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ON THE DEGREE OF SIMULTANEOUS APPROXIMATION BY
MODIFIED BERNSTEIN POLYNOMIALS

by
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Abstract. Recently we proved some approximation theorems
on the rth derivative of a Lebesgue integrable function by
the corresponding rth derivative of modified Bernstein poly-
nomials, Publ.lnst.Math., 87 (51) (1986) . In the present pa-
per we improve an estimate of our earlier paper and compare
it with the corresponding known results.

§l. Introduction. For a Lebesgue integrable function
6 ELl [0,1], Derriennic [2] studied a new kind of positive
linear operator {Ln} of order n as defined by

(1. 1)

where
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and modifies the Bernstein polynomials {Bn},

n k
(Bn6) (x.) = L Pn k (x.) 6(n)' 6 Ei: c]o , 1].

k=o '
(1 .2)

In our recent paper [3], we gave some theorems on the
approximation of the rth derivative of a given function 6
by the corresponding rth derivative of the operators (1.1).
Thr object of the present paper is to sharpen a result of
that earlier paper ([8J, Theorem 3.2).

§2. PreliMinary Lemmas. In this section we give some lemmas
which are useful in proving the main results of section 3.

LEMMA 2.1. Fo~ ~ < n, one obta~n~ that

n-~
((n+1)!n!/(n-~)!(n+~)!) I Pn-~ k(X.)

k=o '

f1 d(~)6Ct)
Pn+~ k+~ (t) ~ dt

0' dt

(2. 1)

Proof. It follows from Derriennic ([2], page 334).

LEMMA 2.2. Fo~ all t, x.o Ei: [a,b] and 0 > 0, one ob-

(2.2)

whe~e the ~ ymbol r· l ~nd~c.ate~ the c.e~l~ng 06 the numb e~.

Proof. It follows from Anastassiou ([1], page 264).

LEMMA 2.3. Fo~ n > ~, let

(2.3)

then we get the 6011ow~ng ~elat~on,
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((n+m+2)(m-~+1)/(m+l))Tn_~ m-~+l(x), (2.4)

= (m+l)(1-2x)T n-~ m-~ (x)+2mx(l-x)T n-~ m-~-l (X)+ ... +X(l-X)T~_~ m_~(x),
, 1 '

with

T (x) = ~~/(n+~+l). (2.5)
n-~,o'

Proof. It follows from the paper [3J.

LEMMA 2.4. fo~ n > ~, one get~

L(~)(t-X))(X) = (n!(n+l)!/(n-~)!(n+M2):))(1-2x), (2.6)
n

a.nd

(L (~) (t-x) 2) (x)
n (2.7)

2
((n+l)~(n+l)!/(n-~)!(n+~+3)!){2x(1-x)+(~+1)(~+2)(1-2x) /(n+l)}.

Proof. It follows from (2.1), (2.3) to (2.5).

LEMMA 2.5. fo~ n > ~, 0 ~ x ~ 1, one get~

(2.8)

whe~e

{

(~+1) (~+2)/(n+l)

1/2
(2.9)

othe~wi~ e.

Proof. We see from (2.7) that

(L~~) (t-x)2) (x) ~ (1/(n+~+2)){2x(1-x)+(M1) (~+2) (1-2x)2/(n:+l)},

= (1/(n+~+2))A(n,x,~) (say).

Clearly the maximum values of A(n,x,~) for 0 ~ x ~ 1 are
d(n,~) •
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§3. Main results.

THEOREM3.1. Let; 6 c: c(It+1) [0,1] and le.t W(6(It+1); )

be. the. moduli 06 co nUnu.Uy o 6 6 (It+ 1). The.n 601t n > It,
(It = 0,1,2, ••. ), we. have.

1L~1t) 6-6 (It) I ~ ((It+l)/(n+It+2)) "6(It+l)1

+ w(6(It+l); l/ln+il+Z). (1f{n+1t+2) ..•

(d(n,lt) + Id(n,lt) + 1 )
• • • 2 2 "S"

(3. 1)

whe.lte. d(n,lt) ha~ be.e.n de.6ine.d in (2.9) and noltm 1·1 ~tan~

601t ~u.p-noJtm ove.1t [0,1].

P~f. Following [4], we write that

Now on applying (2.1) to the above and using the inequality
of Anastassion ([1], page. 251).

we get that

I (L (It) 6) (x)-6(1t) (x) I
n

~ I '6(It+l ) (x) 1-/ (L~It) (t- x) Hx) I +w(6(1t+ 1) ;0) I L~It) ([ r ...1(y- x) loll dyHx)1
x

~ I 6(It+l) (x) 1-I(L(It) (t-x)) (x) +w(6(It+l) ;o){(L~It) (~t)2) (x)

+ r!cLAIt) (;-X)2HX)' + US}.

Be choosing 0 a 1/{n+It+2 and using the results (2.6) and
(2.S), we get the required result (3.1). This completes the
proof,

C080LLARY 3.2. 16 6(It+l) c: LiPM ' 0 < a ~ 1; M > 0,
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then we have

IL (IL) 6- 6(IL) I
n

.. ,+"(n+IL+2)-(a+1)/2 {d(n~IL)+ ••• +

~ ((IL+1)/(IL+n+2))16(IL+1)~+ •••

Id(n,lt)
2

(3.2)

THEOREM 3.3. 16, ~n add~t~on to the hypoth~~ 06

TheolLem 3.1, 6 Ii: C(IL+2)[O,l], then we have

~L~It)6-6(IL)1I ~ ((1t+1)/(n+IL+2))~6(1t+1)~ (3.3)

+ (16(1t+2)I/(n+IL+2)){ d(~.It) + ... + ld~n.IL) + ~}

Proof. From the definition of W(6(1t+1) ;0), it follows
that

W(6(1l+1) ;0) = sup I 6 (1t+1) (y)_6(1t+1) (x) I
I x-Yko

= sup ly-xl'16(1t+2)(OI, x~ t;,~ Y
I x-Yko

~ 0 sup 16(IL+2)(O I
Ix-yl~o

~ 0 5 U p I 6 ( It+ 2) (0 I < 0 I 6 ( IL+ 2) II (3. 4)
O~t;,~l

By using (3.4) in (3.1), we get the required result (3.5).
This completes the proof.

§4. Re.A rks.

[A] The estimate (3.1) is sharper than the following
corresponding estimate [3].

~L~It)6-6(1t)1I ~ ((It+l)/(n+It+2))~6(1t+2)1I

+ (llln) {~+(AIL/2)} •• W(6(1t+1); l/In) ,

where A = 1+(1t/2).

[B] By putting Y = 0 in the estimate (3.1). we get
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ILn6-61 ~ (lfl/n+2) + (1/~f(d(n,O)f2) + (IdCn,O)/2)+ ...

... + t)} (d'; l/1n+2),

where
__{2f(n+l)

d(n,O)
1/2

if n > 3
otherwise.

We note here that the estimate (4.1) is sharper than the
following estimate ([5J, page 27),

I Ln6-611 < Cl6' I /(n+2)) + (lfln) ((2/Z + 1)/4)1'1(6'; lin).
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