
Revio.:ta Coiomb-i-ana de Ma.:temauc.a6
Vol. XXII (1988), pag}.,. 793-202

GENERIC PROPERTY OF TONELLI'S METHOD
FOR ORDINARY DIFFERENTIAL EQUATIONS

by

Jozef BANAS{*) and Jesus RIVERO

Introduction. In the theory of ordinary differential equa-
tions there are many methods allowing to obtain solutions of
the considered equations, provided such solutions do exist.
Let us mention such methods as Peano-Picard successive ap-
proximations, that of Euler-Cauchy polygonals, and the meth-
od of upper and lower functions associated with the notion
of Perron integral (cf. [4,6,9,11,13], for example).

One of the most frequently used method turns out to be
the Tonelli's method [12] (see also [3,4,11J), since it is
very handy and convenient in many situations.

The goal of this paper is to show that Tonelli's meth-
od is generic, what means, roughly speaking, that most dif-
ferential equations have such property, that is: Tonelli's
sequences constructed for them do converge to solutions of
those equations. It is worthwhile to mention that the meth-
ods involving Peano-Picard successive approximations or
EUler-Cauchy polygonals share this property [1,2,7,8]. More-

(*) The results contained in this paper were obtained while the first
author was a visitor at the Universidad de los Andes, in Merida,
Venezuela.
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over, the oldest known theorem connected with the notion of
a generic property, due to Orlicz [10], asserts that most
of the differential equations have unique solutions.

Let us mention also that many results concerning generic
properties may be found in the survey work of Myjak [8].

1. Preliminaries. We begin by stating some basic notions
used in the theory of generic properties (compare [8J).

Let (M, p) be a given complete metric space. Recall that
a subset X of M is said to be of the first category in M
if it is the union of a countable family of sets each of
which is nowhere dense in M. A subset of M is said to be of
the second category in M if it is not of the first category.
Finally, a set X, M is called a residual set in M if its
complement is of the first category in M.

Actually, every residual subset of M is of the second
category in M, but not conversely. Moreover, every residual
set in M is dense in M. Obviously, the reversedassertion is
no longer true.

We will say that a property is generic in M if the sub-
set on which it is true is a residual set in M.

In what follows we will use the following lemma due to
Lasota and Yorke [7].

LEMMA 1. Let X be a dense subset of a complete metric
space M. Suppose that ~:M + <0,+00> is a function having the

fa lloiainq property: for each x c= X and any sequence {xn} c= M
which converges to x, we have lim ~(xn) = O. Then, the set

n+oo
{x e: M:~(x) = O} is residual in M.

For the proof we refer to [8J.

Let us state yet some notations which will be used in
the sequel.

For given complete metric spaces U and V, the symbol
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C(U,V) will denote the space of all mappings x:U + V, conti-
nuous and bounded on U, equipped with the distance

d(x,y) = sup[Pv(x(t), y(t)) : t e: U].

Of course, C(U,V) with this distance forms a complete metric
space.

The subset of C(U,V) consisting of all mappings which
are locally lipschitzian on U, will be denoted by Lloc(U,V)
and the symbol L(U,V) is reserved for the set of lipschit-
zian mappings from U to V. Obviously, in case U is a compact
metric space we have LI (U,V) = L(U,V).oc

Finally let us state that the closed ball centered at
x and with radius ~ will be denoted by B(x,~), and the closed
interval with endpoints a,S, by <a,S>.

2. Generic property of Tonelli's .ethod in the one-dimen-
sional case. Let us consider an ordinary differential equa-
tion

x' = Ht,x), (1)

with the initial value condition

x (0) = x .o (2 )

(Throughout this section we will always assume that

6:<0,1> x cx -~,x +~> -- <-~,It>

is continuous. Obviously, the problem (1)-(2) is equivalent
to the following integral equation

x (t) = x 0 + ( H.6 , X (.6 )) ds , t e::: < 0, 1> ( 3 )
o

Further, assume that 0 > 0 is a given number and

<p :<-0,0> -- <-It,It>

is a given function, continuously differentiable on <-0,0>
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and such that ¢(o) = x , ¢' (0) = ncO,x ) and I¢' (:t) I ~ It ino 0
(-0,0). Such class of function will be called an initial

function (for the problem (1)-(2)). Next, choose a number
£ ~ <0,0> and define a function x (:t) on the interval

£
<-0,1> in the following way:

{

¢(:t) for :t ~ <-0,0>
x (:t) = :t

£ x +I nc.6,X (.6-£))d.6 for :te:<0,1>.
o 0 e

(4)

It is easy to check (c.f. [4J)that the function x£(:t) is
well defined, continuously differentiable on <-0,1>, and
x :<-0,1> -+ <-It,It>. Moreover, Ix'(:t)1 -(!t. Now take an ar-£ £
bitrary sequence {En} converging to 0. Without loss of gen-
erality we may assume that {En} is non-increasini so that
it suffices to assume that £1 -( 0.

The sequence {x£n(:t)} associated with the sequence
{En} via (4), will be called the Tonelli sequence for the
problem (3) (or (1)-(2)).

Assume that {x£n(:t)} is an arbitrary given Tonelli se-
quence. Thus, by virtue of what has been said above, we con-
clude that this sequence is equicontinuous and bounded, so
it contains a subsequence convergent to a solution of the
equation (3 [4]. In the case when (3) posseses exactly one
solution, all Tonelli sequences are convergent to this one
[4]. Such a situation occurs in the case we assume hypothe-
ses guaranteeing the existence of a unique solution of (3),
for example, when 6 is Lipschitzian. On the other hand, the
subset consisting of all Lipschitzian mappings does not
form a residual set in the space of all continuous mappings
[8J. Nevertheless, we show that the convergence of a Tone-
lli sequence to a unique solution of (3) is a generic prop-
erty.

In order to do this let us denote by L the space
L«O,l>x<x -!t,x +1t>,<-It,It» and by C the spaceo 0
C«O,l>x<x -!t,x +1t>,<-!t,It». Both of these spaces are equip-o 0
ped with the usual maximum norm which will be denoted by
I-I. The symbol C<O,l> will be reserved for the space
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C«0,1>,R), and its norm will be denoted by 11·lc<0,1>'
If we work in the Cartesian product CXR, then for

(6,x) cCxR we define the norm (6,x) = 11611 + Ixl·

We begin with the following lemma.

LEMMA 2. Let 9 e:: L and let xg denote the unique so Lu>

tion of the equation (3) (with 9 instead of 6)· Then, for

every ~ > 0 there are 0 > 0 and p > 0 such that, if (6,0') e::
B((g,xo)'o) S CxR and {En} is an arbitrary sequence as des-

cribed above, while ~ is an arbitrary initial function, then

we have

II x ~,0' - x 9 II C< 0 1 > ~ ~n ,

for n :;:.no min{k:EK ~ ol .
Proof. Let K denote a Lipschitz constant for the func-

tion g. Taking n E.N and t e:: <0,1> we get

I x~, Y (t) -x9 (.t) I ~ I 0' - x I + f t I 6C s , X~' 0' (fJ-E ) - 9 (fJ,X9 (fJ)) I d.6
n 0 0 n n

~ o+ft{I6C.6,X~'0'(.6-E ))-g(.6,X~,0'(.6-E ))1
o n n n n

+ I9 (.6,xE6,0' (fJ-E )) -9 (.6,X9 (.6))I } d.6
It n

.::;0 +f\o +Klx~,0'(.6-E )-xg(fJ)l)d.6
o n n

.::;20 + K f \ I x~' Y (.6-E )-X9 (.6-E ) I + I x9 (.6-E )-X9 (.6)I } d so It n n n

~ 20+ K(q max IX~,0'(T)-Xg(T)IJ +fLE +W(~,E )}d.6 ,
T€<O,fJ> n n n

where W(~,En) denotes the modulus of continuity of the func-
tion ~ o~ the interval <-8,0>. Obviously, in virtue of the
assumptions made at the beginning, we have W(~,En) ~ fLEn.
Further, using the above estimate, we can proceed as fol-
lows
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Hence, owing to the fact that the function on the right hand
side of the above inequality is nondecreasing, we obtain

Next, applying the well-known Gronwall lemma [13], we get

max IX~~g(T)-Xg(T)1 -::: 2(o+KltP)e.K,
T£<O,.t>

.t l!!: <O,It>

and consequently

Thus, in view of the above inequality, we can put

-Ko = E;e. /4 P

which completes the proof.

REMARK. As an inmediate consquence of Lemma 2 we ob-
tain that, for each initial function ~ and each (g,y) ELxR

the Tonelli sequence {X~~Y} converges uniformly on <0,1> to
a soLution of the equation (3) (with 6 replaced by 9 and Xo
by y); Thus corollary may be obtained with the help of a
direct argumentation as the one we sketched before (cf. also
[ 4] ) .

THEOREM 1. Let T be the set of all (6,Y) E CxR such

that, for any sequence {En}' the corresponding Tonelli se-
quence {x6,y} converges uniformly on <0,1> to a solution ofEn
the problem (1)-(2) (or (3)), where Xo = y. Then T is a res-
idual set in CxR.

Proof. It is easily seen that the limit
it exists, is a solution of the equation (3),

of {xL y} if
En '

where XC' y.
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Define now ~:CxR + <0,+00> by

We show that ~ satisfies the assumptions of Lemma 1 with
M = CxR and X = LxR. In fact, let e > O. Let (g,z) e: LXRand

xg,z be the unique solution of the problem (3) (where 6 = g,
Xo z). Further let 0 = 0(£/2) and p = p(£/2) correspond to
(g,y) E CXR, according to Lemma 2. Then, for (6,Y) L B(g,z),
0(£/2)) and m,n 9 no' we infer

~ £/2 +£/2 = c.

Hence

and, consequently,
H(6,Y)) ~ c

for each (6,Y) e: B((g,z),0(£/2)). Now, taking into account
the arbitrariness of £ and Lemma 1 we infer that the set T
is residual and the theorem is proved.

3. The case of Banach space. Now let us consider the general
case when the set R (in the consideration in the precedent
section) is replaced by an arbitrary Banach space E. Actual-
ly, the formulation of the problem is the same: one should
only take B(xo'~) and B(O,~) instead of the intervals
<xo-~,xo+~> and<-~,~>, respectively. Thus we will also de-
note C = C«0,1>xB(x,~), (O,~)) and analogously L, Lloc. But
on the other hand, the equality Lloc = L is no longer true
and, moreover, the set L is not generally dense in C.

Nevertheless, all this may be overcome via the follow-
ing lemma [7J.
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LEMMA 3. Let E and F be Banaah epacee with norms. II'11 E

and ~'IIF and let neE be open. Further, let 6:n + F be oon-
tinuous. Then,for eaoh E > 0 there exists a looally Lips-

ohitzian funotion g:n + F suoh that

In view of this lemma we have that the set Lloc is
dense in C.

Now, in order to preserve all the argumentation from
the previous section, one only has to take into account the
following simple, but very useful result [2].

LEMMA 4. For eaoh 9 e::: Ll and every oontinuous funo-oc .
tion w:<O,l> + B(xo,Jt), there exist K > 0 and n > 0 eu cb that

~gC-t,x)-g(¢,yH ~ K(lt-¢1 +Ix-yll)

for all (t,x), (¢,y) c BCCt,w(t)),n) c<O,l>xE.

Thus we can formulate the following.

THEOREM 2. Let T be the set of all (6,Y) e::: CxE suoh
that, for any initial funotion ¢, the oorresponding Tonelli

sequenoe !x~~Y} oonverges uniformly o~ <0,1> to a solution
of the problem (3), where Xo = y. Then T is a residual set
in CxE.

Finally let us notice that combining the above result
and a theorem of Kuratowski and Ulam, [5], we infer the fol-
lowing result.

THEOREM 3. If E is a separable Banaoh spaoe then there
exist a set Co, residual in C, suoh that, to eaoh 6 L CO oor-

responds a set E6, residual in E, with the following property:

if y e::: E6 and ¢ is an arbitrary initial funotion, then the

Tonelli sequenoe {X~~Y} oonverges uniformly on <0,1> to a
solution of (3), where Xo y.

*
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