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POLYNOMIALS TO FUNCTIONS OF BOUNDED VARIATION
ON THE ZEROS OF CERTAIN JACOBI POLYNOMIALS

by

Radwan AL-JARRAH and Abedallah RABABAH

Abstract. In this paper, we study the Hermite-Fejér inter-
polation, H,(f,x), for a function f of bounded variation on
[—1,1} when the integgolation is taken over the zeros of Jaco-
bi polynomials, Bga’ (x) when |a|, |8] < 1.

Our main result is an estimate for the rate of convergence
of Hh(f,x) at points of continuity of f,and a special atten-
tion is given to the interpolation over the zeros of the Leg-
endre polynomials.

§1. Introduction and Results. Let § be a real-valued func-
tion defined on [-1,1]. The polynomial H (f§,x) of degree
2n-1 at most, of Hermite-Fejér interpolation based on the
zeros x, ., k =1,2,...,n, of the Jacobi polynomials

LB (y), is defined by

n
H,(§,%) hz16(xkn)Hkn(X)’ (1.
where
T-x[a-B+(a+B+2) xp, ]+ (a-B) xp, * (a+B+1) XE
Hk (x) =
" T - xin

(1.

. PRty 2
(x-xhn)P&“,@)'(xkn)}
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Bojanic, R., and Cheng, F.H., [2 ], estimated the rate
of convergence of the Hermite-Fejér interpolation based on
the zeros of the Tchebyshev polynomials of the first kind,
T,(x), to functions of bounded variation at points of conti-

nuity in (-1,1).

THEOREM. (Bojanic and Cheng [2 ]). Let § be a gunction
of bounded vaniation on [-1,1], and continuous at x = (-1,1).

Then forn all n sufficdiently Large

64TZ (0| " .
[H, (§,x)-6 ()| « —— Z v { z +E]

T Ty(x) | T[Ty (x)]
+ 2V6[x = ;n , X+ gn ]

whene, Vé[a,b] i3 the total variation of § on [a,b].

Al-Jarrah [1], estimated this rate of convergence but
with the nodes of interpolation taken to be the zeros of the
Tchebyshev polynomials of the second kind, un(x).

THEOREM. (Al-Jarrah [1]). Let § be a function of bound-
ed vardation on [-1,1] and continuous at x € (-1,1). Then fon

all n sufficdiently Lange

606001 < D iy kz vele-fxe ]

; m(1-x2) 72| U, (%) | m(1-x2) 72| Uy (x)
YR T zoeny 0 T 2

whene, Vﬁ[a,b] is the total vaniation of § on [a,b].

Here, we estimate this rate of convergence when the
nodes of interpolation are taken to be the zeros of the Ja-
cobi polynomial, P&a’s)(x), for - % < 0,B < %, and special
attention will be given to this intepolation over the zeros

52



of the Legendre polynomials Pn(x)(= P&O’o)(x)).

In our work, the above mentioned results of Bojanic and
Al-Jarreh become special cases of our result corresponding to
a =B =- % and o« = B = %, respectively. Our main results can

be stated as follows:

THEOREM (1). Let § be a function of bounded variation
on [-1,1] and continuous at cos6 = x = (-1,1). Then for all
n sufficiently Large, we have

|Hn(6,X)'6(X)| < M1(9)V6[X"§ﬁ&7, X‘*jﬁ&T]

(1.3)

whene M1(6) and Mz(e) ane positive constants depending on 6,
a, and B.

Here, Vé[a,b] is the total variation of ¢ on [a,b],
and we assume that § is extended to the entire real line by
§(x) = §(1) fon x > 1, and §(x) = §(-1) for x < -1.

As far as the precision of (1.3) is concerned, consid-
er the Hermite-Fejér polynomial of the function {(x) = x2 at

x = 0, for even n. On one hand, we have

no 1+ (0 B) Xput (0t B+ 1) Xy, pﬁa,ﬁ)(o)

2 X 7
k=1 kn 1-xén xthga’B)(xkn)

H,,(6,0) - §(0)

2

2 [ ]
14 (0-R) Xyt (0+B+1) Xy Pha’ﬁ)(o)
z Z (a,B)
k=1 -2y Pp 7 ()

B s L)
2
1 [Pl ()

By using Lemma 2 and Lemma 3 of section 2, we have

53



M(o,B)
n ’

(

IIMS

H,(6,0) - £(0) >

for some positive constant M(a,B) depending on a and B.
On the other hand, from (1.3) it follows that

[H,(§,0)-6(0)] < M1(Q’B)V6[' 22;1’2421]

ZMZ(G’B) n v ™
] Tt L 5[‘5’5

Since Vﬁ[O,G] = 62, we have

2 2My(a,B).m2 1 c
IH,(§.0)-4(0)] < ZM(aB)(Z+UZ 22M1 Z1£7$_%¢Q

for some positive constant C(a,B).
Hence for the function §(x) = x2, when n is an even

integer, we have

MCoaB) < [ (§,0)-4(0)] « S8

which shows that (1.3) cannot be improved asymptotically.

. However, for the special case of Theorem (1) when

o =8 = 0, the polynomial Hn(é,x), of degree 2Zn-1 at most,
of the Hermite-Fejér interpolation based on the zeros Xppo
k =1,2,...,n, of the Legendre polynomials is defined by

n
H (§,x) = k216(xkn)th(x)’ (1.4)
where
2
# T=2xtpp*Xki P, (x)
Hipp (X) eI (e e | I (1.3)
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In this case, we have the following:

THEOREM (2). Let § be a function of bounded variation
on [-1,1], and continuous at cos® = x = (-1,1). Then for ald

n sufpiciently Large, we have

[H,(§,x)-§(x)| < (284+ 236) 2n+1 z v lx LT
(1.6)
) (42”)2V5["'2‘y?+—”‘*—zf+1] :

§2. Preliminaries. To avoid unnecessary repetition, the fol-
lowing assumptions will be adopted: -1 < x = cos8 < 1,0 <
6 < m.

CJlemy 0, (1.7)

Ex (n,08) = {k: n+1 < Je ehnl $

u (8) =-—}7-4¢n1/ZePfl“’3)(c04 8) . (1.8)

It is well known that, for » = 0,1,...,2n, Eh(n,e) has

at most two elements.
Before we prove our main results, the following lemmas

are in order.

LEMMA (1). Fox 17 < 0,8 < 3, thene exists positive
constants C1(a,3), Cz(a,g) and no(a,s), all finite, such
that forn n > no(a,B), we have

3C1(a B) | (n+1)?2

t,(6) Cz(a B n@ne2)> " E,(n,8)
T6-8, YU (e, )
8-81,,) Uy, () Cq(a,B) : L e
) )l = « ey
C2(o,B) VlTG-Shnl ’ on /z(”’ 8, 5Ly n

whene,
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rad O ULALRE SLALE

C,(a,B) = {3/2, a=002B =0, 0<B< 7

=

3 1 1 =
+2|B|! 0<|B| ‘<79f< 6 <

/T 5 it =
Se@|’ 0<8p, <7, n3n,(0) = /i lp(@)].Cy(a,B)

Cz(a,B) =
ST 1 < BT 7 n® =T 18] (e08)
(
Zéiﬂn o’ abe1h

and p(a) = 1

=1, o =0

\

Proof. See [4], Theorem 1.3 .

LEMMA (2). Thenre exists = (0,m), and constants
M1 (a,8), N({a,B) such that

|P’(la’8)(c‘75w)l )ﬁM1(a,B) >0, for n > N(a,B),

whenre asB > -1.

Proof. See ([4], Lemma 3.1).

LEMMA (3). There exists a constant Mz(a,s) such that

My(a,8).n"e
7 7 ’
(sin 28) %72 (g0 2n) B0

1P B (eos 0, )| <

Proof. See [4], Lemma 3.2
LEMMA (4). Let x = (-1,1) and Xp, = €086, be the ze-

nos of the Jacobi polynomials, P&“rs)(x), then for |al| < %,
8| < %, we have
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15, E_(n,
P,(l“’s) (cos e)u‘nl/ze o £5{Q)

¥, ' N
(8-8p,)84n zeknP,(l" B) (cos 6p,,) J"%—_—"Wjeknl » on En("’e)"‘ > 1

Proof. For u,(6) = 7;= unl/zePy(L""B)(cer),

_1 Y (a,B) ]
up(e,,) = 75 4n zeknPn (cos8, ).

From Lemma (1) we have,

Ainl/zeP,(l“’B) (cos6)
(8-8pp)s4dn 3/26knP&°" B) ’(C“ 8kn)

u,(e)
(8-8rn)Un(Bkn)

3 e, 245n+1)2 3 24 _ n+l
. w7y e ekﬂ' 2/mn % 1% 97 n(4n+2)

36
2V

< 1+ < 15 on Eo(n,e) s

and

P&“'B) (cos8)sin’?0
(0-0p,)84n 285, P5%B) (cos6pp)

AR i N
) V/TT n|6-9kn|

on E,L(n,e), R

LEMMA (5). Let x = [-1,1], and x5, = cos8p,,k=1,2,...n
be the zenos of the Jacobi polyomials, Pfl“’s) (cos6), then

gor |a| < %, B8] < %, we have

(0-0py)284n0 séndpy 2.
(cos0-cos Bpy)2

. ., (06+6 . (6-6
Proo§.Since cos0-cos8p, = 244in ( Zk”]bw( zk”),

6+6
and 44nb < ZALn(—ZM), we have

57



(6-9ppn)s4ind 84inbpy

(0-0py,) 28406 sin6p,
- g 5-0
4A¢n2(—1§£ﬂ)4¢n2(——7ﬁﬂ)

(c056-c046kn)2

i 2%
5 (e ekn) ﬂZ al n2

(6-0p,)2
(e'ekn)z

= 6-6
6’(:nZ( Zkﬂ)

LEMMA (6). For the fundamental polynomials, Hkn(x),
assocdated with the Jacobi polynomial abscissas, x = cos6

-1,1], and for |a|, |B]| < 1. we have
2
k1(6), on Eo(n,e)

LTI R WO
5> on €,(n,8), 1 > 1
n

Proo§.
1-(a-B)x-(a+8+2)xxkn+(a+8+1)xin+(a-8)xkn

H =
bn () 1'xén

P&a’e)(x)
(x-xp0) PR% B (o)

%8 ()

_ 1'(a+8+2)xxkn+(a—8)(xkn-x)+(a+8+1)xén
(- ) P ()

2
1-Xpy

1+(Q-B)(an-x)+(a+8+2)(x—xhn)z-(a+8+2)x2+(a+B+Z)Xan'Xén

iy
1 Xbn

WY Naales
(x-x) PE ) (o)
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- 1'Xin+(a+3+2)(X'an)2+(a-8)(th-X)+(a+B+2)xxgn-(a+8+2)x2
2
1-x
kn

N el €S
(-2 ) PS® B (xy)

(x’xkn)Pga’B)kxkn) 1'xﬁn

2
- 1-x£n P&U,B)(x) . (0+B+2)(X'an)2
1-xgn

)2
. P(@:8) (1) , ((a-B)+(a+B+2)x) (Xp,-X)
e o G =

PR
(x-x) P2 B) (xpp)

=S5, +8,+S

2 3’
where
(a,B) 2 .2 D H
& = Pp ™ (%) _ 54n"6py | (6-Bpy) "84inBs4inbp,
i (x-xkn)PSa’B)(xkn) sine (co&G—cerkn)z
X 2
P(%B) (x)5.4in V20
° T ’
(0-0p,)84n 204, P % B) (xpp)

using Lemma (4) and Lemma (5), we have

c1(6)n2(15)2, on Eo(n,e)

S, <
} cz(e)'n2 148 L iV~ 5 on E,(n,8), 2~ > 1

m nZ(e_ekn)Z’
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cq(8), on E (n,0)

cz(e) >
2 on E,(n,0), n > 1

n

4 (a+B+2)(x-xkn)2[ p&G,B)(x) ]2
‘ 1-xfy (- x) PS8 ()

2
_ (a+B+2) [ Pﬁ“’s)(x)]

sin28p, (PL%B) Ixp,)
g 2
- (a+B+2)(9—6kn)ZALnekn P&a's)(x)bin/he .
32 3 1
SR (0-8pp) 84n 2685, PS%B) (X))
(8-64,)°
3(21)°2 “ZZ%%’"’ on E_(n,0)
S, <
2 < 0-01.)2
(8-%n)” 144 1 on E,(n,0), 1 > 1

S —%me  m ;7zgjgzz;7,

cz(9)

S po0- N E,(n,0)

\< ’

CL(ZO_)’ on E)’_(n’e), n 2 1
n
and
_ (xpp-x)[(a-B)+(a+B+2) x] pﬁd,B)(x)
’s (a,B)?"
1'*En (X=2pu)Pr. i \(Xka)

2
(a-B)+(a+B+2) x [ P&“,B)(x) ]
(1—xin)(x-xkn) pga,B)(xkn)
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¢ A(cos0-cos by (8-0p,) 284n 084N 0},

Ainze (coAB-QOAekH)Z

P{@sB) (x)5in "6
(0-8p,) 84n 204, P % B) (xp,)

4(cos6-c086p,)

r22n)%,  on E (n,0)

Ainze
<
4(cos6-c0864,) 2
=D kn TTZ (172]') ) L 7 on En(}’l,e)

44n“0 n“(6-9p,)

cs(e), on Eo(n,e)

53 € Yeg(0)
o P on E&(n,e), e 1

Which completes the proof.

§3. Proof of Theorems (1 and 2).
Proof of Theorem (1). For all x = (-1,1),

n
[H, (§,0-6(0] < h§1lA(xkn)—A(x)l-IHkn(x)l
n
< hz1v6[x-tkn, X+ tknl-lﬂkn(x)l
where ¢, = | x - xknl,
2n

1H (6,0-600] < 1 Iy
r=0 keEy(n.6)

[x-2,,, X+‘tkn]|Hkn(x)l
where En(n,e) is defined as in (1.7).
A ™
Since %, = |x-x, | = lcosb-cos8, | < |8-8,,| < 7557
for k = Eo(n,e), and Eo(n,e) has at most two elements, and
by Lemma (6), we have
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V [x-t,,,x+2, ]IH, (0] < 2k (8)V T, Xx+xia],
k<, n,0) g1~ g x 2 1M, (O] < g%z X% 2]

Since E (n 0) ;4 = 1,2, ,2n has at most two elements and by

Lemma (6), and p, € (3213“, if k= En("’e)’ we find for

2 =1,2,...,2n, that

z() v [x- G iy,

Vﬂ[x_'tkn’x4'tkn]lHkn(x)l €2 Zn+1 X" 20+

keE, (n,0)
Therefore,

[H,(§,x)-§(x)| < 2k1(e)v6[x-ﬁ:1,x+27“ﬁ]

(1.9)
+ 2k, (6) %? 1Ty [x- (a+1)m x+(n+1)“]
2 P AR 2n+1 2n+1
Let P(t) = Vé[x-t,x+t], then
2n 2n+1
1 _ (n+1)n + (n+1)
421 nzvé[x 2n+1 2n+1n] 2 2 (n- 1)2 (2n+1)
(1.10)

2n+1

4 1 P(AT
L, 22"

I/

Since P(%) is non-decreasing function, we have

(b (e l)m
n+1 2n+1
| [

—Lfldt > P(52
o 2n+1

1
Zn+1 2n+1

t2

2n+1 2n+1
> Ploe) (Y 2 (2n+1)2n42

(n+1)m
A5 am 2m T pigy
ok 2 ) € )|, T
2n+|
Hence,
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(Zn+2)m
gl Py e B EgRTHRIC
p=2 a2 tin+d Zn+1 S %
2n+1
2n+1 n+1
by i PIiiat < g P(3)de
2n+1 Saad z Zn+1 2n+1 z
2n+2 2n+2

Since P(E) is non-increasing, and P(%) = p(m), 0 <t < 1, we

z
have
n+1 1 n+1
P(3)dt = P(T)de+ P(3)dt
I2n+1 % J2n+1 & £
2n+2 Zn+2 1
n+1 . n+1 .
< P(m) + Z P(E) < 2k21 P(E) s
and so

1 B PR B
&ZZ ;7p(7ﬁ¢T) € gt kz1 PR - (1.11)

Theorem (1) follows now from inequalities (1.9), (1.10),

and (1.11).
As to the proof of Theorem 2, we need mainly to repeat

the proof of Theorem 1 above when o = B = 0 and determine

M1(6) and MZ(O) in this case. So the details of the proof

will be left to the reader.
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