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mf'PACT POLYr«l'UALS ON NON-ARCHUEDEAN
BANACHSPACES

by

Dinamerico P. POMBO, Jr. {*}

Abstract. The object of the present note is to prove that
every compact polynomial between non-Archimedean Banach spaces
over a complete discretely valued field of characteristic zero
is a limit of a sequence of polynomials of finite rank.

In [2] Enflo has given a counterexample to the Banach-
Grothendieck approximation problem. However, Serre [6] has
proved the validity of the Banach-Grothendieck approximation
problem in the case of compact operators between non-Archi-
medean Banach spaces over a local field. Recently, Krishna-
machari [3] has pointed out that Serre's result still holds
when the ground field is complete. The purpose of this note is
to establish a polynomial version of Serre's result. For fUI
ther results concerning compact polynomials see [1J and [4].

Now let us fix some notations adopted in the text.
Throughout this note K denotes a field of characteristic
zero with a non-trivial non-Archimedean absolute value. Given
E and F non-Archimedean normed spaces over K,pCE;F) Crespo

pCmE;F)) denotes the OC-vector space of continuous Crespo con-
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tinuous m-homogeneous) polynomials from E into F ([4},[5J).
We endow p(E;F) with the non-Archimedean norm

P e: p(E;F) .....IPI = sup IP(x)1 e: R+
Ix I~1

DEFINITION. A polynomial P:E ~ F is said to be compact
if P maps the unit ball B of E into a relatively compact sUQ
set of F. We denote by pc(E;F) (resp.pc(mE;F)) the K-vector
space of compact (resp. compact m-homogeneous) polynomials
from E into F.

PROPOSITION 1. 16 P:E ~ F ~~ a non-ze~o compact poly-
nom~al, P = Po+ ...+Pm(Pj be~n9 j-homogeneou~, j = O, ...,m,
Pm ~ 0), then each Pj ~~ a compact j-hom0geneou~ polynom~al.
In pa~t~cula~, Pj e: p(JE;F), j = 1,...,m, and so Pe:p(E;F).

P400e. We argue by induction on m, the cases m = 0 and
m = 1 being clear. Now let m ~ 1 and assume the proposition
true for every non-zero compact polynomial of degree ~ m-1.
If Po = ••• = Pm-1 = 0, the proposition is clear. Let us sup-
pose the contrary and fix A e:K with 0 < IAI < 1. Then

m m m m-lA P (x) - P CAx) = ( A -e)P0 ( x)+ ••• + CA -A )Pm _1 (x)

m ~ .m m-1for all,x e: E and, moreover, A -e r 0, ... ,A -A , 0 (here
e denotes the identity element of ~). Therefore the mapping
x e: E ......Amp(X) - PCAx) E: F is a non-zero compact polynomial
of degree ~ m-1 and the induction hypothesis ensures that
Po"·· .,Pm-1 are compact polynomials. Thus Pm = P- (Po+···+Pm-1)
is also a compact polynomial.

As in the linear case we obtain

PROPOSITION 2. pc(E;F) ~~ a clo~ed vecto~ ~ub~pace 06
p(E;F) ~6 F ~~ a Banach ~pace.

COROLLARY 1. 16 K ~~ a local 6~eld, F ~~ a Banach
~pace, and (Pk)kf~ ~~ a ~equence 06 polynom~al~ 06 6~n~te
~ank conve~9~n9 to P E: p(E;F), then P E: P (E;F) (by a poty-c
nom~al 06 6~n~te ~ank we mean a cont~nuou~ polynom~al who~e
~mage gene~ate~ a 6~n~te d~men~~onat vecto~ ~pace) .
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P~oo'. By Proposition 2 it suffices to prove that each
P~ is compact. LetGk be the finite dimensional vector sub-
space of F generated by P~(E); G~ is a locally compact normed
space (with the norm induced by F). Then Pk(B) is contained
in some ATk' where Tk denotes the compact unit ball of Gk. Con-
sequently. Pk is a compact polynomial.

Our purpose is to establish

PROPOSITION 3. Let E be complete unde~ a di~c~ete val-
uation, and let E and F be Banach ~pace~ ove~~.
16 P E pc(E;F). the~e exi~t~ a ~equence 06 polynomial~ 06
6inite ~ank which conve~ge~ to P.

Before we prove Proposition 3 let us state an auxilia-
ry lemma ([6]. Proposition 2).

LEMMA. Let L be a complete non-t~ivially valued ult~a-
met~ic 6ield who~e ab~olute value i~ di~c~et. and let E be
a Banach ~pace ove~ L ~ati~6ying condition (N) below:
(N) Fon. each x E E, Ixl belong~ to n>:l;A E 1..1.. of O} •
16 V i~ a clo~ed vecto~ ~ub~pace 06 E, the~e exi~t~ a conti-
nuou~ pn» j eet.Lo n p:E -+ E having V a~ image such.that II pI , 1.

P~oo' 0' P~opo~~on 3. We first claim that every com-
pact r-homogeneous polynomial can be approximated by r-homo-
geneous polynomials of finite rank (~ = 1.2 •...• ). Indeed.
let P E Pc(~E;F) and assume additionally that F satisfies
condition (N). Given E > 0 we can find y, •... 'Yn in F such that

n _
PCB) c U B(y .•E).

i=1 ~

Let V be the finite dimensional vector subspace of F gener-
ated by {Y1'...'Yn}. By the Lemma there exists a continuous
projection p:F -+ F whose image is V with Ipl , 1. Then
pI = poP is an r-homogeneous polynomial of finite rank such
that 11'- pII , E.

Now. if F is arbitraTy. there exists a non-Archimedean
norm III in F which is equivalent to the given norm of F
and such that F* = (F.I II) satisfies condition (N) (it suf-
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ficestotake mxm = inHIAI;Ae:J<.A F o,lxl -s IAll). By
what we have seen above the compact r-homogeneous polynomial
IdoP can be approximated by r-homogeneous polynomials of fi-
ni te rank from E into r", where Id : F -..F* denotes the iden-
•tity mapping. As a direct consequence our claim is verified.

Finally let P e: pc(E;F), P F 0, P = Po+" '+Pm (where
P
j

is j-homogeneous, j = 0, ...,m, and Pm F 0). The proposi-
tion being clea~ if m = 0, let us assume m ~ 1. By Proposi-
tion 1 P. e: p (JE;F) for j = 1, ..• ,m. Hence there exists a

J . csequence (Ql)~ of j-homogeneolls polynomials of finite r~
~ ~EW . m .

such thatPj = lim QkCJ = 1, ... ,m). Let Qk = Po + .I Qk for
k+oo }=1

k e:~. Clearly (Q~) is a sequence of polynomials of fi-
r.: kElN

nite rank and P = lim Qk' as was to be shown.
k-..oo

COROLLARY 2. Let ~ be a local 6~eld, and let E and F
be Banach 6pace6 ove~~. 16 P e: p(E;F), then P e: pc(E;F) ~6
and only ~6 P ~~ a l~m~t 06 a ~equence 06 polynom~ai6 06
Mn~te ~ank.

P4oo6. Immediate from Corollary 1 and Proposition 3
since every local field is complete and discretely valued.
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