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LAGRANGE INTERPOLATION AND ENTIRE FUNCTIONS
by
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Abstract. For a function § defined almost everywhere on
R. Let {Ln( §)} be the sequence of Lagrange interpolation poly-
nomials that approximates §, where the nodes are taken to be
the zeros of a certain sequence of orthogonal polynomials. In
this paper, we will give a condition on the decay of the error
term E|)(§--Ln( §) |, which makes § the restriction on R of an en-
tire function of order one and finite type. In the case of the
Hermite polynomials an estimate on the type is given.

§1. Introduction. A nondecreasing bounded function caonR is
called m-distribution if it takes infinitely many values and all
integrals

[x"da(x), n=0,1,2,..
R

converge; o generates a Lebesgue-Stieltjes measure which we
shall briefly call the m-distribution da.

For any m-distribution do there exist a unique se-
quence of orthonormal polynomials {pn(da;x)} (see [4, Sect.
I.1]) with the properties:

a) pn(da;x) = Ynxn+...+Yo is a polynomial of degree n and
Y, > 0.
b) {Pn(da;l)pm(da;x)du(x) =8, the Kronecker symbol.

The zeros xkn(k =0,1,...,n) of pn(da;x) are real, and simple.
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We shall assume, as usual, that X1p > %2> 2%, If, in a-
ddition, do is an absolutely continuous m-distribution, then
da(x) = a'(x)dx and a'(x) is a weight function. In this case
a'(x) will be denoted by w(x) and p, (da) by p,(w).

For a given function ¢ the Lagrange Lnterpolation poly-
nomial L (§,x) corresponding to the m-distribution da is de-
fined to be the unique algebraic polynomial of degree at most
n-1 which coincide with § at the nodes L Thus

Ln(é’x) = ki16(xkn)zkn(x)

where lkn(x) are the fundamental polynomials of Lagrange in-
terpolation defined by

p,(da,x)

an(X) - p"[(da,xkn)(x'xkn)’ (k- = 1,2,.-.,".) .

§2. Main result. A weight function wQ(x) = exp(-Q(x)), x=R
is said to be 4in the class V, if Q(x) satisfies the follow-
ing conditions:
(1) Q:R » R is an even function in CZ(O,m).
(ii) Q" is posit%ve and nondecreasing on (0,»).
(iii) 1 ¢ €, < x%T%f% <0, xe (0,9).
For example, weights of the form exp(-C|x|%) where Ce (0,0)
are in the class V if o 2> 2.

For w, € V, let q, be the unique positive solution of
the equation xQ'(x) = n, i.e.

2 (@n) =0, n=1,2,...

and define Liﬂ = Q4,197

For a Lebesgue measurable function g on R, we have

lal,
lall

(J1g(x) [Pdx}V/P; if 1 < p < =,
R

ess sup|g(x)]|,
xR

and we say that g « LP(R) if and only if "le exists, p > 1.
Finally, for wQ eV, let {pk(x)} be the sequence of
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orthonormal polynomials generated by the weight function
wé(x), and for wQﬁ € Lp(R),p > 1, we consider the Fourier
orthonormal expansion

§(x) ~ kzobkpk(x)

where

by = J§(2)p ()ug(0) dt.

We can now formulate our main theorem as follows:

THEOREM 2.1. Suppose that wy <V, wpf « L2, and
kiﬂ supl(ﬂ-Ln(ﬁ))wQIE/" < 1. Then the function § has an ex-
fension on the complex plane T to an entine function of or-
den one and f4inite type o, where

o = Lim supL_og_RMiBl < ©
R+
P XZ .
and M(R)= l%?§klﬂ(z)l. Moneoven, 4if§ Q(x) = = (the Henmite
weight function),then o < V2.

§3. Preliminaries. Before we prove our main result, we need
the following lemmas.

LEMMA 3.1. There ex{sts a constant Cq such that gon
every m, € P, we have

logmyl, < 5 (E)lwgnl , (3.1)

whenre P i8 the set of all polynomials with nreal coeffi-
cients and degree at most n.

(For Q(x) = %;, in which case the ﬂéé are the orthonormal

Hermite polynomials, one can show by straightforward com-

putation that C3 can be chosen to be ¥Z (and no less)
Proof. (see [5]).
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LEMMA 3.2. There ex4{st constans C, and C5 such that
§on each polynomial LI Pn
1/p-1/ n V/p-1/n
c4(q1;) "Iannlp < anﬂnl,L < Cg ey |ann|p (3.2)
where 1 € p < n €& » and Cy,Cg > 0 depend only on Q, p and .
Proof. (see [6])

LEMMA 3.3. Suppose that wQ =V, w 5 = L (R), and
Lim sup] (§-L (6DKb|1/n < 1. Then theae exist constants Cg

and B e (0,1) such that for sufficiently Large n we have

1oy lluge(™l. < coege”

whene C3 L8 as An Lemma 3.1.

J§(0 P (000G (0 dx

Proof. bk

JUCEENUSE L, (6,20 p (X) g (1) dx

Ja6e - Ly (80P d+ L, (6P (0w (e,

but, by orthogonality,

%Ln(ﬂ,X)Pk(X)W3(x)dx =0 for k > n;

hence

by, = é(a(x)—Ln(é,x))pk(x)wé(x)dx.
By applying the Cauchy-Schwartz inequality, we get
by | = |£(5(x)-Ln(s,x))wQ(x)pk(x)wQ(x)dxl
< LU Ly (6,0) g (0 dx) ”{ka(x)wQ(x)dx} Ry

but, by orthogonality,

{}{p,ﬁ(x)wé(x)atx}l/2 = 1
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hence

16| 6'{]{(6(0-Ln(é,x))?‘wé(x)dx}v2

= NC§-L, (6wl
Therefore
1617 < 1C6-L,(6)wgl5 - (3.3)

From our assumption

Lim supl(§-L,(§)wgly/" <

n-+o

it follows that there exists a constant B = (0,1) such that
for sufficiently largen (n> N, say) we have

DC4-L, (6)wgh} ™ < 8

or
1C6-L, (6wl 5 < 82" (3.4)
By combining (3.3) and (3.4), we conclude that
bl < g" for all k > n > N. (3.5)

Now taking p = 2 and x

© in (3.2) with T replaced by
p(n)
k

€ Pn—k we obtain

1
T ( = k- /2 (n)
kznlbklanpk")uw<c5h§n|bk|(qk_"n) lugpt®l,- (3.6)
By repeated application of (3.1), we obtain

k-n+1)n (n- 1)"2

(n)
lwgpp™ I, < ¢3(grr) lwgpy

k n+1) (k n+2 ) (n- 2)“2

X [Qk n+1” "Qk-n+2 ka

nok-n+1 kR-n+2 k (R-1)! | k-1
< C3(Qk-n+1 (Qk-n+2).. ( k-1 (5_1).ﬂ ka "2
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<t (k-n+1)! !qk-1
3 |9k-n+1 [
hence

(n) n (k-n+1)! |%k-1
lwgpp™ 1, < C3 To-ne1 (DT ol

From (3.6), (3.7) and (3.5) we conclude that

© o _ 1 3 1 Qk-]
b [w.pl™ € b k-ny/2on (k-n+l)!
T gllogefPl. < ¢ T 1,1 (72 " St oo

Vo(k-n+1) ! |9k-1 "
le-n+1 (k'1)! 3

S kck-n
< C
SthB (qk—n)

Letting k' = k-n, we get

k'+n(j!_ Yo (R'+1)! Q' +n-1
qp' 1%"+1 T+n-1) 1!

~
ne~18

|bk|IWQP£")Hm < C5Cg 'Z B
n kR'=0

o ' | %k+n-1
chah ke kY2 (R+1): |
3° kzoB (qk)

[Qe+1 (R*n-T)! ’

The proof of the Lemma will be complete if we show that

"z° Bk(L) Y (k+1) ! [YR+n-1
o Qp [9k+1 (kR+n-1)!

is a convergent series. But this can be easily seen by the

ratio test, since

gkt el Y, Gk Y, (k+2)! [kt |Yktn (Ren-1)!, _
tﬂl%"_ ) (G ey |%+2 [dken-1 B+ | Aepee

Therefore
kznlbkluprén)ﬂ” < C PR
which complets the proof.
We are ready now to prove our main result.
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§ 4. Proof of Theorem 2.1. Let S be a compact subset of [,
and take z = S. Then there exists a constant k such that

R NI ONE .

n

T EET 16,1108 (0)1.
n=0 "k=n

10§ RS (n)
up © 3 5m3 byl 1pg"™ @wg(0)].

N

HO z A 2 by 1l pg " wgll .,

= bt n
< wQ‘(O)c6nZo%Tc§3“, (Lemma 3.3)

n
Cg <

< C =7

© 3

7

g

n

where C, and Cg are positive constants. Therefore the series
T n
1l 16,1 1p{™ (0) | |2]

converges uniformly in z on compact subsets of the complex
plane (€. Hence we can interchange the order of summation

to get
] a1 bppi™ (02" = Z b, § ApfM (02" = F byp,(2).
=0 " k=n n k=0

Thus the series

°2° 2 o™ (0) 2"

converges uniformly on compact subsets of T to an entire
function, say g(z).

It follows that the restriction of g to the real line
is almost everywhere equal to {. Further, for g we have the
power series.

o o
a(2) = I az" = §l] bpp” @]
=0 = k=n
Hence
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I R (n)
a, = T b (0)’
n n’kzn kPR

and by using Lemma (3.3) we get
(] -1 n,n
n.|an| < wy (0)C6C38

But, g(n)(O) = n!an, therefore

1/n _ 1/n

Lim suplg(n)(O)I Lim sup{n!|a_|}
Nn-+oco n>ow n

< CSB < C3 < o,

which shows (see [3], formula 2.2.12) that g is of order one

and type o where

e ' 1/n "
g = kig sup{n!|a, |} < Cz < =,

: x2
Finally, from Lemma 3.1, we have C; = /7 when Q(x) = 5

and this completes the proof of the theorem.

Corollary. Suppo&e that Wo =V, wQ5 = LZ(R), and
L1m sup| §(x)-L n (6 )| <1, unifoamly on R. Then the func-
tLon § has an extenb&on on € to an entinre function of orden
one and f§inite type o, where o 44 as 4in Theorem Z2.1.

Proof. Since L1m sup| §(x)-L (6 x)|1/" < 1, then there
exists a constaant B € (0,1) such that for all n sufficient-

ly large (n > N, say) we have
2 2n
| §(x) - Ln(g,x)l < g“"™ for all xR, (3.8)

Since

1C6-L, (6Dl 3 = [(400) - L, (6,00 g () dx
then it follows, by using (3.8), that

Lim sup] (§-L,, (gl ;" < Lin sup{8"([ug(xd0) hylin g 1.
fco frae=s R
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The corollay follows now from Theorem 2.1.
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