(u) (¢)

where & (u)(%£)/% is non-decreasing in %.

Assume there is a mapping k:A > M which is onto, and
let T:X >~ Y be a continuous mapping and F = ¥ be a bounded
and closed subset of V.

THEOREM 1. Assume: (1) there is a mapping o(A):A > Rl

such that for every x « X there exists z € X for which the

following <inequalities hold
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Py (x,2) < a(M)D(Rk(X)) (Tx,F)

for every A A,

D(w)(Tz,F) < ¢(W) (P(d(u,Tx,y)) (Tx,F)))

for every w e M and y « F. (2) there exist an element

X, € X and a constant A = A(u,F) > 0 such that

D(6" (1, Txy»9)) (Tx,F) < & <

for every y €« F and n = 0,1,2,... . Then there exists an

a & X for which Ta e F, and moreover:
® n
Py (X5, @) < a) I & (R(V))(A) < .
n=o0

(Here én(u)(t) stands for n-th iterate of &(p) (%), as func-
tion of £, and 3°(u) (%) = £ ).
Proof. By the assumption 1 for every x=X the set

S(x) ={z =X: Py (x,2) < a(N)D(R(A))(Tx,F)
and D(k(X2)) (Tz,F) < @(k(X)) (D(¢(k(X),Tx,y)) (Tx,F))
for every A & A and y = F}

is nonempty. Begining with X, € X from assumption 2, we
©

define the sequence {2 heo

by chosing X, = S(xo),x2 =
S(x1),...,xn+1 €3S8(x,),.... Now the sequence is independ-

ent on A. Consequently, we have for every = A and y = F

Py (X5 %p01) € a(D(ROD) (Tx,,F),
and

D(R(A))(Tx F) < 2(R(A)) (P(¢(k(X),Tx, ,9)) (Tx ,F)).

n+1’
Then
oy (%5%,01) < a0)8(RMD) PR, Tx,_1,)) (Tx, _;,F))

< aR(EM) (RN, Tx,_1,0)) PG R, Tx ,,0)(Tx_,,F)))

$eeag AR (6 (), Tx_1,0))
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G0 6" (R0, T, 9) O™ (R0, Tx,9)) (T, F)) . .)

< a3 (k) (),

e D) (T, F) € 90 P0G Tx,_1,9)) (Tx,_1,F)
< 00 @O0, Tx,_1,5)) P20, Tx, ) (Tx,_5,F)) < ...
< 000 @0, Tx_1,y)).- 06" (11,Tx ,)) (Tx,F)). )
< @w®.

Since

T () (0) 78" () (8) < $(u)(A)/a < 1

then the serie Z 5"(u)(A) is convergent and hence

n=o
lim & ") (a) = o.
n>o
Hence
" T _pek-1
p)\(xn’xn+m) < k§1pk(xn+k-1’xn+k) T .M kz1 ¢ () (8)

and therefore {xn}:=o is a Cauchy sequence that in view of
the sequential completeness of X tends to the limit a = X.
The continuity of T implies %12 Txn = Ta in Y. But Y is qua-
sicomplete and F is bounded and closed. Therefore Tae= F.

Finally, we have

Py (Xgsa) € py (X 5xq) + 0y (xq, %)+ w40, (X, _1,% )+ py(x,,a)
n-1
o) I R + e (x,.0)
=0

and then, when n » =,

8

oA (xgs@) ¢ &0) T BW®) < -

Theorem 1 is thus proved. A

Theorem 2 is a consequence of Theorem 1. Here the
assumption for a quasicompleteness of ¥ is not necessary.
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THEOREM 2. T:X + Y be a continuous map. Suppose there
are a map a(X):A » Rl and one element K- X such that for

every x « X there is x € X for which
p)‘ (x, ;‘) N G(X)Bk(l) (Tx, y)

and
bren) (T5,89) € 0k ()) By (pn),Tx, y) (T%09))

for every &€ AN and ye Y, and for n = 0,1,2,...
Pgn (T ,y) (Txy,y) & B < =, where 8 =4(k,y) > 0,
Then T is surjective. Moreover, if Tx = L then

py(x,5a) ¢ a(d) [ #"(E())(AR(N),) < = -
n=o

§2. Application 1 -Fixed points. Now we are going to obtain
fixed point theorem for surjective continuos and expansive
mappings.

We shall consider a uniform space X with a saturated
family of pseudometrics {pu(x,y) :u & M}. Here the mapping
¢ is defined only on M, that is ¢:M > M.

The mapping T:X » X is said to be a ®-expansion on X
if

P (x:9) & 2 (pg )y (TX,TY))

for every x,y €« X and u = M.
I1f, for instance, we choose ¢ (u) = p and @®(u) (L) = kut
with 0 < ku < 1, then

pu(Tx,Ty) > (1/ku)ou(x,y)-

THEOREM 3. Let T:X » X be a continuous, surjective and

¢-expansive mapping. If there is X e X whose inverse image

T_1xo contains an element X such that

0 < pyn(y) (Txy5xq) € B(W) < = (ni=0,7,2,..9
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then T has at least one fixed point.

Proof. Since T is surjective we may define the sequence
{x } by the equality X, = Txn+1, begining with X and with

nn=0 n

x, satisfying the assumption of the theorem. Setting e, =

1
pu(xn,xn+1) we obtain

Cp = Py (%0q) € 000 (o) (Tx,,Tx, 14)) = 00 (R () (X q5%,))
€ 00 BOM) (0y2(y (X p %)) € -

€ 200 (0010 (---2(6" ™ 1) oy, (xg0%)) D) € F" ().

The inequalities

U

m
-n+h-1
pu(xn’xn+m) % kz1 Cp+k-1

® (w) (8)

<

ne-13

k=1
show that {xn}:=o is a Cauchy sequence because
n+1 n = -
o7 () (A)/eT () () s e(w)(A)/A <1, (A=A(M)).

Then the completeness of X implies %im x, = x = X. The element
-+
x is the desired fixed point of T. In fact, since T is contin-

uous, x_ = Tx and 1lim x = x, then x = Tx.
n n+1 N

THEOREM 4. Let the condititons of Theorem 3 hold true.
If, in addition, we suppose that for every fixed points x
and y of T the sequence {p n(u)(x,y)}:=o is bounded, that is,
p¢n(u)(x,g) < Q(u,x,y) (Q > 0), then T has a unique fixed

point.
Proof. The desired conclusion follows immediately from

the inequalities
pu(x,y) < ¢(u)(p¢(u)(Tx,Ty)) = ¢(u)(p¢(u)(X.y)) <

ceeg 0 (@) (006" (W) (oynyy (X54)) - 1))

s 3" (n,x,9)).

COROLLARY 1. Let the conditione of theorems 3 and 4

hold good for TA, which i8 a ®-expansion for some positive
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integer 4. Then T has a unique fixed point.

Let us redefine the family (¢), using the conditions
(1) and (2) and replacing the condition (3) in §1 by the
following one:

3') for every u = M,
lim o) (2o (W) (... 04" (W) (®)...)) =0, £>0.

In Theorem 5 the notation of ¢-expansion is taken with re-
spect to the redefined family (9).

THEOREM 5. Let T:X > X be continuous, surjective and
d-expansive mapping. If (1) the mapping ¢:M - M is surjec-
tive and pu(xn’xn+m) > p¢(u)(xn’xn0m) for some xy = X and
every U e M, where X, * Txn+1, and (2) for every two fized

points of T, x and y,
Pon(y) (Xo8) € Q0x,9) <@ (R=0,1,2,...) ;

then T has a unique fixed point.

W 2
Proof. Let us put ¢, = pu(xn,xn+1), p(u) = pu(xo,x1).
Then
u=
ey = P (xx, q) < @G (py )y (Tx,,Tx, 4 4))

= 001 (0 () (. q0%,)) € O0D@OGD) (9,20, (o 20%, 1)) €
E: ¢(u)(¢(¢(u))(...o(¢""(u))(p¢n(u)(xo,x1))...))
SO (@) .. 06" T (W) (W) ...

Therefore 1lim ¢ = 0 for every u e M.
Nn->oo n
We suppose, by contradiction, that {xn}:=o is not a
Cauchy sequence. Then there exists €y > 0 and finite number
of pseudometrics {pﬁ} such that for every v there is
m=m(v) > v and p = p(v) > 0 for which pﬁ(xm m+p) > €,
But ¢ is surjective and we can find u « M such that {i= ¢(n).

» X
Moreover, pu(xm,xm+p) > p¢(u)(xm,xm+p) > g4- Let p be the
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smallest positive integer for which p¢(u)(xm+ﬁ,x?) > €5 It
follows that p ,xm) < ey Setting at

8 () Fmep-1
p¢(u)(xm+ﬁ’xm)’ we have

AW L

¢ (1)
R m+p-1" o

0 € O < Py Cmep Smep-1) o () Comep-1 %) €
Passing to the limit in the last inequality when v + « we
obtain lim a¢(U) N6y On the other hand we have:

V>0
€0 € Py (XpuprXpy) € 0y (Xpups Xpupeq)
* Py pepat o Xpat) * 0 (Xpiq0xy)

e - +o(u)(p

m+p b () Cmepr Xmd) *

m+p’m

which yields for v + =, €y € Q(u)(eo). The obtained contra-
diction shows that {xn}:=o is a Cauchy sequence. From there
on, the proof can be accomplished as those of Theorem 3 and

3. A

REMARK. The mapping T is continuous, surjective and
inversible. The inverse mapping T'1 is continuous, because
it is a contraction. Therefore T is a global homeomorphism
of X onto itself. Moreover, if we state X, = T_1xo, one can
obtain a fixed point theorem for ®&-contractive mappings,
as in [5]. Then by choosing particular values of &(u), we
obtain-the fixed point theorem of Tarafdar [6], Theorem 11.

§3. Application 2 - McCord's Theorem. Here we establish an

extension of McCord's Theorem [2]. Let E and G be Hausdorff
locally convex topological vector spaces with saturated fam-
ilies of seminorms, {I'IA :A € A} and {|-|u :u = M}, respec-
tively. Assume there exists an onto k:A + M, and let T:E > G

be acontinuous linear mapping.

THEOREM 6. Suppose that for each yeG with Iylu = 1
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for some w & M, there exists an element x « E and mapppings
a(A) tA > R}, B(uw):M-> [0,8], 0 < B <1, such that
lel < a(}A) and |y-Txnk(x) < B(k(X)) for every A = A. Then
T is surjective. If C = Ta, then |a|l < a(X) E ",

Proof. Let x « £ and y « G. One can supSoZe that y # Tx,
then there exists p = M such that Iy-TxHu # 0, because
is a Hausdorff space. Then we can find an element z « E for
which IZIA < o(A) and

1 =1 T2 < B(ROV)).

Py-Txly, R())

Let us put X = x +|y—Tx|k(A)z. We have

Hi-XIA < IZIAIU'Tx“k(A) < a(k)ly—Tka(A)

and then
Tx -y = Tx -y + |y-Txlk(A)Tz,

for every A = A, and so for every u « M, the following ine-

quality is satisfied:
1739l 5y = Dyo-Tx - Ty-Txl, Tzl < 8QIIy-Txl, -

In order to obtain the assumptionsof Theorem 2 we define the
mapping ¢:6xG - M in the following way: for every Q,Z = G,
$(y,y) is the index u « M of the norm for which |Q—Z|u # 0.
Then we put ¢(Tx,y) = M- Since ¢ does not depend on u, we
have A(u,y) = pu(TO,y) where 0 is the null element of E.
Applying Theorem 2 we obtain the assertion of Theorem 6. A
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