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LAGRANGE INTERPOLATION AND ENTIRE FUNCTIONS
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Abstract. For a function 6 defined almost everywhere on
~. Let {Ln(6)} be the sequence of Lagrange interpolation poly-
nomials that approximates 6, where the nodes are taken to be
the zeros of a certain sequence of orthogonal polynomials. In
this ~aper, we will give a condition on the decay of the error
term 16-Ln(6) I, which makes 6 the restriction on~ of an en-
tire function of order one and finite type. In the case of the
Hermite polynomials an estimate on the type is given.

n. Introduction. A nondecreasing bounded funct Lon c on R is
called m-d.u:tM.bulion if it takes infinitely many values and all
integrals

n = 0,1,2, ...

converge; a. generates a Lebesgue-Stieltjes measure which we
shall briefly call the m-di~t~ibution do..

For any m-distribution do. there exist a unique se-
quence of orthonormal polynomials {Pn(do.;x)} (see [4, Sect.
1.1]) with the properties:
a) Pn(do.;x) = Ynxn+ ...+yo is a polynomial of degree nand

'Yn > 0.
b) Jpn(da;x)p (da;x)do.(x) = 0 , the Kronecker symbol.

R m nm

The zeros xkn(k = O,l, ... ,n) of Pn(do.;x) are real, and simple.
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We shall assume. as usual. that x1n > x2n> ...>xnn. If. in a-
ddition. da is an absolutely continuous m-distribution.then
da(x) = a'(x)dx and a' (x) is a weight function. In this case
4'(X) will be denoted by w(x) and Pn(da) by Pn(w).

For a given function 0 the Lag~ange inte~pola~~on poly-
nomial L (o.x) corresponding to the m-distribution da is de-n
fined to be the unique algebraic polynomial of degree at JOOst
n-1 which coincide with 0 at the nodes xkn' Thus

where lkn(x) are the fundamental polynomials of Lagrange in-
terpolation defined by

Pn(da ,x)
1 (x)-kn -p'(dax )(x-x )'n ' kn kn

(k 1 ,2, ... , n) •

§2. Main result. A weight function wQ(x) = exp(-Q(x)). x E R
is said ~o be in ~he ela~~ V, if Q(x) satisfies the follow-
ing conditions:
(i) Q:R + R is an even function in C2(0,00).

(ii) Q" is positive and nondecreasing on (0,00).

(iii) 1 ~ C1 ~xQQ':(x) ~ C2• xe: (0,00).
( x)

For example, weights of the form exp(-ClxICl) where Ce: (0,00)

are in the class V if Cl ~ 2.
For wQ £ V. let qn be the unique positive solution of

the equation xQ'(x) = n. i.e.,
qnQ (qn) = n, n = 1.2 •..•

and define ~ = qnqn-1·· .Q1'

For a Lebesgue measurable function 9 on R, we have
{flg(x)IPdd1/p; if 1 ~ P < 00.
R

ess sUPlg(x)l.
x~

and we say that 9 E LP(R) if and only if II glP exists, P > 1.
Finally. for wQ ~ V. let {Pk(x)} be the sequence of
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orthonormal polynomials generated by the weight function
w~(x), and for wQ6 e: LP(R) ,P ~ 1 , we consider the Fourier
orthonormal expansion

co

where

We can now formulate our main theorem as follows:

THEOREM 2.1. Supp04e that wQ e:V, wQ6 E L2(R), and
Lim supl(6-L (6))wQlzl/n < 1. Then the 6unet~on 6 ha4 an ex-
n+co n
ten4~on on the eomplex plane [ to an ent~~e 6unet~on 06 O~-

de~ one and 6~n~te type a, whe~e

a = Lim sup Log M(R) < co
R+co R

and M(R)= max IHz)l. MMeove~, ~6 Q(x)IZI=R
we~ght 6unet~on),then a < 12.

xZT (the He~mUe

§3. Preli.inaries. Before we prove our main result, we need
the following lemmas.

LEMMA 3.1. The~e eX~4t4 a eon4tant C3 4ueh that 60~
eve~y TIQ e: PR we have

(3.1)

whe~e PQ ~4 the 4et 06 ail polynom~al4 w~th ~eal eoe66~-
e~ent4 and deg~ee at m04t n.

2(For Q(x) = ~, in which case the n~4 are the orthonormal
Hermite polynomials, one can show by straightforward com-
putation that C3 can be chosen to be 12 (and no less)

Proof. (see [5]).
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LEMMA 3.2. The~e ex~~t con~tan~ C4 and Cs ~uch that

6o~ each polynomial TI E Pn n

whe~e 1 ~ P < ~ ~ 00 and C4,CS > ° depend only on Q, p and ~.

Proof. (see [6]).

LEMMA 3.3. Suppo~e that wQ EV, wQ6 E L2(R), and

Lim s up] (6-Ln(6))WQ\~/n < 1. then the~e ex~~t COMtant~ C6
n+oo -
and 6 E (0,1) ~uch that 6o~ ~u66ic~ently la~ge n we have

whe~e C3 ~~ a~
Proof. b Il

in Lemma 3. 1 .

= f6CX)PIl(X)W~(X)dX
R

f(6(x) - L (6,x) + L (6,x))p,.(x)wQ
2(x)dxR n n r<c

~(6(X) - Ln(6,X))Pk(X)W~(X)dx+ ~Ln(6,X)PIl(X)W~(X)dx,

but, by orthogonality,.

hence

By applying the Cauchy-Schwartz inequality, we get

Iblll = 'i(6(X)-Ln(6,X))WQ(X)Pk(X)WQ(X)dxl

2 2 !j2 2 2 112
~ {i(6(X) -Ln(6,x)) wQ(x)dxl {lPk(X)WQ(x)dX} ,

but, by orthogonality,
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hence

J 2 2 . ~
Ibk.I~~{R(6(X)-Ln(6,X)) wQ(x)dxl

U(6-Ln(6))wQII2•

Therefore
(3.3)

From our assumption
Lim sup~(6-Ln(6))WQij~/n < 1
n+ex>

it follows that there exists a constant B E (0,1) such that
for sufficiently large n (n > N, say) we have

or
(3.4)

By combining (3.3) and (3.4), we conclude that

(3.5)

Now taking p = 2 and ~ = ex> in (3.2) with ITn replaced by
(n)Pk. ~ Pn-k. we obtain

By repeated application of (3.1), we obtain

~ C2 (k.-n+l ) (k.-n+2) ~w p(n-2) ij
3 Qk.-n+l Qk.-n+2· Q k. 2
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~ en (~-n+l)! \qk-l
3 lq~-n+l ~'

hence

(3.7)

From (3.6). (3.7) and (3.5) we conclude that

Letting ~' = ~-n, we get

The proof of the Lemma will be complete if we show that

is a convergent series. But this can be easily seen by the
ratio test, since

Therefore

which complets the proof.

We are ready now to prove our main result.
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§ 4. Proof of Theorem 2.1. Let S be a compact subset of [,
and take z E S. Then there exists a constant k such that

where C7 and Cg are positive constants. Therefore the series

converges uniformly in z on compact subsets of the complex
plane [. Hence we can interchange the order of summation
to get

Thus the series

converges uniformly on compact subsets of [ to an entire
funct\on, say g(z).

It follows that the restriction of 9 to the real line
is almost everywhere equal to 6. Further, for 9 we have the
power series.

9 (z)

Hence
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and by using Lemma (3.3) we get

But, g(n)(O) = n!an, therefore

which shows (see [3], formula 2.2.12) that 9 is of order one
and type 0 where

o = Lim sup{n!la l}l/n < C3 < ~.
n....~ n

Finally, from Lemma 3.1, we have C3 = ~ when Q(x)
and this completes the proof of the theorem.

Corollary. Suppolle that wQ e:V, wQo e: L2(R), and
Lim sUPI6Cx)-L (0,x)11/n < 1, un.iooJtmlyonlR. Then the ounc.-
n....co n
t.ion 6 hall an extenll.ionon [ to an ent.i~e 6unc.t.ion 00 o~de~
one and o.in.ite type 0, whe~e a .illall .in Theo~em 2.1.

Proof. Since Lim sUPlo(x)-L (o,x) 1
1/n < 1, then theren....cc n

exists a con~taRt 8 e: (0,1) such that for all n sufficient-
ly large (n ~ N, say) we have

(3.8)

Since

then it follows, by using (3.8), ~hat

Lim suplC6-L (6))wQI21/n ~ Lim sup{ftCfwQ
2(x)dx)Y2} lin < 8 < 1.

n-+oo n yt+W R
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The corollay follows now from Theorem 2.1.

Acknowledgement. The authors woul~ like to thank the referee
for noting that Theorem 2.1 and its corollary remain valid
for exponential weights of the form exp (-I x Ia.) ,1 < a. < 2, by
using a more recent work on Markov-Bernstein inequalities
and Nikolskii inequalities. We also hope to go back to this
work soon and try to include a larger class of weights.
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