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ON SYSTEMS OF ORTHOGONAL POLYNOMIALS WITH INNER
AND END POINT MASSES

by

Jairo A. CHARRIS and Guillermo RODRIGUEZ-BLANCO

Abstract. A system of orthogonal polynomials related to the
sieved ultraspherical polynomials is presented. It is shown that
their orthogonality measure carries end point masses. It is also
proved that the orthogonality measure of their first associated
(numerator) polynomials has an embedded masspoint.

Sumario. Se describe un sistema de polinomios ortogonales,
relacionado con el de los ultraesféricos cribados, cuya medida
de ortogonalidad tiene masas en los extremos del intervalo de
ortogonalidad. Se demuestra también que la medida de ortogonali-
dad de los polinomios numeradores correspondientes presenta una
masa sumergida.

§1. Introduction. We study in this paper two systems of or-
thogonal polynomials defined by recurrence relations of the

form
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xPZn(x) = P2n+1(x)+ ao’ann_1(x) (1.1
Pone1(¥) = Popap () +aq (Pop (¥, n >0,

and initial conditions

Pq(x) =0, Py(x) =1. (1.2)
We take
QG5 6= 81,0 = /2 (1.3)
o, = M/ (Ans1)) ey o= (e2T)/(4(n+T)), o2
and
a, o = a/zay = 1/(4(1+1)) (1.4)
a = (n+21)/(4(n+1)),aq = (n+1)/(4(n+t+1)), n > 1.

In both cases a,T > 0. We observe that the polynomials
determined by (1.4) are the first associated of those de-
fined by (1.3). Hence, we will denote with {P (x)} the poly-
nomials given by (1.3) and with {P(1)(x)} those by (1.4).

Recurrence relations of the form (1.1) have frequent-
ly appeared in the literature of the last few years (Chihara
[9], Charris and Gémez [6]) and are related to spectral
problems in quantum chemistry (Slim [23], Wheeler [27]).
They are also special cases of sieved orthogonal polynomials
(Al-Salam, Allaway and Askey [2], Charris and Ismail [7],
[8], Ismail [12], [13], [14]). As a matter of fact, the sys-
tem {Pn(x)} described above reduces tc sievéd ultraspherical
polynomials of the first kind when o = 1 (see [2]), and

P(1)( x)} is then the system of their first associated (ob-
serve that {P( )(x)} is independent of o). In [2] it is
shown that, when a = 1,{Pn(x)} is a system of orthogonal
polynomials with respect to the absolutely continuous meas-

ure

du(x) = |x|21(1-x2)T'8¢(x)dx, (1.5)
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where ®(x) is the characteristic function of the interval
(-1,1), but the case o 4 1 was not considered. Neither was
considered the system {P£1)(x)} of the first associated pol-
ynomials (the sieved ultraspherical polynomials of the sec-
ond kind of Al-Salam, Allaway and Askey [2] are first asso-
ciated polynomials of a system of orthogonal polynomials but
not of-the sieved ultraspherical of the first kind). The point
of view adopted in[2] did not allow for the treatment of these
cases. The purpose of the present paper is to establish some
properties of {Pn(x)} and {P£1)(x)} that seem to have gone

unnoticed in the literature, perhaps because of the above rea-
son.

First, {Pn(x)} has, forn special valfues of o and T,
masses at the end points of the interval of orthogonality.
This phenomenum has been explored by Chihara [10], Koorn-
winder [18] and Koekoek [15], [16], [17], but their examples
of this situation are rather complicated and artificial.
Second, and even more remarkable, is the fact that {P£1)(xn
may have masses which are embedded in the continuous spec-
Znum, i.e., which are interior to the support of the ortho-
gonality measure. Examples of this situation were, as far as
we know, absent from the literature prior to Geronimo and
Van Assche [11]. However, the examples in [11] are more so-
phisticated and not so explicit.

In Section 2 we review the basic notions about ortho-
gonal polynomials and in Section 3 we give a brief account
of ultraspherical polynomials and their associated. Section
4 contains some basic formulae, and Section 5 the main re-
sults. Finally, in Section 6 we study the connection with
spectral theory and examine futher generalizations.

This paper grew out of talks given by the first author
at the CLassical Analysis and Aproximation Theory Seminaxr
held at The University of South Florida during the spring
semester of 1989 and at the Fouath Annual Southeast Aproxi-
mators Conference, Auburn University, Alabama, in April of
the same year; and by the second author at the Second Colom-
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bian Symposium in functional Analysis, Medellin, July 1989.
It originated in the research of this author for his Masters
thesis at the National University of Colombia in Bogotai.

§2. Background. A system {Pn(x)/n > 0} of polynomials with
real coefficients is called a system of orthogonal poynomials

(0.P.S.) if
1) Pn(x) has degree n and Po(x) = 1.

2) There is a positive measure u supported by the real line

such that
400

I Pn(x)Pm(x)du = kndnm;m,n >0, kn > 0. (2.1
It can be shown (ee [6],[9])that a system {P (x)} is an
0.P.S if and only if there are real numbers An'Bn'cn’ n » 0,

such that

AnAn+1Cn >0, n>0, (2.2)
Pn+1(x) = (Anx+Bn)Pn(x) -CnPn_1(x), n>0, (2.3)

and
P_1(x) =0, Po(x) = 1. (2.4)

If that is the case p can be so chosen that

ko = 1;kn = (Ao/An)C1"'Cn’ n 3 1. (2.5)

The numbers An’Bn’Cn are uniquely determined by {Pn(x)},
except for Co, which is arbitrary (Favard's Theorem).

The measure p satisfying (2.1) has bounded support,
Suppu, if and only if there is a constant M > 0 such that

18, /A, | <« W/3,/C TRA < M3, n>0, (2.6

n*

in which case Suppu € [-M,M] and u is the only measure for
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which (2.1) holds.

Let A ,B ,C be as in (2.3). The system {Pﬁi)(x)},é =
0,1,2,3,..., defined by

KA = U2, P00 - 0 A0 @

for n > 0 and

PO =0, p0w -1 (2.8)
is also orthogonal with respect to some positive measure
M) It is called the system o4 Lth-aAAocLated polynomials

04 {Pn(x)}. ClearbrPﬁO)(x) = Pn(x). In general Y0 # Y ()
if £ # 4.

Let {Qn(x)} be a system of polynomials with real coef-

ficients such that (2.3) holds for {Qn(x)} with n > 2. Then
1

Q,(x) = (A-C/e)P, (x) + (B+c/Cp (0P ()0 5 1, (2.9)

where

p
n

2 (x) 3B = 2,(x) - 2,0 P (%), i si0)

¢ = 0,00 - P{ (00,00 + ¢;0, (0.

If (2.3) holds for {Qn(x)} with n > 1, then C = 0; if it
hols for n > 0, then B = C = 0; if in the latter case Qo(x)
= 1, then Qn(x) = Pn(x) for all n.

Assume {Pn(x)} is an 0.P.S. and let p be an orthogo-
nality measure for {Pn(x)}. Let

p () =P (0)/VRy, n>0; 2.1
then

4+

[ pn(x)pm(x)du =6, smn > 0. (2.12)

The system {pn(x)} is called the oathonoamal polynomial B8ys-
tem (D.N.P.S.) of {r,(x)}. If {Pn(x)} satisfies (2.3) and
(2.4) and k, is given by (2.5), then {p,(x)} satisfies the
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recurrence relation
xp,(x) = b 1P (X)*+ap (X)+bp (x), n>1, (2.13)

and the initial conditions

Po(x) = 1,p;(0) = (1/b) (x-a,), (2.14)
where
= - = Vi ;z z > ° .
2 Bn/An’bn+1 n+1" "'nn+l? bodod (2,15)

Condition (2.6) translates into

'“nl < M/3,0 < b < M/3, n>0, (2.16)

n+1

in which case Suppu  [-M,M].

In what §oLLows we will assume (2.6)(on, (2.16)) %o

hokd. With u satisfying (2.1) we then have
+o

( )
1) [ du(2) -
’1113“0 Pn(x) " I uiD) ke e [M ] (2.17)

Relation (2.17) is known as Manrkov's Theorem. The left hand
side of (2.17) is known as the continued fraction oﬂ{Pn(0}°
It is, actually, the limit of the continued fraction

A c
[o) 1
r—‘Jon+Bo - [A1x+81 - |Azx+B‘J (2,19)

The right hand side of (2.17) is X(x) = -Zniﬁ(x), where 1i(x),
called the Cauchy-Stieltjes Zransform of u, is an analytic
function of x for x ¢ Suppu. The Stieltjes invernsion formula
+ © +o0

[ $00auen - lin 5 [ (Koed) X} f0odx, x=R,  (2.19)

which holds for any continuous function § on R, then allows
to recover u from X(x). Let
T

o(t) = J duy, 1 €R. (2.20)
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The right continuous, non-decreasing function o is called
the distribution function of u. From (2.19), we get
T

o(t) = lim 2‘—J {X(x-4€) - X(x*+ie)}dx, T <R. (2.21)

I1f Suppu < (a,b),-» < a < b < +=, then

b b

[ gau = [ g0 o0 (2.22)

a a
where the right hand side is an ordinary Riemann-Stieltjes
integral. Futhermore, Suppu coincides with the set Su of
points of increase of o, i.e., with the set of points x €R
such that 0(x1) < o(xz) 1t Xy <X < x,. We have Su = Cu UPu,
where Cu is the set of points x in Su such that o(x) = o(x-0),
and Pu, of those with o(x) # o(x-0) (this is a countable set).
ClearlyCu nPu = ¢. The set Cu is called the continuous sup-
port of w; and Pu, the point suppornt. We observe that they
are not, in general, closed sets.

The following characterization of points in Pu is use-
ful: x = Pu if and only L¢

w© D
nzopﬁif) < Lkl
In such case,
2
© Po(x)
& = -0) = 1/ n 2 2.24
n({x}) = o(x)-0(x-0) (I %) (2eRA)

Let D be the set of isolated points in Suppu. Clearly
[~ Pu' The points of S in Du ane the isolated poles of
X(x), which are akll u:mpte, and x € Du Af and only 4i¢

u({x}) = o(x)-0(x-0) = Res(X,x) # 0. (2.25)

Points in Pu are called mass points of w; those in 0 w
is0Lated mass points. The points in P N interior (S ) are
the embedded mass points. If S, happens to be a un1on of in-
tervals, the end points of the infinite intervals in this
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class that are in Pu, but not in the interior of Su, are the

end-points masses of yu.

The measure p can be written

Bo= Mot Uty (2.26)

where u, is abolutely continuous, u, 44 singulan continuous
and My is a jump measure. The measurey, is concentrated on
Cu and u, on a subset of Lebesgue measure 0 of this set; My
is concentrated on Pu. The measure u, can be written g(x)dx,
where g(x) is an integrable function (locally integrable if

Suppu is not assumed to be bounded).

REMARK 2.1. Let Xg(x) = X(x-4g) - X(x+£ie) and assume
that

im
lim 5=—X_ (x 2.27
lim o7 e () ( )

exists a.e. in an open interval (a,b). Further assume that
for a < ¢ < d < b there are C = C(c,d) > 0 and g, = e(e,d)>0
such that |Xe(x)| ¢ C for almost all x = [c,d] and all e g g,
Then g(x) = éig(]/Zni)-Xe(x), a.e. on (a,b), and p is free
of masses in (a,b). If g(x) # 0 a.e. in (a,b) then (a,b)c_:Cu.

Proofs of Markov's theorem can be found in [1], [26].
See also [6]. The relevant facts about continued fractions
and its relation to O0.P.S. are in [3], [9], [26]. For the
Cauchy-Sieltjes transform and the Stieltjes inversion for-
mula see [1], [5], [6], [19]. A proof of relation (2.24) is
in [1], [24], and one of (2.25),in [1], [6].

§3. The Associated Ultraspherical Polynomials. The notation

(a) = (5.7)

a(a+l)...(a+n-1), n3i1t,
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will be used in the sequel. Clearly

(@), = 5%%§§l, o 40, (3.2)

where T'(x) denotes the Gamma function. The asymptotic formu-
la

I'(a+n) . ,a-b

™" s n+ o (3.3)

follows from Stirling's formula ([20],[22])

We also recall the binomial formula ([20]),[22])

(1-x) % = E 1%%&-x", x| < 1. (3.4)
n=o .

The associated ultraspherical polynomials {C;(x;i)}
are given by

2(n+t+0) XC) (x;4)
=munn;¢mo+mnﬁtnq4uux n>0, (3.5)
and the initial conditions
CT,(x34d) =0, Colx;4) = 1. (3.6)
We assume 4 = 0,1,2,3,..., and write C;(x) = C;(X;O).
The generating functions
T AT n 2 -T
J CT(x)2" = (2%-2tx+1) (3.7)
nso "
and

o t .
LQ&ﬂM”‘=¢u1u“nqu4m1mﬁnpwm i1, (3.8)
o

0

are easily obtained from (3.5) and (3.6). Observe that

C;(X;i) 9 k:i R (x)Cn p(0,m > 0,431, (3.9)

follows from (3.8). Hence

c;(1) = Séélﬂ, n>o0, (3.10)

and also
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(2T)

1
C:.l'l("‘) = 1.1 [—,—' 1], T % 1/2

e (3.11)
cHeisry & PO n> 0.
n k=0 E"'_
The continued fraction of {C;(x)} is
1
X (0 = ZTZJ (1-%-u)T“(1-u)T"du (3.12)

o
wherez = z(x) = x—/iTT,Z = Z2(x) = x+/§7iq and /x2-1 is the
branch of the square root of x2-1 which is analytic in C-
[-1,1] and behaves like x when x— . (It follows that
|z(x)| ¢« |Z(x)| with |z(x)]| = |Z(x)| if and only ifx & [-1,1],
2=1/z, 2+ = 2x,2-z = 2/x2-1). Formula (3.12) can be obtained
from (3.7) and (3.8) by means of (3.4) and Darboux's asymp-
totic method ([21], Sec.8.9). Stieltjes inversion formula
and Remark 2.1 then yield for the orthogonality measure u,
of {C;(x)} the formula

- Lo (x) X () dx (3.13)

du ()
_ 2271 p()? 2.t~ Y
- F(ET)(1-X ) Pe(x)dx

where ®(x) is the characteristic function of (-1,1). Hence,

Mo is absolutely continuous.

The continued fraction of {C;(x;1)} is
1
J u(1-%-u)T"(1-u)T"du

Xq(x) = 2(1+1)z 4 (3.14)
1
J (1-§-u)T'1(1-u)T‘1du
)
which is analytic for x & [-1,1]. Since the denominator
01(x) in (3.14) does not vanish in (-1,1)(it is Xo(x), which
does not vanish in (-1,1)), then

1 J ] »
V1(x) 7 1 Eg}g*(x1(x-Le)-X1(x+L€)) (3:15)
is continuous on R except, perhaps, at +1. A simple but
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rather long calculation gives for x € (-1,1) that

Vi(x) = -1Im X4 (%) (3.16)

21-1, F(1)2(t+1), (1_xz)r-g

T (21)T

z[(z/r+1)F(1-T,Z,T+2:zz)-xF(1-T,1,r+1:2211
[F(1-1,1,1+41:22) |2

where

e (@b,
F(a,b,c.x) = n}; —nm n. (3.17)

Other expressions for V,(x) can be found in [4], [9], [22],
[25]. We will write v, (x) = (1-x%)7T V(x), where V(x) =
V00 (1-x )2“fm-xe( 1,1) and ¥(x) = 0 for x & [-1,1].
Then Y(x) is continuous for x # #1 and V(x) # 0 a.e. in
(-1,1). The support Supp v of the orthogonality measure v of
{cp(x;1)} is then [-1,1].

More details about the associated ultraspherical poly-

nomials can be found in the references above.

§4. Basic relationships. Let {Pn(x)} be given by (1.1), (1.2
and (1.3). Eliminating P2n+1(x) and Pzn_1(x) form (1.1) gives

2 +21-1
(=) Py, () = Pyrqy (0 + “frﬁj P21y 0 (4.1)

which hols for n > 2. Let
W= w(x) = 2x"-1 (4.2)
and

a"(1),
nt

2,(x) Py (¥, n 0. (4.3)

Then

2m)WQ, (1) = (m+1)Q 100 + (121-1Q 1 (), n > 2, (4.4
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and from (2.9), (2.10) it fellows that

Q,(x) = ack(w) + ar(1-a) kT _ w31, no> 1. (4.5)
Hence,
Py (0 = 4n?i)n[ac;(uo-+4r(1-a)x2c;_1(w;1)], nal. (4.6)

In particular (3.10) and (3.11) yield

gtk GG
P,,(0) = (-1" T i (4.7)
@Yy gr-2te1)ay dT(1-0)n!
P (1) = e, (e s N, ¥l |8
and
PORT 0o
Pzn(t1) = 4n(]ﬁ)n[cﬁ-Z(]-ot)kzo E;T], nyl,t=25. (4.9)

Let u denote the orthogonality measure of {Pn(x)}.

Then
Suppu € [-(2+Ya)/VZ,(2+Va)/V2Z] (4.10)
and i
j PP, (Odu = ks, 5m,  mon >0, 4.1
with -
Ry = T,k =%
1a(21) ,*n! ai} 3 (27) 41 0! s (4.12)

k = 7. 1L 0n i 7 _2on+l?
2n (n+1)42n.(r)ﬁ 2n+1 (T)ﬁ+1.42n+1

A calculation entirely similar to the one above gives
for {Pﬁl)(x)} that

Pil) (0 = 4—,({—‘))— xCL(W;1), n > 0. (4.13)

The continued fraction X(x) of {Pn(x)} then is

(1)
2
X(x) = lim Pont1(X) Ko (¥)

nro P2ne2 (X)) a+2(1-a) x2Xo (W)

(4.14)
x £ [-(2+/2) /VZ,(2+/0) /1 V2],
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where XO(W), given by (3.12), is the continued fraction of
{c;(w)}. Hence X(x) is an analytic function of x for x &
[-1,1], except, perhaps, for simple poles located in [-(2+
Ya)/VZ,-1) U (1,(2+YQ)/Y2]. Let

9(x) = lin iz {X(x-4€) X (x+4e€) 5 (4.15)
Then g(x) = 0 for x & [-(2+v/Q)/vZ,(2+V/a)/V2Z] and

(x) = - 20| x| *ImXq (W) o
g(x) = n|a+z(1-a)x2xo(w)|2”‘€ (-1,0)u(0,1). (4.16)

Let D(x) = a+2(1-a)x2X0(W). Since

2 il
mX () = -22%c %8% A%, xe (-1,0u0,1), (4.17)
as follows from (3.13), and
Ind(x) = 2(1-a) x* - InX (W), (4.18)

D(x) does not vanish on (-1,0)U(0,1). An argument based on
Remark 2.1 then shows that

+o 4+
f fu = [ 400 9(x dx (4.19)

for any continuous function with compact support contained
in (-1;0)u(0,1), that g is integrable on this set, and that
this set is free of masses of u. Since g(x) > 0 on
(-1,0)u(0,1), this set is part of Cu' Now, Du is the subset
of [-(2+Ya)/VZ,-1)u(1,(2+v/a)/Y2Z] where D(x) vanishes, and
Py S DuU{0,11}. In the next section we will show that0 & 7P,
so that (-1,1) Cu. We will also prove that 1 = P‘J if and
only if © > 3/2 and a = 4t/(27+1). Hence, if a=1,C = [-1,1]
and P, = ¢, which agrees with results in [2].

Now we turn to {P§1)(x)}. Since

xP%Jl)(X) - P%l)ﬂ(x) +ﬁ—}%?£l)_1(x), n> o0, (4.20)
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(4.13) yields

m _ (n+1)! T 015 n+2T AT 1
D - f£:75izﬁ (s + 2258 win), om0

From (2.10) and (2.11) we then obtain that

n'

(1) (994 L= 2§~ Laamb 0}
Piw (0 = (1" s,

m _ o 2@mmnt 2Dy 2pe2t41
Pan (1) = (2T-1)(T+1)n4"{ n! Gz 1 20T
and
1) n! o s _
P21y = - . > 0,1 = k.
2n 1 = ey i, B (em 30,
The orthogonality relation for {P£1)(x)} is
4+
(M p(1) - s
I Pn (x) Pm (x)dv = khdmn, mny 0,
where
’ (2t+) , n! Hh (21+1) y(n+1) !

= = 0.
Zn (T+1)%42"’ Zn+ (T+n+1)(1+1)£42"*1’ e

For Pgﬁ)(x) we obtain, as before, that

%?U)=Z%£%;KHMU+gq4Wﬂ”, 5 0,

and the continued fraction for {P£1)(x)} is
2
Pon (%)

X*(x) = lim —f5—— = Thayx, )],
n* P£J+1(x) ! !

(4.21)

(4.22)

(4.23)

(4.24)

(4.25)

(4.26)

(4.27)

(4.28)

where x1(w), given by (4.13), is the continued fraction of
{c;(w;1)}. Hence X*(x) is an analytic function of x for x #

[-1,1]. We have that

- . 1 * ; _y*k .
Y(x) éig+ E;Z{X (x-4€) -X*(x+4€) }
2t-2 " K%
- 270 x) 272012 T 8P 2429y

m

(4.29)

where V is given at the end of Section 3. As before we con-
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clude that Y(x) is integrable on (-1,0) U (0,1), and it is
continuous in (-1,0)U(0,1) if 1 > %. The absolutely contin-
uous part of v is Y(x)dx,(-1,0)u(0,1) Cv’ and Pv < {0,z1}.
In the next section we will prove that P = f if 1 < % and

= {0} if v > %, so that ¢ = [-1,1] or ¢, = [-1,0)u(0,1],
accordingly.

§5. Main results.

THEOREM 5.1. The onthogonality measure u of {P (%)}
beans masses at x = *1 if and only L§ T > 3/2 and

- A4t
G_ZT_"']' (5.1)

In such case, *1 anre end points masses of u.

Proof. From (4.8) and (4.12) we obtain, when 1 % k%,

that
I (—1) 41- +1) (n'T) (2[) T / (
2 T-(21+1 4 1 ¥
’F—nz > [ g'r-‘] 0-] [ n'to Vl 2-[( 1(1)] Vl( TSI TT)I n 2 11

and we have, from (3.3), that

(n+0) (20), ot

nita ] = /lTuF(ZT)

and

r2t)y,1-
N/i(ZT;+$a * \h T&r In' 7"

Hence
Pzn(i1) ) T

/ky " VTrar(21)]

n
if o = 1 (even if v = %), and also

Pan(21) ~ 21-(21+1a n'
Ten 2t-1 /el (20)]
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. 2 PE, (1)

if a # 1,0 # 47/21+1 and T > % In both cases ] BT
n=o R2n

diverges and u has no mass points at 1. Now assume

a = 41t/2T+1.

Then P (11)
Zn 3 [2&F!2T+2!]n|-T
Ran # ’

even if 1 = %. If v ¢ 3/2, } P%n(t1)/k2n is still divergent.
nso

But if t > 3/2, it is convergent, and p may have masses at
1. To see that such is the case we have to show that

~ (1)
—1%51—7—— is convergent, but this follows at once from
n=o n+

Pans1 1) 1/["wz]_”zn»fz(‘*” neze_, [ 2n P2n*D Pon(1)
* k ’ vk2p+2 4(n+7) k2n- 1 VEZn

k2n+1 2n+1
PZn(11)
VEZn

Yol n+1 ] Pans2(21) + Y [n+21].
n+t+1 /EE;:E n+t

All that is left to prove is that when T = %2 and o = 41/2t+1,

2
© P +1
_ZF. diverges. But, in such case,
n=o 2".
Pzn(t1) _ [2n+11{a+2(1_a)ni1 1 } ~ /lz/aloz(‘]-a)nk 10@
? v koo B*T

as follows from (4.9) and from
¢ 1
! gr v logn  n> e, (5.2)

which is a consequence of the formula

n
o~y L. .
iiﬂotkzo 5T - logn} = ¢ (5.3)
® P, (21)
for the Euler constant ¢ (See [22], p.8.). Then Z -
n=o Zn

is divergent, and the proof is complete. A

THEOREM 5.2. The onthogonality measunre u of {Pn(x)}
beans no mass at x = 0.
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Proof. From (4.7) and (4.12)

Pzn(O) (ZT)n(n+T)a
r-rail e U el L

® Zn( )
Since T > 0 n20—1r——— diverges. A

THEOREM 5.3. I§ t > %, and only 4in such case, the on-
thogonality measure v of {P£1)(x)} carnies a mass at x = 0

which 4is then an embedded mass point of v

Proof. In fact from (4.22) and (4.26),

—_———
: : (-DYrzon™
/E;; rj;:TT;] (-0[rzo]n
w pM o
Hence, | [Paﬁ_E )]2 converges if and onlg if t > %. Since
i el ko N O
P3na»1(0) = 0, this also holds for 2 [7——]

. Since
(-1,0)u(0,1) = CU

, 0 is in such case an embedded mass point
of v. A

THEOREM 5.4. The measure Vv beans no masses at x = 1.

Proof. From (4.23) and (4.26) it follows that

, for
Ttk,

1
Pin (21) MY ,\/[(ZT Ny ] 2n+21-1 J[—__‘n! T
TR e 2T- 1 Q@t+1)

But
ZZT+15H‘
oy e Pl
and
2n+2t-1 : N 2 1-1
Tl = ey 0T
Hence

1
Pgn)(t1) 2 . nt . 5 ]5
B, 1 Ten” 4
(1)
P30 (£1) g
P CL NN Y €53 W B S

The measure v

R

169



o PM (1) 5
In both cases |} |—Z§Ep———| is divergent. For t = %X we get,

n=o 2n
from (4.24) and (5.2), that
p{1) (x1)
£n - % n;5 logn,
an
® Pgl)(:1)l2

and 7§ |

x also diverges. A
AmO 2n

It follows, using (2.24), that

THEOREM 5.5. Fon 1 > % the measure v 44
dv(x) = Y(x)dx+ad(x)dx (5.4)

where Y(x), given by (4.29), is integrablLe and &(x)dx 44 the
Dirnac measune at x = 0. Funthermore
v({oy) = 4L (5.5)

L 3

a
"

REMARK 5.1. Observe that the measure v tends to con-

centrate on x = 0 when T » +=,

REMARK 5.2. When t = 1, (5.4) takes the particulary

simple form

dv(x) = W/TT-xZT0(x) dx + 58(x) dx. (5.6)

where ®(x) is the characteristic function of [-1,1].

For v, the discrete support 0, is empty. We now de-

scribe Du.

THEOREM 5.6. The discrete support puy of the orthogo-
nality measurne y of {Pn(x)} is a gollows:

(1) If o < 1,0 = ¢.
(2) 1f a > 1and 1 ¢« %,0u = {-c,c}, where 1 < ¢ ¢ (Va+2)//2
is such that D(c) = 0.

(3) If T > % and 1< o < 47/Q21+1), Du = ¢.

170



(4) If © > % and a > 41/21+1,0u = {-c,c}, where, as befcnre,
1 < e < (Ya+2)//Z is such that D(c) = 0.

Proof. Let D(x) = a+2(1-a)x2X0(w1 Clearly D(x) > 0 if
a < 1. Let D(+») = lim D(x),D(1") = 1im D(x). Then D(+x) = 1,
X>+ x>1+

and
D(1+) = o, € %;0(1%) = LflTila o,

Hence Du = ¢ if a < 1. If o > 1,0(1+)and D(+») have opposite
signs in cases (2) and (4), and there must be 1 < ¢ < +»
such that D(c¢) = 0. Since the numerator N(x) in (4.14) is

positive for x > 0, p has a mass at x = ¢ whose value is

e

p({ch) = Res(X,c) = g,(?c). (5.7)

Now, the set Uy is discrete. If there were ¢' > ¢ sich that
(c,e'")NDu = ¢ and D(c') = 0 then D'(c) and D'(c') would car-
ry opposite signs, which is absurd, since u({c')} > 0. Hence
Du = {-c,c} in cases (2) and (4). Since it is impossible to
have N(x) = D(x) = 0 for x > 0, it follows that Dp = ¢ in
case (3). A

COROLLARY 5.1. 1§ t > 3/2 and o = 41/271+1, the ortho-
gonality measune u of {P (x)} 44

du(x) = Y(x)dx+a[8(x-1) + 8(x+1)]dx (5.8)

whene Y(x), given by (4.16) for x = (-1,0)U(0,1) and Y(x) =0
elsewhene, 448 4integhrable, &§(xx1) 44 the Dirac measure at #1,
and

2 2T -3
a == - (5.9)
2 2
Proof. Let D(x) = a+2(1-axX,W), xe[-1,1],0 = 2x"-1,
and extend D(x) to (-1,1) by taking X (W(x))= %E;Xow“x+£d)
for x € (-1,1). Then D(x) is anlytic in €-[-1,1] and its
restriction to (-1,1) is also continuous. It is readily seen
that for t > 3/2 and a = 4t/2t+1 we have
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0(x) = (1-x8)F(0), xe [-1,1],
where F(x) is continuous and non vanishing in (-1,1), and
F(+1) = -41/21-3,

so that

2r+1.r§r)2 x|2T (e T5/2(1-x9T5/2 ]
V() = HiedTiR FO |2 i KAL)

0, x¢¥¢[-1,1],

which obviously is integrable.
To show that a is given by (5.9), let €6 > 0 and integrate
over the positively oriented rectangular path B, s with
center at 1, basis 26 and height 2e. We have ’
148 €
[X(x-Le)-X(x+Ls)]dx+,£J [X(1+6+48) -X(1-8-48)]dt = J X(x) dx
1-6 € Be, 8
Now, the right hand side integral can be replaced by the in-
tegral on Bg, the positively oriented circle with center at
1 and radius 6§ (because X(x) is analytic on Im x > 0 and
Im x < 0 and both %E% X(x+t4ie) exist and are finite for
xe [1-6,1)U(1,1+8]) . Moreover, the second integral on the
left vanishes when ¢ - 0. Hence
1+6 ,
o(1+6)-0(1-6) = lim b f (X(x-4) -X (x#4€) ) dx = 7 J X(x) dx,
1-6 Bs
and
4t/2t-1 _  21t-3

a=yu({1}) =o(1)-0(1-0) = éig f%z J X()dx = - F) - 201
Bs

The proof is complete. A

REMARK 5.3. Observe that pu tends to concentrate on #1

when 17 + 4w,
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§6. Final. Remarks.
Let {p,(x)} be an 0.N.P.S. given by
xpn(x) = bnpn_1(x)+anpn(x)+bn+1pn+1(x), ns>0, (6.1)
Py() =0, p () = 1.
Assume
|a

pl M0 <b <M n>0. (6.2)

(b0 is arbitrary). The tridiagonal infinite matrix

\ J

is called the Jacobi{ Mataix of {pn(x)}. It defines on the

Hilbert space ZZ(G) of square summable, complex sequences
{x,/n > 0} a bounded self-adjoint opperator L by

L(en) = bnen_1+anen+bn+1en+1, n>o0, (6.4)
(a-1 = 0) and continuous linear extension. Here {en/n > 0}
is the canonical basis of ZZ(C)(en = (6on’61n""L n> 0).
It can be shown that ||L] <« 3M. Observe that x = (xgsXqsee+)
is an eigenvector of L for the eigenvalue B if and only if
) kalz < ® and
k=0

Bx = b _x

A . n_1+anxn+b n>0, (6.5)

ne1Xne12
i.e, if and only if x £,(€) and x = x_p (B), n> 0.
Let u be the orthogonality measure of {p,(x)} and for

each T R let EA:LZ-» LZ be defined by

x
Ece, - kzo{[ P, (£)py (£)du(D) Yy, (6.6)
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and continuous linear extension. Then {E |t € R} is a reso-
lution of the identity for L and

+00 +o0

f §(x)du = J §(D)d(E e sey) (6.7)
for any continuous function on R((x;y) = Z xnyn is the in-

ner product in tz(c)). From (6.7) it ea511y follows that the
spectrum o(L) of L coincides with Supp u,oc(L), he continu-
ous spectrum, is Cus and o (L), the point spectrum, is Pu'

Details of above can be found in [1], [6].

It follows that the operator L of the Jacobi matrix
a =0, n>0

n
(6.8)

1 Vlor2], bon= ¥l n+r b1 = %V[n+r n>1

has, for t > 3/2 and a = 4t/21+1, eigenvalues at the end
points *1 of the spectrum o(L) = [-1,1]. These are the only
eigenvalues of L. As for the operator L of the Jacobi matrix

o
"

R, * 0, n>0
(6.9)

q’n+21 1/ n+1
bop = % n+T bope1 = [n+r+1]’ n30,

it has, for t > %, an embedded eigenvalue, 0, in the spec-
trum o(L) = [-1,1]. This is its only eigenvalue.

Now consider the recurrence relation

Ppps j = Pppajur D+ a5 P, i 1(0,m 30, = 0,00 k0T,

(6.10)
pq(¥) =0, p(x =
where kR > 2 is an integer, £ n and ay o2 0, are given
’ ’
by (1.3), and
a; & 1[4, 4% 2.300sal51, n > 0. (6.11)

in

Recurrence relation (6.10) reduces to that of the sieved
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ultraspherical polynomials of the first kind in [2] when

a = 1. As it is to be expected, the orthogonality measure

u of {pn(x)} bears masses at *1 when k 3> 2,t > 3/2 and o =
4t/2t+1. When T > %, the orthogonality measure of {pﬁ”(x)}
carries embedded masses at the points x of (-1,1) where Tk(ﬂ
= £1(T,(x) is the kth Chebichev polynomial of the first kind
([22], [25])). The technical details of the proofs will ap-
pear elsewhere.
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