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ON ROOT SYSTEMS

by

Carlos R. VIDELA

Abstract. Let I be a root system. A = I a base and I' the
set of positive roots. We prove the following two propositions.

THEOREM. If o « I* say o = UZ n_+o then b,(a) ={ong »n}
18 a connected subset of the Dynkin dlagram of z.

THEOREM. Let 1y be the root in It of largest height. Then
for each o €1* such that W # ny and hezght of a > 2 there
exists 0 € A with a~o EZ but ny-o ¢2

Introduction. The purpose of this note is to prove two sim-
ple properties about root systems: Theorems 2.1 and 3.1.
Theorem 3.1 is useful in the study of definability in cer-
tain nilpotent groups (in fact it was during this study that
the theorem was discovered, see [Vi]). Perhaps it us useful

in other situations.

§1. Preliminaries. In this section we recall the definition
of root systemsand state some of their properties. The ref-
erences we use are [Hu, Chapter III] and [Bo, Chapter 7.8]
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DEFINITION 1.1. A subset I of euclidean space E is cal-
led a root system in E (and o = I is called a root) is the
following axioms are satisfied:

(a) £ is finite, spans E, and does not contain 0.

(b) If o =% then the only multiplies of a in Z are *a.

(c) If o « I then the reflection % leaves I invariant (here
o, (8) =8 -—Z—%GJ-

(d) If we let <B,a> = 2(B,a)/(a,a), then for a,B = I,

<B,a> = Z.

The last condition puts a big constraint on the possible
angles between pairs of roots. In fact all root systems can
be described explicitly. From condition (d) one can construct
the following table [Hu, p.45].

Let a,B8, be roots, nonproportional.

<a,B> <B,a> 6 181%/]a]?

0 0 m/2 undetermined
1 1 m/3 1
-1 -1 2n/3 1
1 2 /4 2
-1 -2 3n/4 2
1 3 m/6 3
-1 -3 Sm/6 3

Note that the symbol <B,a> is linear (only) in the first
variable, and <B,B> = 2.
We will use the following lemmas constantly.

LEMMA 1.2. Let a, B be nonproportional roots. If (a,B)>0
then o-B 18 a root. If (0,B) < 0 then a+B is a root.

Given a,B = I,nonproportional, one can look at the
a-string through B: this consists of all the roots of the
form B+{a ({ = Z). Let n,q be the largest nonnegative inte-
gers for which B-nra = I and B+qa =X. We have the following
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LEMA 1.3. The o-string through B is unbroken from B-ra
to B+qo. Furthermore <B,a> = a-q.

We turn to bases. A subset A = I is called a base of L
if A is a basis of E and each root B = I can be written as
B = Zkaa (o & A) with integral coefficients all nonnegative
or all nonpositive. Bases exist [Hu, p.48]. The elements of
A are called simple roots; ht(R) def Zka (read: 'height of
B'). If all k, » 0 we call B positive. Finally, 8 €% a if
B-a is a sum of positive roots or B = a.

LEMMA 1.4. If o,B = A then (a,B) € 0 for o#B and a-B

18 not a root.

LEMMA 1.5. If o is positive, ht(a) » 2 then there
exists B &« A such that (a,B) > 0 and so a-B is a (positive)

root.

I s called inneduciblfe if A cannot be partitioned into
the union of two proper subsets such that each root in one
set is orthogonal to each root in the other.

LEMMA 1.6. Let I be irreducible. Then there exists a
unique maximal root B relative to the partial ordering <.
Furthermore if B = Lk a (a & A) then kR, > 1. Hence, if o I,
with o # B, then hto < htf and (B,a) 2> 0, ¥a = A.

1.7. Dynkin Diagrams. Let the rank of I be the dimen-
sion of E (so #A = rank of ). The Dynkin diagram of I is
constructed as follows: we have a vertex for each a = A.The
vertex 4 is joined to the vertex j by <ag,ai><ag, 00> edges.
When two or more edges occur then it is known that the
lenghts of the corresponding simple roots are different.

In this case we add an arrow pointing to the shorter of the

two roots.

THEOREM. If I is an irreducible root system

its Dynkin diagram is one of the following:
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Al(l >1) : o—o EER 0 0
1 2 3 L-1 2
82(1 >2) : o—o0 s 0 0 O=—=3>==0
1 2 -2 2-1 L
cz(z >3) : o—o0 R -0 Oo=—=—0
1 Z -2 -1
L
D,(%24) : o———o———o———---o———a::::::
1 2 -2 2-1 L
2
E6 : 0—0—0—0—0
1 3 4 5 6
20
E7 : 0—o ——0——0—0

1 3 4 5 6 7

T
tE, : 0—0—0—0—0—0—0
1 3 4 5 6 7 8

4  O——O"mg——0
1 2 3 4

§2. The support of a root. Let a e:’ with o = Znoo (ced).
We define the support of a (written supp(a) ) to be the set
of o € A with ng » 1. Similarly let An(a) = {a sAing >n}.

THEOREM 2.1. An(a) 18 a connected subset of the Dynkin
diagram of L.

Proof. Let n = 1. If o = 0 A then the results is true.
Otherwise by Lemma 1.5 there exists 0 & A with a-0 € i
Let m be the largest integer > 1 such that Y = a-mo « L.
Since Y- 0 ¢ Z and Y is not proportional to o it follows
that (Y,B) < 0. From Lemma 1.3 it follows that (y,B) < 0.
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This means that B is jeined to at least one of the simple
roots which occur in y (with a nonzero coefficient). We may
assume by induction on height that A1(Y) is connected. Hence
A1(a) = A1(Y) U{B} is connected.

Now assume n » 2. Fix a =I' and by induction suppose
that AK(B) is connected for all B with ht(B) < ht(a) and
all 1 £ k € n. Suppose An(a) is disconnected. There exist
simple roots o4 < 0, < 0, with ngy, ngy > ng, and ngop Mgy >
neng, % n. The notation o < B for simple roots means that
a lies on the left of B in the Dynkin diagram. Note that
since supp(a) is connected then the unique shortest arc
joining 0, to o, consists of simple roots appearing in the
decomposition of a. Take the triple (01,00,02) of minimal
length (i.e. the length of the arc from gy to 0, is minimal).
In other words, the number of roots between 9, and 9 is mi-
nimal. It follows that if o is on the arc joining o; to o,
(i.e. 04 < 0 < 0g,) then n = ng,.

Here is our basic plan. By Lemma 1.5 there is a ©
such that (a,0) > 0 (so a-o is a root). If o # 91,0, then
a-0 is a root of smaller height with Ay (a-o0) disconnected.
Hence we assume that (o,0) < 0 for o # 0450, (and so either
(a,o1) > 0 or (a,oz) > 0). The subgraph of the Dynkin dia-
gram formed by taking the roots in supp(a) will have one
end without double edges or bifurcations [see 1.7]. Without
loss of generality assume it 1is oz's end. So suppose then
that the support of a looks like:

0——0——0——0——0——0 *** 0 0
Fimdly B¢ 18y %1 %
Here & > 0.
We show that:
ngy > Mgy > T T e 2nu1 (A)

We start from a,. Since <a,a > = 2hgg-Nog 1 € 0 we have

g ~Rag 1 < 0, hence Nag -1 > Nog-
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Next <a,a, > = -ngy_, +2na£_1 “hgy € 0, hence 2nqa, 4
nay = ("a2_1‘"a2) *hag 1 € Mog o Since ng, 4 - Moy > 1 we
get Mgy o > Ngy 1. It is clear that we can continue and so
obtain (A). To finish note that <a,0,> = 2ng,-ng-ngq = C.
If we let ne = ngy-K with « > 1 then ¢ = ("oz'"a1)+K > 2.
Hence a-co, is a root (by Lemma 1.3) of smaller height than
that of a and with Ay (a-coz) disconnected where 2=nﬁn{m“,nT}
See the figure below:

. JJ i b

If 2 = 0. i.e. if o, is the last root in the support of a
then <a,0,> = Znoz-nT = Mgtk > 1. From 1.1. <a,0,> < S
Since ng, > 2 it follows that <a,0,> = 3. So again @-30, is
a root but the coefficient of o, in a-302 is negative while
that of T is positive. This is impossible. This completes

the proof. A

There is a converse to the above theorem.

LEMMA 2.2. Let A = A be a nonempty connected set of

simple roots. Then o = ! o is a root.
oeA

Proof. [Bo, Ch.8].

§3. Good roots and the heighest root. Let 1 =:" be the
root with largest height (with respect to the base A). A
root 0 € A is called good if ny-o € I. There are good roots,
by Lemma 1.5, however usually there is only one. We discuss
this in more detail. Using the argument in [Hu,p.60], in
particular his notion of an admissible set of vectors in E
applied to the sets A, = {'”N’°1"'"OL’°L+1""’°2}’ where
A = {OL‘1 < 4 ¢ 2} yields that there is only one good root
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for all systems except, possibly Az. On the other hand
ny = 0qt0,*.. %0y for Al so 04 and o
2.2 it follows that Oq*t...t0y
that one can substract 9, and o

o are good (from Lemma

is a root; it is easy to see
. and a proof that Oqt...*0
is indeed 1y is implicit in the first part of the proof of
Theorem 3.1 below).

It therefore seems that Theorem 3.1 below is extremely

L

likely. We note that it is possible to identify the good
roots in each root system: as a matter of fact one can write
down all £¥. We will try to avoid this but will use the fol-
lowing fact: if one deletes a root ¢ = A and considers

A-{o} U{-nN} then its Dynkin diagram must be one of the 1list
in 1.7 (see [Hu.p.60]). This implies that the good root for
the systems E6, E7, Eg, E4 must be an end vertex. For CZ it
actually tells so that the good root is the first one (as
labelled in section 1.7). For B, and Dl one can conclude only
that it is either the first or the second while for F4 it
must be the first root. G2 is rather special. At this point
one could not tell if it has two good roots or not, and if
not which one is!

THEOREM 3.1. Let a < £ with ht(a) » 2, o # ny. Then
there exists o e« A such that a-o € I but ny-o 1t
Proof. We consider cases on the graph formed by the
support of a. From now on o = ) n_*0.
oeh O

Case I. Graph of supp(a) does not contain double edges or
bifurcations.

Let g4 < 0,<...<0y be the graph of a. Let o,/ be such
that o, is maximal. It follows that if o, < oy < o, then

=n Otherwise a-<a,0,>0;, is a positive

"io-1 T nYio+1 Yio
root with A, for & = mln{noio-1'nY¢°+1} disconnected. Con-

tinuing in this manner, all nj's are equal in which case

a-o, and a-0, are roots or without loss of generality

BQPOL < Oj < 0y with ”oj-1 > ”oj' Again we get that a-o;
is a root. So, altogether it is possible to subtract two

roots from a. This proves the proposition for all types
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except Az. But we have seen that if I has two good roots
then they occur at end points of the Dynkin diagram. Hence
they can only be o3, or Op- This implies that an =ng;, = ¢
¥i,{f so a = 1ekeg® % = c1<Z$£ai. Hence ¢ = 1 by Lemma 2.2
and the definition of root system. If indeed 9, and o, are
good (otherwise we are done) then supp(a) involves all
simple roots in A. We claim that o is the heighest root. If
not then using the above argument we find a root B = ca
with ¢ > 1 which is impossible or B > a such that B—<B,0j>oj
is disconnected for some o A. Finally if o; = o4 say
then if ng, = ngy-x with « > 1 we get <a,0,> = Znol:(nq-K)c1.
It follows that on—(nc1+l<)o1 is a root which is impossible.

The remaining possibilities are treated similarly.

Case II. In this case we allow double bonds and bifurcations
so we are not in A£ or GZ' Let oy be the unique good root.
The strategy here is to begin with a root a # #y and argue
to a contradiction assuming that @, is the only root one
can subtract from a: i.e. we assume

(1) <a,ag> > 1

(2) <a,0> ¢ 0 Vo « Supp(a),c# ag
and in fact that the 0-string through a is

a,0+0,...,0+q0.

We have not been able to find a single argument which
covers all cases. The systems F4 and E8 can be treated
easily noting that the good root of E8 must be the last one,
i.e. the root labelled 8 in section 1.7. We omit the proofs
of these. We prove it for CQ; Bﬁ is similar.

Let A = {01,...,o£} be a base for (,. The good root
is 94 and <0y _1,0,> = -1, <05,00 12 = -2. Let oy be the
root with ngy maximal.

We distinguish cases:

Case A: 1 < m < 2-1.

It follows that ¢ = ng, = ngy for 1 € L < 4
<a,0p> = -+ 2n02 < 0 and <0,09 4> = 2c—c-2n02 <
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c = 2n02, this implies that iy = 1sLZZ-1(2a)OL+aOQ for some
a » 1. Note that then <ay,0,> = 2a, and so a = 1. Since

o # 2y we must have ng, = 0 which implies o = 0 which is
impossible.

Case B: m = 2-1.
This is entirely similar.

Case C. m = 1,

1% ng, = Moy then it follows that Nge = Nops 3 <L<-1.
Now we can use case A. So suppose ng, < Ngq- Then <a,04> =
Ingq-Ngy € 3. This implies ng, = 2 and ng, = 1, in which
case <a,0,> = 3.~ Hence a-301 is a root but this is impossi-
ble. One can treat GZ’ Dl, E6 and E7 in a similar way. We
do only E6' The good root of E6 can be identified as follows:
E6 has an automorphism which leaves 2,4 fixed and maps 3w 5,
16 (see section 1.7). The good root must be fixed hence
it is equal to the root 2.

We first find ny (that is the maximal root). Let
ny = Ing=4. By symmetry n; = ng = X, nz = ng = y. Since 2
is the good root 2x = y, Zy—x—n4 = 0. Hence 3x = Ny Next,
2n4-2y—n2 = 0 from which we get that 2x = u,. Finally
an-n4 = x. From this last equality it follows that x = 1,
2,3. It is easy to eliminate the cases x = 2,3. Hence
ny = 1+42.2+43.4+42.5 +1.6.

Let o = ni1 = 1.2+n3 3+n4.4+n5.5+n6.6. Since we are
arguing by contradiction (see (1), (2) after case II in the
beginning of the proof) it follows that n, = 1. Also
2.n3-n1—1 < 0 so (ns-n1)+(n3-l) < 0. But 2Vl]-n3 < 0 so
(n3—n1)+(n3-1) >0 if ng > 1. Since this is not possible
we must have ny = 0 and so ny = 0. The same situation
applies to the roots 5 and 6. Hence we are left with

o = 1.2+1.4, but then we may subtract the root 4.

Final Remarks 3.2. The proof of Theorem 3.1 is unsatis-
factory in the sense that it has too many cases and does
not 'explain' why it is true. Another proof could be given
by listing all roots and checking the statement directly
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(see [Bo, Ch.7]). This is not too dificult but is still un-
satisfactory.
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