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The numerical solution of
linear time-varying DAEs

with index 2 by IRK methods
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ABSTRACT. Differential-algebraic equations (DAEs) with a higher index can be
approximated by implicit Runge-Kutta methods (IRK). Until now,.a number
of initial value problems have been approximated by Runge-Kutta methods,
but all these problems have a special semi-explicit or Hessenberg form. In the
present paper we consider IRK methods applied to general linear time-varying
(nonautonomous) DAEs tractable with index 2.

For some stiffly accurate IRK formulas we show that the order of accuracy in
the differential component is the same nonstiff order, if the DAE has constant
nullspace. We prove that IRK methods cannot be feasible or become exponen-
tially unstable when applied to linear DAEs with variable nullspace. In order to
overcome these difficulties we propose a new approach for this case. Feasibility,
weak instability and convergence are proved. Order results are given in terms
of the Butcher identities.
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1. Introduction
In this paper we consider linear differential algebraic equations (DAEs) of the
form

A(t)x'(t) + B(t)x(t) = q(t). (1.1 a)

We assume that the coefficients A, Bin (1.1 a) are continuous matrix functions
A, B : [to, T] ---- L(lRm) and the matrix A(t) has a smooth nullspace N(t)
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for t E [to, T], i. e., there are continuously differentiable projection functions
Q, P : [to, T] ----+ L(JR.m) so that Q(t) is a projection onto the nullspace N(t)
and P(t) == 1- Q(t). Note that a smooth nullspace N(t) has always constant
dimension on [to, T] and A(t) has constant rank. Such equations arise in a
variety of applications, ·e.g., electrical network theory, dynamical systems sub-
jects to constraints, optimal control of lumped-parameter systems and reduced
equations in singulary perturbed systems.

In the present paper, we are interested in index 2 equations (more precisely,
DAEs being tractable with index 2). Besides the BDF implicit Runge-Kutta
methods are popular for approximating initial value problems in DAEs. Since
higher index DAEs are known to be ill-posed, some kind of instability should
be expected. Nevertheless, some IRK methods are reported to be adequate for
some special types of higher index equations. Especially, the so-called Hessen-
berg systems are well investigated ([1], [4], [9]). We will generalize these results
to the general linear DAE (1.1 a). In order to overcome the inherent difficulties
when the nullspace of A varies we introduce a new approach for IRK methods
using the projection Q. Doing so we can show that these methods share all
properties which have IRK methods when applied to Hessenberg systems even
for general DAEs (1.1 a).

Following the idea of MARZ [10] we use the matrix functions

A+BQ,
Gl - AP'Q,
Al + BPQl,

as well as the subspaces

N(t)
5(t)

Nl(t)
51(t)

ker(A(t)),
{x E JR.m : B(t)x E im(A(t))},
ker(AI (t)),
{x E JR.m : B(t)P(t)x E im(Al(t))}.

Here, t E [to,T] and Ql(t) denotes a projection onto Nl(t); further Pl(t)
I -Q1 (t). The subspaces N, 5, Ni and 51 are called the canonical the subspaces
of the DAE (1.1 a) (see Lemma A.I).

Definition 1.1 (MARZ [11]) The DAE (1.1 a) is called transferable if Gl(t)
is nonsingular for every t E [to, T]. The DAE (1.1 a) is called tractable with
index 2 ifGl(t) is singular, but G2(t) is nonsingular for everyt E [to,T].

Note that Gl(t) is nonsingular iff so is Al(t). Transferable DAEs are well
understood and suitably modified numerical ODE methods work well for them.
We refer to [1], [3] for this case. Nontransferable DAEs are essentially more
complex. Tractability with index 2 characterizes an important class of non-
transferable DAEs. Maybe the most important qualitative difference between
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transferable and nontransferable DAEs is that the first class of problems re-
main well-posed in the HADAMARD sense, whereas initial and boundary value
nontransferable problems are ill-posed in the sense of TIKHONOV. This fact
has to be taken into account for the numerical treatment.

The formulation of appropriate initial conditions for index 2 tractable DABs
depends on the DAE itself. The index 2 tractable DAE (1.1) subject to the
condition

P(to)P1 (to)x(to) = b (1.1 b)

represent an initial value problem (IVP) with consistent initial values.

According to the originally conceived method for the numerical solution of
ordinary differential equations (KUTTA, 1901), an IRK method can be realized
for the DAE (1.1 a) in the following way: from an approximation Xn-I of
the solution of the IVP (1.1) at tn-I, these one-step methods construct an
approximation Xn at t.; = tn-I + h via the formulas

Xn = Xn-I + h l::>jXj,
j=1

(1.2 a)

where Xi is defined by

A(tnj)Xj + B(tnj)Xj = q(tnj) (1.2 b)

with tnj := tn-I + cjh and internal stages Xj given by

Xj = Xn-I + h LajIX!, j = 1,2, ... ,s.
1=1

(1.2 c)

Here ajl, bj, Cj are the coefficients determined by the method, and s is
the number of stages. Usually, the matrix A = (ajl)j,I=1 and the vectors
b = (bl, b2, ... , b,)T , C = (CI, C2, ... , c,)T are combined in the so-called Butcher
Diagram [2] or Runge-Kutta scheme

The paper is organized as follows. In Section 2 we give conditions which
ensure the feasibility of IRK methods. These conditions depend not only on
the method, but essentially on the behaviour of the nullspace N(t). This is
similar to what is known for the BDF [13]. In Section 3 we consider the case of
a constant nullspace N(t) == N. We show the weak instability and give order
results in terms of the Butcher identities. In Section 4 we show that similar
results are not true if the nullspace is variable. Therefore, for this case, we



46 EBROUL IZQUIERDO

introduce a new approximation which makes use of the projection Q. In Sec-
tion 5 we show that these new approximations have the same properties as the
original IRK methods in the constant nullspace case. Section 6 contains some
numerical examples.

Assumption: In the following, Ql (1) denotes the canonical projection onto
N1(t) along 51(t) and for any matrix function M(t) is

DM = diag (M(tnd,··· , M(tns)).

Moreover, we assume that all matrix functions and projections are sufficiently
smooth.

2. Existence and umqueness of the Runge-Kutta solution

First we study the existence and uniqueness of a Runge-Kutta solution, i.e.,
we try to answer the question: when does the system (1.2 b) have a unique
solution Xj (or Xj) for j = 1,2, ... , s'!

Suppose that the Runge-Kutta matrix A is nonsingular. Then, the IRK
method (1.2) is equivalent to

s s

Xn = PXn-1 + L L b/ajIXI, (2.1 a)
j=II=1

A(tnj) Lajl(XI - Xn-l) + hB(tnj)Xj = hq(tnj), j = 1,2, ... ,s, (2.1 b)
1=1

s s
where A-I = (ajl)j,I=1 and p := 1- L L b/aij ([6], [8]).

i=1 j=1
We now consider the IRK method defined by (2.1). Let us introduce some

notation.

DA = diag (A(tnd,··· ,A(tns)), DB = diag (B(tnl),'" , A(tns)),
Dq = diag(q(tn1), ... ,q(tns)), :D.., = (1, ... , If E JRs,
X = (Xr,xf, ... ,x?'f E JRms.

Now, system (2.1 b) can be written in the following form

[DA(A-1 ® I';") + hDB]X = hDq:D.~+ DA(A-1:D.s ® Xn-l). (2.2)

The IRK method (2.1) is feasible if the matrix M := DA(A-1 ® 1m) + hDB
is nonsingular. Unfortunately, simple examples show that A'i is not always so.
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Example 2.1. Consider

A(t) = U (

i -I

B(i) = 0 eO
o 0

~ ).
i+I

The related DAE is transferable with index 2 for i E (0,00) and

(
0 -e-I It 0)

Q = 0 1 0
000

is a projector onto N(i) = ker (A(i)). A generic I-stage IRK method yields

Obviously, this matrix is singular for all i; s « (0,00) and all a E ~ \ {O}. 0

The following theorem provides a necessary and sufficient condition for the
existence of M-1. We present here a detailed proof which makes frequent use
of the statements of Lemma A.2. For a more detailed proof we refer the reader
to [7], [8].

Theorem 2.1 Suppose that the IVP (1.1) is tractable with index 2 and
moreover, that A and Ims - EDQQ1PI are nonsingular for all i E [io, T], where
Q1 (i) denotes the canonical projection onto N1 (t) along Sl (i). Then the system
(2.2) is uniquely solvable for sufficiently small h. Here

E := Ims + [(C 8 A-1) iZI 1m]' C = (Cjl)j,l=l E L(~S), Cjl = Cj - GI, and
C 8 A-1 = (Cjlajl)j,l=l E L(~S) is the Hadamard produce of matrices.

Proof. First we decouple (2.2) in the P P1-, PQ1- and Q-components, using the
projection matrices defined in Section 1, and Lemma A.2. Finally, we calculate
M-1.

System (2.2) is equivalent to

[DAP(A-1 iZI 1m) + hDAQ + DBQP(A-1 iZI 1m) + hDBQ + hDBPjX

= hDqIs + DA(A-11s iZI xn-d·

Using G1, A1 and G2 (see Section 1) we can write this equation as:

[(DA1 + DBPQ.)(Dp1P(A-1 iZI Im)+hDp1Q+hDQ.)+hDAPIQ + hDBPP1jX
= hDqIs + DA(A-11s iZI Xn-1).
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Since (1.1) is tractable with index 2, there exists 02"1 = (A1 + BPQ1)-1.
Hence, after multiplying the latter equation by 02"1 we obtain:

[DpIP(A-1 @Im)+hDpIPPIQ+hDpIQ+hDQI+hDG:;IAPIQ+hDG:;IBPpJX

= hDG-Iqll. + DG-IA(A-1 @Im)(ll. @Xn-1).
2 2

We multiply the latter equation by DpPI, *DQPI and *DQI and use Lemma
A.2 together with the following identities:

DQIQ = 0, DQI = DQIG:;IBP' DpPIP = DpPI, DpPIQ = 0,

DQP,Q = DQ, DQPIP = -DQQI' DQIG:;IA = 0,

Note that most of these relations are evident. For a detailed proof we refer the
reader to [8]. See also Lemma A.I.

Thus, we obtain the system

1 -
((A- @Im)+ hDpPIG:;IB + RppJDpPIX

+ RpPIDpQIX + (hDpPIPI + RppJDQX (2.3 a)

= hDpp G-1ql. + DpPI (A -1 @ Im)(l. @ Xn-d,
I 2

DQIX = DQIG:;lql., (2.3 b)
- 1 -1 - -

DQPIG:;IBPPIX - h'(A @Im)DQQIX + (Im. - DQQIPI)DQX

_ 1 (-1 1 -
- DQPIG:;lql. - h'DQQI,A @ Im)(ll. @Xn-1)+ h'RQQIX, (2.3 c)

where

RpPI = h[((C 8A-1) @ Im)D(ppI)1 + O(h)],

*RQQIX = ((C 8 A-1) @Im)D(QQI)1 + O(h))X

= ((C 8 A-1) @Im)D(QIQI+QQ;)((DpPI + DpQI + DQ + O(h))X.

Inserting (2.3 a) and (2.3 b) into the last equation and using the relations
Q'Q1PP1 = ° and QIQ = ° we obtain

*RQQIX = V + ((C 8A-1) @ Im)DQQ;QX + O(hIIXII), (2.4)

where

V = ((C 8 A-1) @ Im)DQQ; [h(A@ Im)DpPIG:;lqll.

+ (A@ Im)DpPI (A-1 @ Im)(I. @ Xn-1)]

+ ((C 8 A-1) @ Im)D(QQI)lpQIG:;lql s >
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We insert (2.4) into (2.3 c). The equation obtained together with (2.3 a-b) can
be written

O~h) -hS ~ O(h
2
) ]

O(h) O(h)

where

S = [(A0 1m) + (A(C8A-1) 0 Im]D(pp,)'Q'

Note that in (2.5) the identity QQ~Q = QQ~QQ = QQ1PlQ has been used.
The matrix :F is nonsingular iff V is nonsingular and in this case we can

compute F-1:

[

1m•

-V-1D:p'G~'B

Hence, from (2.5) we have

F-1=
o

t.;
*V-1(A-1 01m)DQ

[ DPP'X] [1m
,

0
~] r'JDpQ,X = 0 Dp

DQX 0 0 i.;

[ O~h) O(h) O(h)] [ Dpp,X ]
+ o 0 DpQ,X.

O(h) O(h) O(h) DQX (2.6)

Using Banach's lemma we can solve system (2.6) for sufficiently small h. Then
we use the identity X = Dpp,X + DpQ,X + DQX to construct the unique
solution of (2.2). 0

Remarks
• If the nullspace N(t) of A(t) is constant, the IRK method is always

feasible, for h sufficiently small, because in this case pi = 0, i. e., The-
orem 2.1 ensures the feasibility ofIRK methods applied to DAEs with
index 2 and constant nullspace. This makes this theorem very valuable
because many important classes of DAEs have constant nullspace, e.g.,
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systems in Hessenberg or semi-explicit form. Note that for all these
general DAEs, A(t) has the form

A(t) = (~ ~),
so that P = A and trivially pi = O.

• It is clear that before we try to solve numerically a DAE with index
2 we must check the nullspace N(t). If N(t) is variable, we have little
hope that the method remain convergent (see next Section). In this
case we advise to approximate the DAE using additional strategies:
e.g., regularization methods [5], or the modified method proposed in
Section 5.

• For I-stage IRK methods it holds that 1m- £DQQ,PI = 1m._ QQI pi,
because in this case C = O. Hence, to verify the solvability of the
system (2.2) it is sufficient to check the nonsingularity of the matrix
L; - QQIPl In example 2.1,

J,-QQ,?'= (! e-t It
o
o

is always singular.
• In [11] it has been proved that BDF methods for the numerical solution

of (1.1) are feasible if the matrix 1m- QQIP' is nonsingular and his
sufficiently small. For IRK methods with s-stages, s 2: 2, the feasibility
of the method depends on the method and the IVP.

• Summarizing, the statements of Theorem 2.1 present an important tool
for practical numerical applications as well as for investigations about
stability and convergence.

Example 2.2. Let

B(t) = ( ~ 'TJt )
1+'TJ

with 'TJ E R The related DAE is transferable with index 2

Q(t) = ( ~
and

Q I(t) = ( 1 + 'TJt 'TJt(1 + 'TJt) ) .
-1 -'TJt

It is known that the backward Euler method is not feasible if' n = 1 (see [11]).
If we instead apply the 2-stage Lobatto HIe-formula [2] to this DAE, we have
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A-I = ( 1 ~ ) , C _ ( 0 -1 )
-1 - 1 o '

( ~l

0 -1 i1

)
£=

1 0
0 1

-1 0

1m, - EDQQ,P' = ( ! -TJ2tn 1 0 TJ2tn2 I1+71 0 -71
TJ2tnl 1 -TJ2tn2

-71 0 1+71 /

This latter matrix is singular iff r; = - ~. Moreover,

M~ ( :

hTJtn1 0 0 )TJtn1 + h(1 + 71) 1 TJtnl

0 h hTJtn2

-1 -TJtn2 1 TJtn2 + h(l + TJ)

and M is singular iff TJ = - ~. 0
Now we will study the stability and convergence of the IRK method (1.2).

To that end we consider two cases: constant nullspace and variable nullspace.

3. Stability and convergence for the
constant nullspace case

IRK methods become unstable when they are applied to DAEs with index
2. This fact is well-known in the simple case of linear DAEs with constant
coefficients and constant stepsize. We refer to [1], [8] for this case. For linear
DAEs with variable coefficients but constant nullspace N(t) some terms of the
system (2.3) are lost, because P' = o. Solving this system with respect to
Dpp,X, DpQ,X and DQX, we obtain

DpP1X

+
DpQ1X

DQX

+

+

h((A ® 1m) + O(h))DpP1C;lqD., - h [(A(C 0 A-I) ® 1m) Dpp;

O(h)] DpQ1C:;'qD., + (Dpp, + O(h))Dp(D., ® xn-i), (3.1 a)

DpQ1C;lq"R, (3.1 b)

[*(A-1 ® Im)DQQl + DQP, + ((C0 A-I) ® Im)DQQ;PQ,

] [
1 -1O(h) DC:;'qi, + h(A ® Im)DQP1P - DQP,C;'BPP, (3.1 c)

((C 0 A-I) ® 1m) DQQ; (Dpp, - Ims) + O(h)] Dp(D., ® Xn-l).
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Clearly, the nontrivial term Ijh(A-I ®lm)DQP,p in (3.1 c) grows unboundedly
if h tends to zero, i.e., the method remains unstable. Nevertheless we can prove
convergence. To make this fact more transparent, we show that in the constant
nullspace case the instability is weak and it refers only to the Q-component.
To that purpose we consider, in addition to the vectors Xn obtained from the
formulas (2.1), the xn resulting from the perturbed systems

s •

xn = PXn-1 + EEb/uj/X/ + h8n,.+I,
j =1 1= I

(3.2 a)

Assume II15ijll::; 8 for all i = 0,1, ... ,n, j = 1,2, ... ,s+ 1.
Analogously to (2.2), we can write the system (3.2 b) in the following form

where X = (XT, xi, ... ,x;f·
According to theorem 2.1, Mis nonsingular for sufficiently small h, i.e., the

system (3.2 b) is uniquely solvable.

Let us introduce some new notations:

6.Xk := Xk - Xk, 6.Pxk := P(Xk - Xk), 6.PP1Xk:= PP1(tk)(Xk - Xk),
6.PQIXk := PQI(ik)(Xk - Xk), 6.QXk:= Q(Xk - Xk),
6.P.nIXj := PPI(tnj)(Xj - Xj), 6.PQ1Xj := PQ1(inj)(Xj - Xj),
6.QXj := Q(Xj - Xj) E IRm

,

6.X := X - X E IRm• for k = n - 1, n, j = 1,2, ... , s.

For the difference 6..X we obtain (see 3.1):

Dpp,6.X =h((A ® 1m) + O(h))Dpp G-l6 1. - h [(A(C 8 A-1
) ® 1m)Dpp,

1 :1 n 1

+O(h)] DpQlG~-'6n 1. + (Dpp, + O(h))Dp(11. ® 6.xn-l), (3.3 a)

DpQ,6.X=DpQ G-l, 1., (3.3 b)
1 2 un

DQ6.X = [*(A-1 ® 1m)DQQ, + DQPl + ((C 8A-I
) ® 1m)DQQ;pQ,

+O(h)] DG~'6n 11.+ [*(A-1 ® 1m)DQPlP - DQPlG~' BPP, (3.3 c)

+((C 8A-1) ® 1m)DQQ; (Dpp, - 1m.) + O(h)] Dp(~. ® 6.xn-t}.
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Using Taylor's expansion about tn-1, and equating like powers of h, it is easy
to see that the differences 6Xj, j = 1,2, ... ,s, satisfy:

116PP1Xjll::; 116PHxn-lll + hC(116Pxn-lll + 8),
116PQ1Xj II ::; C8,

C
116QXjll ::; h(1I6PQ1Xn-111 + hll6Pxn-dl + 8),

(3.4 a)

(3.4 b)

(3.4 c)

with C a constant.
These estimates reflect the influence of pertubations on the solutions of

(2.1 b). To prove the main results of this seccion we will need the following
lemma. For the proof we refer to [4], [8].

Lemma 3.1. Suppose that the two sequences of positive numbers (Yn), (zn)
satisfy

Yn ::;Yn-l + hC(Yn-1 + Zn-l + DI),

Zn ::; Ip IZn-1 + hC(Yn-l + Zn-l + ~2).
Then we have, for hn ::; Co,

Yn ::;C1(Yo + hyo + hzo + D1 + D2), if Ipi::; 1,

zn::; C1(hyo + (Ipln + h)zo + h I), + D2), iflpl < 1,

Zn ::;C1(hYO + (1 + h)zo + hD1 + ~2), if Ip 1= 1.

Here C, Co, Cl, D1, D2 are positive constants.

Theorem 3.1 Suppose the assumptions of Theorem 2.1 are satisfied and fur-
thermore, P' = O. If the coefficients of the IRK method (2.1) satisfy the relation
Ipl= IbT A-1:u.. - 11< 1, then the IRK method (2.1) applied to the DAE (1.1)
is weakly unstable. This weak instability refers to the Q-component of the
numerical solution. The P-component is stable.
Proof. Subtracting (2.1a) from (3.2 a), we obtain

(3.5)

Multiplying this equation by PP1P(tn) = PP1(tn), PQ1P(tn) = PQ1(tn) and
Q and using Taylor's expansion about tn-1 on the right-hand side of the so
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obtained equations, we have

6.PPJxn =p6.PPJxn-1 + hp(pP{(tn_dO(h))6.Pxn-J

+ (bT A-I Q9 Im)DpPl6.X + h((bT A-J Q9 Im)D,ypp;

+ O(h))Dp6.X + hPPI(tn)8n,.+J, (3.6 a)

6.PQIXn =p6.PQJxn-J + hp(PQ~(tn-d + O(h))6.Pxn_J
T I -+ (b A- Q9 Im)DpQl6.X

(
T I ) -+ h (b A- Q9 Im)D-YPQ; + O(h) Dp6.X

+ hPQI(tn)8n,.+I, (3.6 b)

(3.6 c)

where ,N(tnj) = (1- cj)N(tnj) for any matrix function N.
Inserting (3.3 a) and (3.3 b) into (3.6 a) and (3.6 b) and using Taylor's

expansion about tn_Ion the right-hand side of the so obtained equations, we
get

II6.PPlxnll < Ilp6.PPIXn-1 + (bT A-I Q9 Im)(n. Q9 6.PPlxn-I)11

+ hcin)( II6.Pxn-111 + 8)
= 11(1- bTA-In.)6.p PIXn-1 + bTA-In.6.p Plxn-lll

+ hC}n)( /I6.Pxn-111 + 8)

= II6.PPlxn-dl + hc(n)(/I6.pxn_111 + 8). (3.7 a)

ii6.PQIXnll ~ I p 1116.PQlxn-111 + II(bT A-I Q9 Im)DpQ1C:;16n n.11
. ( )+ hCl

n (/I6.Pxn-111 + 8)

~ Ip 1116.PQIXn-11i + hc(n) (116.Pxn-11i + ~),
(3.7 b)

where c(n) and C}n) are constants.
Applying lemma 3.1 to the recursions (3.7 a-b) with II6.P PIXkll, I16.PQlxk II,

8, maxi=l C(i) instead of u», Zk, Dj, C, respectively, k = n - 1,n, j = 1,2, we
obtain:
If Ipl ~ 1, then

II6.PPlxnll ~ CI(I!6.PPlxoll + hll6.PPlxoll + hll6.PQIXO/l + 8). (3.8 a)

If Ipl < 1, then

I16.PQlxnll < CI (h~PPlxoll + (Ip In + h)II6.PQIXO/l + 8). (3.8 b)



NUMERICAL SOLUTION OF LINEAR TIME-VARYING DAES 55

If Ipi = 1, then

116PQIXnll::; C1 (hl16PPlxoll + (1 + h)116PQIXoll + £). (3.8 c)

With io - Xo := 60,.+1, we arrive at

(3.9) -

where C is constant and Ipi < 1.
Now we consider the Q-component. Inserting (3.3 c) into (3.6 c) and us-

ing Taylor's expansion about in_Ion the right-hand side of the so obtained
equation, we have

Inserting (3.9) into this equation, we get

C2116Qxnll ::; IP 11I6Qxn-111 + h6

n-I
::; Ipin 116Qxoil + ~2 6 l:Ipli ::; ~ 6

i=O

(3.10)

with C constant. I.e., the IRK method is weak unstable on the Q-component.
o

Remarks
• If Ipl = 1, then the P-component is also unstable because in this case

we can only obtain an estimate of the form

Furthermore, for the Q-component we obtain the estimate

• A very important class of IRK methods, the superconvergent sym-
metric methods, may exhibit severe order reduction when applied to
DAEs with index 2. For example, the so-called Gauss-Legendre meth-
ods, which have order 25 for nonstiff ODEs, exhibit very bad results in
numerical experiments. These methods yield p = (-1)' .

Now we study the convergence properties of the IRK method (2.1). We de-
rive necessary and sufficient conditions for the local error of an IRK method
when applied to the DAE (1.1). Then we study error propagation and derive
estimates for the global error. Before we can state the main result of this
subsection, we need some definitions.
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Definition 3.l.

• The local error d« of the method (2.1) is given by

a; = px(tn-d + L bj LUjlXI - x(tn).
j=l 1=1

Here XI is obtained from (2.1 b) with Xn-1 = x(tn-d.
• The j-th internal local truncation error ot) at t« of an s-stage IRK

method (2.1) is given by
s

x(tn_l) + h L ajIX'(tnl) - x(tnj),
1=1

(3.11 a)

s

O~~)l = x(tn-d + h L bIX'(tnl) - x(tn).
1=1

• The algebraic conditions B(p) and C(q) (Butcher identities) of an s-
stage IRK method are given by

(3.11 b)

~ k-1 1L.J b;c; = k' for k = 1,2, ... .v,
;=1

S k

L a;jcJ-1 = S-, for k = 1,2, ... ,q and all i.
j=1 k

• The internal stage order K[ of an s-stage IRK method is given by

B(p)

C(q)

K[ = max{k : B(k) and C(k)}.

The numerical solution by the IRK method (2.1) satisfies (3.2 b) where Onj,
j = 1,2, ... ,s, represent errors in the solution of the system (2.1 b). The true
solution x(t) of (1.1) satisfies

S S

x(tn) = px(tn-1) + L L bjUjl(X(tnl) + o}n)) - O~~)l'
j=ll=1

(3.12 a)

~A(tnj) tUjl(X(tnl) - X(tn-1) + ot)) + B(tnj)x(tnj) = q(tnj). (3.12 b)
1=1

where ot), j = 1,2, ... ,s + 1, are the internal local truncation errors at tn'
Subtracting (3.12) from (3.2), we obtain

en = pen-I + (bT A-1 0 Im)(E - 6(n») + o;~t (3.13 a)

~A(tnj) tajlEI + B(tnj )Ej = ~A(tnj) tajl(O}n) + en-1), j = 1,2, ... ,s,
1=1 1=1 (3.13 b)
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where
ek:= Xk - X(tk), k = n -1,n, Ej := Xj - X(tnj), j = 1,2, ... ,8, E =

(E'[, Ei, ... , E;f E ~m., 8en) = ((fJin))T, (fJ~n)f, ... , (fJ~n)f) T E ~m.,
- _ ( T T T )T E mirn s d"( - (<:T «r rr )T E rrnrn sen-l- en_l,en_l, ... ,en_l rn;. an un- unl,un2'''''un, rn;..

According to theorem 2.1, for sufficiently small h, and P' = 0 the system
(3.13 b) is uniquely solvable and the solution E satisfies (see 3.1)

Dpp,E = (DpPl + O(h))Dp(8en) + en-I) + O(hI18nll), (3.14 a)

DpQ,E =DpQ,c;,8n, (3.14 b)

DQE = [~(A-I ® 1m)DQp,p + ((C 8 A-I) ® 1m)DQQ; (Dpp, - 1m.)

- DQP,C:;l BPPI + O(h)] Dp(8en) + en-I) + 0 GI18nll).
(3.14 c)

Multiplying (3.13 a) by PPI(tn), PQI(tn) and Q and using Taylor's expansion
about tn_Ion the right-hand side of the equations, we obtain

P Plen =pP Plen-l + hp(P P{(tn-d + O(h))Pen-1
(bT A-I ® 1m)DpPI (E - 8en))
+ h [((bT A-I ® 1m)D-ypp; + O(h))] Dp(E - 8en))

+ PPI(tn)fJ~:)I' (3.15 a)

PQlen =pPQlen-1 + hp(PQ~(tn-l) + O(h))Pen-1
T I - [( T I )] -+ (b A- ® 1m)DpQ, E + h (b A- ® 1m)D-YPQ; + O(h) DpE

_ PQI(tn) [(bT A-I ® 1m)fJen) - fJ~:\], (3.15 b)

Qen =pQen-1 + (bT A-I ® 1m)DQ(E - 8en)) + QfJ~:\ , (3.15 c)

where PPlek := PPI(tk)ek, PQlek := PQI(tk)ek, k = n -- l,n. Inserting
(3.14) into (3.15) we thus arrive at

rr,«; = PPlen-1 + O(h(IIPen-11l + 118en)11+ 118nll)) + PPI(tn)fJ~~1
(3.16 a)

rc,«; =pPQlen-1 + O(hIIPen_111 + hl18en)11+ 118nll)
- PQI(tn) [(bT A-I ® 1m)8en) - fJ~~I]' (3.16 b)
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Qen =pQen-1 + (bT A-I iSl 1m) [~(A-I iSl Im)DQP,p - DQP1G~lBPPl

+ ((C 8 A-I) iSl 1m)DQQ; (Dpp, - 1m) + O(h)] Dp(b(n) + en-d

- (bT A-I iSl Im)b(n) + Qb;~\ + O(~lIbnll). (3.16 c)

The local error of the IRK method (2.1) is given by (3.16) for Xn-I = x(tn-d,
i.e., en-I = O.

Theorem 3.2. Let the assumptions of Theorem 2.1 be satisfied and further-
more assume that, pi = O. Suppose the IRK method satisfies the Butcher
identities B(p) and C(q) for p 2': q 2': 1 and the numerical errors in the solution
of the system (2.1 b) are bnj = O(hq+CX). Then the local error satisfies:

(a) Pd., = O(hq+I), Qdn = O(hq), if 0: = 1.
(b) PPI(tn)dn = O(hq+2), for p 2': q + 1 and 0: = 1.
(c) PQI(tn)dn = O(hq+2), ii a = 2 and the coefficients of the IRK method

satisfy
bT A-Icq+1 = 1

where cq+1 = (cr+l, c~+I, ... , c~+I)T
(d) Pd., = O(M+2), if 0: = 2, bTA-Icq+1 = 1 and p 2': q + 1.
(e) Qdn = O(hq+l), if 0: = 2 and the coefficients of the IRK method satisfy

bT A-2cq+1 = q + 1.

Proof

(a) It f9110ws directly from (3.16) with en-l = 0, ben) = O(hq+l), b;~)l
O(hq+I), s; = O(hq+l) and Pen = rr,«; + ro,«;

(b) It follows from (3.16 a) with en-I = 0, ben) = O(hq+l), bn = O(hq+l)
anJ b;~l = O(hq+2

) (because B(q + 1)).

(~) Inserting en-l = 0, ben) = O(hq+l) and bn = O(hq+2) into (3.16 b), we
obtain

For q :S p, the following relations

ben) = hq+l [(Acq iSl x(q+l)(tn_l)) - q ~ 1 (cq+l iSl x(q+l)(tn_l))]

+ O(hq+2) (3.18 a)

and

(3.18 b)
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hold. This yields

(bTA-I 10, I )3(n) _ 8(n) -
'6! m ,+ I -

hq+l(bT A-I (9 1m) [(Acq) (9 X(q+ll(tn-l) - q ~ 1 (c9+1 (9 X(q+I)(tn-I))]

- hq+1 (bT cq - q ~ 1) x(q+I)(tn-I) + O(hq+:)

hq+1= --(1- bT A-Ic9+l)x(q+I)(tn_l) + O(hq+2).
q+l

Inserting this equation in (3.17) and using bT A-Icq+1 = 1 we obtain

(d) Follows directly from (b) and (c).

(e) Inserting (3.18 a) into (3.16 c) and using 3(n)

O(hq+I), 8n = O(hq+2) and en-I = ° we obtain

Inserting the identity bT A-2cq+1 = q+ 1 into this equation and using B(q) and
C( q) we arrive at

Theorem 3.2 gives conditions on the coefficients of an IRK method so that
it attains a given order for the local error when applied to the DAE (1.1) with
constant nullspace. The conditions bTA -I cq+I = 1 and bTA - 2c9+ I = q + 1
have been studied in [1] when IRK methods are applied to linear constant
coefficient systems of index 1 and 2. Furthermore, in [1] BRENNAN, CAMPBELL

and PETZOLD derive conditions fer the local error of an IRK method applied
to linear constant coefficient systems of arbitrary index k.

Now we use the recursions (3.16) to derive estimates for the global err or ,

Theorem 3.3. Let the assumptions of theorem 2.1 be satisfied and furthermore
assume that pi = 0. Suppose the IRK method satisfies Ipi < 1. For q ;:::1,
let eo = O(hq+a) be the errors in the initial conditions and 8ij = O(hq+a) the
numerical errors in the solution of the system (2.1 b) at the i-th integration
step. Then the global error en satisfies:

• IIPenll:::; Cbs, if B(q), C(q) and a = 0,
• IIPenll:::; Chq+l

, if B(q + 1), C(q) and a = 1,
• IIQenll:::; Chs , if B(q), C(q) and a = 1,
• IIQenll:::; Chq+I

, if B(q+ 1), C(q), bTA-Ic9+1 = 1, bTA-2c9+1 = q+ 1
and a = 2.
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Proof From (3.16 a-b) we immediatly obtain the estimates

liP Plenll < liP PI en-III + hCCn) (liP Plen-lll + IIPQlen-11i + DI), (3.19 a)

IIPQlenll::; /pIIIPQlen_dl+hCCn)(IIPPlen_III+IIPQlen_lll+ ~2) (3.19 b)

with CCn) constants and

O(hq), if a = 0, B(q) and C(q),
O(hq+l), if a = 1, B(q + 1) and C(q),

O(hq), if a = 0, B(q) and C(q),
O(hq+l), if a = 1, B(q) and C(q), (3.20 b)
O(hq+2), if a = 2, bT A-1cq+1 = 1, B(q) and C(q).

(3.20 a)

Applying Lemma 3.1 to the recursions (3.19) we obtain

IIPPlenl1 ::; CI (1IPPleo" + hllPPleol1 + hllPQleol1 + DI + D2), (3.21 a)

IIPQlenl1 ::; C1 (hIIPPleo" + (Ipln + h)IIPQleoll + hDI + D2). (3.21 b)

Now, the estimates for Pen follow from (3.20), (3.21) and the inequality

IIPen" ::; IIPP1enii + "PQlen'"
In order to prove the first estimate for Qen, we consider (3.16 c) and (3.21 b).
This last inequality together with (3.20) yield

PQlen = O(hq+I
), if B(q), C(q) and a = 1.

Inserting this last equation together with Pen = O(hq), 5n = O(hq+I), 5Cn) =
O(hq+l) and 8~~1 = O(hq+l) into (3.16 c), we obtain

Qen = pQen-1 + O(hq
).

The first estimate for Qen follows directly from this recursion. In order to
prove the second estimate for Qen, we insert (3.20) with a = 2, B(q + 1), C(q)
and bT A-Icq+l = 1 into (3.21 b). This implies

ro,«; = O(hq+2).

Inserting this equation together with Pen = O(hq+l), 5n = O(hq+2), 8~~)1 =
O(hq+2) and 5Cn) = O(hq+l) into (3.16 c) we obtain

o-; = pQen-1 + ~(bT A-2 ® Im)DQP,p5Cn) + O(hq+l).

Using the identity bT A-2cq+1 = q + 1 we thus arrive at

Qen = pen_1 +O(hq+l).

The second estimate for Qen follows directly from this recursion. 0
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For many important methods such as the Gauss-Legendre method, Ipi = 1.
This means that the statements of theorem 3.3 are not valid for this class of
IRK. The following theorem shows how strong the order reduction is when IRK
methods with Ipi = 1 are applied to linear DAEs with index 2 and constant
nullspace.

Theorem 3.4. Assume that the hypothesis of Theorem 2.1 are satisfied.
Suppose that the IRK method satisfies Ipl = 1, and further assume that, for
q ~ 1, eo = O(hq+{3) is the error in the initial condition and 8ij = O(hq+a) is
the numerical error in the solution of the system (2.1 b) at the ith integration
step. Then the global error en satisfies:

• IIPenl1 ~ Cbs, IIQenl1 ~ Chq-2, if cy = 1, f3 = 0,
B(q) and C(q) for q ~ 2,

• IIPenll < Chq+1, IIQenl1 < Chq
-
1, if cy = 2, f3 = 1,

B(q + 1), C(q) and bT A-1cq+1 = I,
• IIPenl1 ~ Chq+1, IIQenl1 ~ Chq-1, if cy = 2, f3 = 1,

B(q + 1), C(q) and p = -1.

Proof The first and the second estimate for Pen and Qen follow directly from
the theorem assumptions and by application of lemma 3.1 to the recursions
(3.20) with Ipl = 1. In order to prove the last estimates, we consider equation
(3.16b), or equivalently,

(3.22)

with

An : = hpPQ~PPl(tn-den-l + 0(h21IPen_lll)

- h [((bT A-I ® Im)D-YPQ; + O(h))] (DpPl + O(h))Dp(b(n) + en-d

- h [((bT A-I ® Im)D-ypQ; + O(h))] Dpb(n) + PQl(tn)8~~\ + 0(hI16nll),

• •
s; := - LLb/aj/PQ18in).

j=I/=1

From the theorem assumptions we have An = 0 (h q+2). Furthermore, recursion
(3.22) together with p = -1 yield

n n

PQ1(tn)en = (-ltIToPQl(to)eo + L(-lt-iITiAi + L(-1)n-iITiBi.
i=l i=1

n-i

where ITi:= IIUm + hPQ~(tn-j)) for i = 0,1, ... ,n, i.e., ITi = 0(1).
j=1
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Expanding the last term on the right-hand side of this equation in a Taylor
series, grouping the respective terms in the so obtained sums two at a time,
and then bounding the resulting sums, we obtain

Note that we bonus in this process a power of h, because the alternating signs
in the first terms of the Taylor sums allow these to be cancelled. This is possible
because p = -1.

For the P PI-component (3.21 a), B(q + 1), C(q), Q' = (3 = 1 and Ipi = 1
imply PPlen = O(hq+I).

The last estimates for PQlen and PPlen together with IIPenl1 ::; IIPPltn!l+
IIPQlenl1 yield

IIPenli ::; Chq+l
.

The estimate for Qen then follows directly from (3.16 c). 0

Lobatto IlIA methods

For these methods the coefficient matrix A is singular, because in this case A
is expressible in the form

A=(~ ~)

with a = (a21, a31, ... , a,1 f E m:-I, A E L(lR,-I), A nonsingular.
The best known of such methods is the implicit trapezoidal method. To

implement this method for the DAE (1.1) we assume that initial values for the
derivates of all the variables are given. So we set in the first step Xbl .= x~
and "at the end of each step we set X~I = X~_I". Because XI = Xn-I, . ve need
to solve (2.1 b) only for i = (xi, xL ... ,x'If E lRm(,-I) in the following
system

~ -I ~ ~ ~ ~ -I .
[DA(A 0 1m) + hDB]X =hDqI,_1 + DA(A 0 Im)(:D.,_1 0 xn-J)

+ hDA(A-I 0 Im)(a 0 Xn·
Here and throughout this subsection we define, for a matrix N(t) E L(JI':.n),
DN := diag (N(tn2), N(tn3), ... , N(tn,)) E L(IRm('-l)).

Accorr' ing to Theorem 2.1 this system is uniquely solvable. The main oiffer-
ence to IRK methods with nonsingular A is that now the internal stage-s Xj,
j = 1,2, ... , s, also depend on the Q-component of Xn-I. This fact makes the
study of stability and converger.ce of this class of IRK methods more compli-
cated. By means of the special DABs (1.1) with constant matrix A we study
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here the stability and convergence properties of the method.
instead of (3.7), we have the estimates

II.6P P1xnll ::; II.6P P1xn-t11
+ hCCn)(II.6PP1Xn_lll + hll.6QXn_lll + 8),

II.6PQlxnll ::; 8,

and for the Q-component,

hll.6Qxnll ::; hll.6Qxn-t11

+ hCCn) (11.6PP1xn-111 + hll.6Qxn_lll + ~).

Applying lemma 3.1 to the recursions (3.23 a) and (3.23 c) we obtain

s
II.6PP1xnll ::;cs, hll.6Qxnll::; ":

For this case

(3.23 a)
(3.23 b)

(3~23 c)

These estimates together with (3.23 b) show that Lobatto IlIA methods, ap-
plied to the DAE (1.1) with pi = 0, are weak unstable on the Q-component,
but stable on the P-component.

For the global error en, instead of (3.16), we have

IIPP1enil ::; IIPPlen-dl + hCCn)(IIPP1en_111 + hllQen_lll + D1),

IIPQlen11 ::; C8,

hllQenll < hIIQen_lll+hcCn)(IIPPlen_lll+hIIQen_lll+ ~2),
with

0(h2), if s = 2 and b = 0(h2),
0(h·+1), if s ~ 3 and s = O(h·+1),

0(h2), if s = 2 and 8 = 0(h2),
0(h·+1), if s ~ 2 and 8 = 0(hs+1).

Applying Lemma 3.1 to the recursions (3.24 a) and (3.24 c) we obtain

{
Ch2 if s - 2 and 8 - 0(h2)

IIPPlenll::; Chs+'1, if~ ~ 3 and -:5 = 0(1:S+1),

IIQenll ::; cte:' if b = O(h·+1).

(3.24 a)
(3.24 b)

(3.24 c)

When 8 = 0(h·+2) and s > 2 is a even number, we can write (3.24 c) in the
form

Qen = -(Irn + O(h))Qen + An + Bn

with IIAnll = O(h·+1) and Bn = - ta.IQQ1(tn_1)b}n).
I=:2
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In this case we obtain (in a manner analogous to the proof of the last state-
ment of theorem 3.4) the following estimate for Qen:

IIQenl1 ~ cv .

IRK(DAEs) and superconvergence.

For nonlinear DAEs with index 2 in Hessenberg Form, Kv lERN0 [9] has shown
that the order of accuracy for some stiffly accurate formulas in the differential
component is the same nons tiff order of accuracy. In particular, the Radau
IIA and Lobatto IIIC methods retain their nonstiff order of accuracy in the
differential component. The analysis makes use of the theory of Butcher series
and rooted trees and exploits the Hessenberg structure of the DAE. The same
order results based on a similar analysis are given in [4] for the same class
of DAEs. These early results make clear that, for any special IRK methods,
Theorem 3.2 does not give an optimal estimate for the local error of the P-
component. These specially well suited IRK methods for the numerical solution
of DAEs are those IRKs for which c, = 1 and bj = a,j, j = 1,2, ... ,s.
Following GRIEPENTROG and MARZ [3], we name this class of IRK methods
the IRK(DAEs). Note that p = 0 for IRK(DAEs).

In this subsection we want to give an idea of how one can investigate this
interesting property of IRK(DAEs) when they are applied to the index 2 DAE
(1.1). For this purpose we suppose that the Runge-Kutta matrix A is nonsin-
gular and the matrices A, B, P, Q as well as the exact solution x(t) of(1.1) are
sufficiently differentiable. Since the relation en = Xn - x(tn) = X, - x(tn) = E,
is valid for IRK(DAEs), we only have to consider the equations (3.13 b) to
study the local error. Furthermore, (3.14 b) implies that the PQ1-component
is approximated exactly by IRK(DAEs). Hence, to find the conditions for
the superconvergence of the P-component we only need to consider the P Pl-

component. Multiplying (3.15 b) by Dpp a:! and using the relation pi = 0
1 J

and Taylor series, we obtain

(3.25)

Here

= O(h), (3.26)

cl := C 0 C 0 ... 0 C, and C is as in Theorem 2.1.
, .J...

I-times
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The equation

k

(Im. + N)-l = L:(-1)1 N1 + (-1)k+1(Im. + N)-l Nk+1
1:0

together with (Im. + N)-l = I-«, + O(h) implies

k

(t.; + N)-l = L:( _1)1N1 + O(hk+1).
1:0

Multiplying (3.25) by (Im. + N)-l and using the last equation we arrive at

k

DpP1E = [L:(-1)IN1(A ® 1m)Dpp.(A-1 ® 1m) + O(hk+1)]6(n). (3.27)
/=0

Using Taylor's expansion about in on the right-hand side of (3.27) we can obtain
conditions on the coefficients of the IRK(DAEs) so that an order of accuracy
O(hK1+r) for r > 2 is attained in the PP1-component. For the special case
r = 3 we set k = 1 in (3.26) and (3.27). In this case

DpP1E = lDpPl + h(A ® 1m)((C 8A-1
) ® 1m)Dpp;(Im. - DpP1)

2 ] -(n)- h(A ® 1m)Dpp a-1B + O(h ) 8 .
1 2

The Taylor expansion about in yields

DpP1E = [DpPl + h[diag (S(in))] (A(C 8A-1) ® 1m)

- h[diag(T(in))](A® 1m) + O(h2)]6(n),

where S = P P{ - P P{ P P1 and T = P P1G;l B.
So, the IRK(DAE) applied to the index 2 DAE (1.1) in the P-component has

local order O(hQ+3) when it satisfies the conditions B(p), C(q) with p 2: q + 2,
[bT (C 8 A -1) ® 1m]8(n) = O( hQ+2) and (bT ® t.; )8(n) = O( hq+2).

These conditions are equivalent to B(p), C( q) with p 2: q + 2 and

bT(C8A-1)(Acq - _1_cq+1) = o.
q+1

These conditions are fulfilled for the 3-stage Lobatto IIIC and Radau IIA meth-
ods, i.e., for these methods we have local order O(h5) and O(h6

) respectively.
This i~~Jies that these methods retain the nonstiff order of accuracy in the
P-component (superconvergence).

In an analogous manner we can use (3.27) to deduce conditions for a higher
order of accuracy. However, we can see that the calculations for these conditions
become very tedious.
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Remarks

• For the differential component of DAEs with index 2, Theorems 3.1,
3.2, 3.3 and 3.4 summarize analogous results on stability and conver-
gence of IRK methods as when these are applied to the classical nonstiff
ODEs.

• It is well-known that IRK methods applied to DAEs with index 2
remain unstable. Theorem 3.1 shows that only in the nullspace com-
ponent the stability property gets lost, and that the instability of the
Q-component is only weak.

• The results of Theorems 3.1, 3.2, 3.3 and 3.4 are also achieved in [4],
but in [4] only systems in Hessenberg form are considered; i. e., we
generalize the results of [4] to the class of linear time-varying DAEs
with index 2.

4. Stability and convergence for the
variable nullspace case

When the IRK (2.1) is feasible, we can arrive to equation (2.6). Solving it with
respect to DpP1X, DpQ1X and DQX, we obtain

DpplX = u.; + O(h)) [h(A 0 Im)DpPIC:;lqUs + DpPl (Us 0 xn-d]

+ O(IIDqUsll) + O(IIDQQl (Is 0 xn-dll) + O(hllxn_lll),

DpQ1X = DpQc:;lqIs,

DQX = (V-I + O(h)) [*(A-I 0Im)DQQ,c:;lqls

+ DQPIC:;'qRs + ((C 0 A-I) 0 Im)D(QQIl'PQlc:;lqIs

1 -I+ O(hIIDpPIC:;lqRsll) - h(A 0 Im)DQQ1 (Us 0 xn-d

- ((C 0 A-I) 0 Im)D(QQIl,(Rs 0 Xn-I)
- DQP,C:;'BPP1 (Is 0 Xn-I)

+ ((C 0 A-I) 0 Im)DQQ;pp, (Us 0 xn-t) + O(hllxn-Illn].

(4.1 a)

(4.1 b)

(4.1 c)

System (4.1) is essentially different from (3.1), because now the internal stages
Xj, j = 1,2, ... , s, also depend on the Q-component of the approximation
Xn-I· That means that the instability of the Q-component can work out to
instability on the P-component, and that the weak instability can be amplified
to exponential instability. For example, applying the implicit Euler method to
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the DAE of the example 2.2 we obtain the recursions

q(l) _ 1]t x(2)
n n 11 ,

1] (2) 1 ((2) 1 «(I) (I)))
1+r,xn-I+1+TJ qn -y; qn -qn-I ,

Evidently, the last recursion has an exponentially unstable behaviour when
TJ< -1/2.

This simple example shows that, in general, IRK methods are not suitable
for the numerical solution of DAEs with index 2 and variable nullspace. Nev-
ertheless, when we restri ourselves to linear DAEs with index 2 and variable
nullspace, we can show that, for these special cases, the instability is weak and
the method remains convergent. To confirm this fact, let us restrict ourselves
to IRK(DAEs), so we avoid the recursion (2.1 a) to calculate Xn. Furthermore,
we put S = 0 in (2.5), so we obt ain for the difference D P pJ:J.X, instead of a
relation of the form (4.1 a), the equation

DpP,6X =(Im + O(h))[h(A ('1 Im)Dpp G-1o 1. + Dpp, (1.0 6xn-d +
1 2 n

(A 0 Im)RpP, (1. 0 6:?'n-I)] + O(hllDon n.11) + O(h2116xn_ til)·

Taylor's expansion about tn_lOll the right-hand side of this equation yields

DpP, !;.,X = (Im. + O(h)) [h(A 0 Im)lJpp,G-;'6n n.+(n. 0 6P P1(tn-I)Xn-l)

+ h(E - 3(n))diag (PP1)'(tn-d) + O(h))(I. 0 6xn-d
+ h(A(C 8 A-I) 0 Im)diag (P P1)'(tn-l)) + O(h))(n. 06xn-I)]
+ O(hIlDonll)·

Here D; = diag(cI,C2, ... ,c.) E L(lR'S).
This equation and the identities

imply that

6PP1xn =6PP1xn-1 + hbT llcA-Ils(PPd(tn-I)6xn-1

+ O(h116PP13 "l-tll) + O(h2116xn_111)

+ h(Im + O(h)) L-a.jPP1G;I(tnj)Onj.
j=l

We aim at finding recursions for 6rP1xn and h6Qxn, so that we can apply
lemma 3.1 on these recursions. This means that the Q-component of the second
term on the right-hand side of the latter equation must vanish. The condition
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for this is bT DcA-1n.(PPdIQ(t) = O. When this condition is fulfilled, we
obtain

116PP1Xnll:s 116PP1xn-dl + hc(n)(II~PPIXn_lll + hll6Qxn_lll + 0),
(4.2 a)

116PQlxnll < Co. (4.2 b)

For the difference DQ6X we obtain using Taylor's expansion about tn-I,

hl16Qxnli :s rnhl16QXn_lll + hc(n) (116P P1Xn-11i + hll6Qxn_lll + ~).
(4.2 c)

Here,
• •

Tn = II 2: 2: Cjajid.j(QQdQ(tn-dll,d.j E L(~m),
;=1 j=l

and
V-I = (d;j)i,j=l E L(~m.).

Theorem 4.1. Let the assumptions of Theorem 2.1 be satisfied and suppose
that the IVP (1.1) satisfies the conditions (PPdQ(t) = 0 and ri :S 1, i =
1,2, ... ,n. Then, the IRK(DAE) applied to this IVP is weakly unstable in the
Q-component but stable in the P-component. Furthermore, if eo = O(hq+a)
are the errors in the initial conditions for q 2 1 and O;j = O(hq+a) are the
numerical errors in the solution of the system (2.1 b) at the i-tli integration
step, then the global error en satisfies the following estimates:

• IIPen11 :S Ch", if B(q), C(q) and a = O .
• IIPenll :S Chq+1, if B(q + 1), C(q) and a = 1.
• IIQenll:s Cbs, if B(q), C(q), a = 1 and ri < 1.
• IIQenll:S ens:', if B(q), C(q), a = 1 and r, = I, i = 1,2, ... ,n,

Proof. Condition (PPdQ(t) = 0 implies S = O. Applying lemma 3.1 to the
recursions (4.2 a) and (4.2 c) we obtain the stability statement. In order to
prove the convergence statement we consider (3.13 b). Under the assumptions
of the theorem and using the techniques of section 3 we arrive at

IIPP1enll:S IIPPlen-dl + hc(n) (IiPPlen-IiI + hllQen-lli + D1),

hllQenll :S rnhllQen_lll + hc(n) (liP PI en-Iii + hllQen-lli + ~2),

{
O(hq), if a = 0, B(q) and C(q),
O(hq+1), if a = 1, B(q+ 1) and C(q),

{
O(hq), if a = 0, B(q) and C(q),
O(hq+1), if a = 1, B(q) and C(q).
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Applying once again the lemma 3.1 to these recursions we obtain the conver-
gence statements. 0

Example 4.1. We consider once again the DAE of Example 2.2. In this case
P PI = 0, so that the first condition in Theorem 4.1 is fulfilled. Applying the
implicit Euler method to this DAE we have

For TJ f. -1

exists. Hence,

s.e.,

Although we prove in Theorem 4.1 that the IRK(DAEs) applied to any linear
DAEs with index 2 and variable nullspace provides the same stabilty and con-
vergence results as in the case of constant nullspace, the assumptions of this
theorem restricts strongly the general DAE (1.1) with index 2. To overcome
these drawbacks we will try to look at the IRK methods for the DAE (1.1) in
a new way. The new method appears to be promising for the solution of the
DAE (1.1) with index 2 and variable nullspace.

5. A modified IRK method to the numerical solution
of DAEs with index 2 and variable nullspace

The greatest difficulty in the numerical integration of the DAE (1.1) with vari-
able nullspace by IRK methods lies in the fact that the P-component, which
is stable, also depends on the Q-component of the numerical approximation
Xn-l. For this reason we now first split the DAE in the two components Px
and Qx and in each one we apply the IRK method (1.2) separately. For this
aim we consider the DAE (1.1) with non constant nullspace N(t). Under the
assumption that (1.1) is transferable with index 2 we can decouple it in the
following way:

[A(t) + (B(t) - A(t)P'(t))Q(t)] [P(t)(P(t)x(t))' + Q(t)x(t)]
+ B(t)P(t)x(t) = q(t).
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Obviously, this equation is equivalent to (1.1). Now we set y(t) := P(t)x(t) and
z(t) := Q(t)x(t), so the DAE (1.1) can be written as

A(t)y'(t) + B(t)y(t) + A1(t)z(t) = q(t). (5.1 a)

The new variables y and z satisfy the identities P(t)y(t) = y(t) and Q(t)z(t) =
z(t). We rewrite these equations as y(t) - P(t)y(t) + z(t) - Q(t)z(t) = 0 or,
equivalently,

Q(t)y(t) + P(t)z(t) = O. (5.1 b)

Formulation of the method.

To solve the IVP (1.1) we compute the approximations Ynj and Znj of the solu-
tion in tnj in the way described below and then we construct the approximation
Xnj of x( tnj) via the formula

Xnj := Ynj + Znj , j = 1,2, ... ,s.

Note, that the exact solution of (1.1) satisfies x(i) = y(t) + z(t).

Numerical approach to the y-component.

We set in the first step Yo := P(to)xo, and in the n-th integration step we
construct the approximation Yn = YnO via the formulas

,
s s

Yn = PYn-l + L L b/ajlYi
j=II=1

(5.2)

where Yi is defined by

s

A(tnj) LajlYI + hB(tnj)'0 + hA1(tnj)Zj = hq(tnj) + A(tnj) LajlYn-l,
. 1=1 1=1 (5.3 a)

Q(tnj)'0 + P(tnj )Zj = O. (5.3 b)

In the n- th integration step we set Ynj = '0, for j = 1,2, ... ,s.

Numerical approach to the z-component.

If the system (5.3) is uniquely solvable with respect to ('0, Zj) (we prove this
statement below), we obtain a numerical solution for the z-component at tnj
directly from the internal stages Zj, i. e., we can take Zj as the approximation
of z(tnj) in the n-th integration step. Furthermore, it is possible to obtain an
approximation for the z-component at t;, i = 1,2, ... ,n, via the formula

s

Zn = PZn-l + LLbjajlZI.
j=1 1=1



NUMERICAL SOLUTION OF LINEAR TIME-VARYING DAES 71

We renounce here to consider the latter approximation, because the calculation
of (Yj, Zj) from (5.3) does not depend on the approximation Zn-l.

Existence and uniqueness of the Runge-Kutta solution.

Using the notation of Section 2, system (5.3) becomes equivalent to

(5.4 a)

(5.4 b)

Together with (5.4) we consider the perturbed system

[DA(A-l ® 1m) + hDB]Y + hDA.Z = hD(qHn)ll. + DA(A-lll. ® fin-i),
(5.5 a)

DQY + DpZ = 8, (5.5 b)

where

and we suppose that the pertubations satisfy W,j" :S s and IIBij II :S {j for all
i = 1,2, ... , n, j = 1,2, ... , s.

Obviously, (5.4) is equivalent to (5.5) if b = O.

Theorem 5.1. Suppose that the IVP (1.1) is tractable with index 2 and that
the Runge-Kutta matrix A is nonsingular. Then systems (5.4) and (5.5) are
uniquely solvable with respect to (Y, Z) and (Y, Z), respectively, for sufficiently
small h.

Proof Using the techniques of Section 2 and under the consideration of (5.5 b)
we decouple the system (5.5 a) into the PP1-, Ql- and Q-components. This
yields:

[Dpp. (A-l ® 1m) + hDpp G-'BPP ] Y =
i 2 1

hDpp•G:;'(Q+6n) 1. + DpP1 (A-ll. ® fin-i) - hD(pp,+pp,p,)8,

DQ, Y = DQ,G:;'(Q+6n)I. ,

[ - DQQ,(A-l ® 1m) + hDQp G-'BPP ]f' + hDQZ =.::
. 1 2 1

hDQP1G:;'(Q+6n)1. - DQQ1(A-ll, ®fin-l) - hDQ(P._Q~Q)8.

(5.6 a)

(5.6 b)

(5.6 c)

(5.6 d)
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Inserting (5.6 b) into (5.6 a) and using Taylor's expansion, we obtain

[(A-1 ® 1m) + O(h)] Dpp, Y = hDpp,G~'(q+6n) L,

- RpPIDpQIG~I(q+6n)n. + DppJA-1n. ® Yn-d + 0(hI1811)·

Here Rpp, is as in (2.3 c).

The matrix on the left-hand side of this equation is invertible if h is suffi-
ciently small. Thus, we can write

Dpp, Y = [(A ® 1m) + O(h)] [hDpp'G~'(q+6n)n. - Rpp,DpQIG~l(q+6n)n.

+ DpPl (A-1 r, ® Yn-d + 0(hIl811)]· (5.7)

Using the equation Y = DpY + DQ8 = Dpp, Y + DpQ, Y + DQ8, together

with (5.6 b) and (5.7), we obtainY. As for Z, it follows directly from (5.6 c)
and the identity DpZ = Z - DQZ = Dp8. 0

Stability and convergence.

In addition to the vector Yn obtained from (5.2) we consider

• s

Yn = PYn-l + ~~bjajIYi + h5n,.+l.
j=ll=1

Subtracting this equation from (5.2) we obtain

T -1 -6.Yn = p6.Yn-l + (b A ® Im)6.Y + Mn,.+l . (5.8)

Here 6.Yk = Yk - Yk, k = n - 1, nand 6.Y := Y - Y.

Subtracting (5.4) from (5.5) and using the same techniques of the feasibility
proof. on the equation obtained in this way, we arrive at

Dpp,6.Y =h((A ® 1m) + O(h))Dpp cz :« a,
, 1 :2 n

- h[(A(C 8 A-I) ® Im)D(PPl)' + O(h)] DpQ,G~'On L,

+ (Dpp, + O(h)) (n. ® 6.Yn-l) + O(hI1811), (5.9 a)

DpQ,6.Y =DpQ1G~IOn 1., (5.9 b)

6.Z = [~(A-l ® Im)DQQ, + DQPl + ((C 8 A-I) ® Im)D(QQl)IPQI

+ O(h)] DG~'On n. + [~(A-l ® Im)DQp,P - DQPIG~IBPPI

+ ((C 8 A-I) ® 1m)D(QQI)I(DpP1 - 1m.) + O(h)] (n. ® 6.Yn-d

+ 0(11811)· (5.9 c)
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Now we can use (5.8) and (5.9) to prove the stability and convergence state-
ments. We will also need the following lemma. For its proof we refer the reader
to [8].

Lemma 5.1. Suppose that the sequences of positive numbers (Yn), (zn) and
(wn) satisfy

Yn :S Yn-l + hC(Yn-l + Zn-l + Wn-l + D1),
D2

zn:S Iplzn-l +hC(Yn-l +Zn-l +Wn-l + h)'

Wn :S Iplwn-l + hC(Zn-l + Yn-l + Wn-l + ~3).
Then we have, for hn :S co,

Yn :S C1 (Yo + hzo + hwo + D1 + D2 + D3), if Ipl :S 1,
e« :S C1(hyo + (Ipln + h)zo + hwo + hDI + D2 + hD3), if Ipl < 1,
Wn :S C1(hyo + hzo + (Ipln + h)wo + hDI + hD2 + D3), if Ipl < 1.

Furthermore,

(
2 D2)Zn :S C1 hyo + Zo + h Wo + hD1 + h + D3 ,

Wn :S C1 ( hyo + h z« + hwo + hDI + D2 + ~3 ) ,

if Ipl = 1,

if Ipi = 1.

Theorem 5.2. Let the assumption of the Theorem 5.1 be satisfied. If the
coefficients of the IRK method satisfy Ipl < 1, then the method (5.2), (5.3)
is weakly unstable. This weak instability refers to the z-component of the
numerical solution. The y-component is stable.
Proof. Multiplying (5.8) by PP1(tn), PQ1(tn) and Q(tn), and using Taylor's
expansion about tn-l on the right-hand side of the equations so obtained, we
conclude that

6.PP1Yn =p6.PP1Yn-l + hp((PPd'(tn-l) + O(h))6.Yn-l
T 1 - (T 1 )-+ (b A- @ Im)Dpp,6.Y + h (b A- @ Im)D-y(pp,), + O(h) 6.Y

+ hPP1(tn)on,.+l, (5.10 a)
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6QYn =p6QYn-l + hp(Q'(in-1) + 0(h))6Yn_l
+ (bT A-I ® Im)DQ0 + h((bT A-I ® Im)D1'Q' + 0(h))6Y
+ hQ(in)8n,s+1 . (5.10 c)

Here 6PP1Yk = PP1(ik)(f}k - Yk), 6PQ1Yk = PQ1(ik)(Yk - Yk) and
6QYk = Q(ik)(f}k - yd, k = n - 1, n.

Inserting (5.9 a), (5.9 b) into (5.10) and using the equation

6Y = Dpp,6Y + DpQ,6Y + DQ8,
we obtain the recursions:

116PP1Ynil < 116PP1Yn-lll + hc(n)(116Yn_lll + 8),

116PQ1Ynii < IpII16PQ1Yn-lll + hc(n) (116Yn-III + ~),

116QYnii < Ip1116QYn-lll + hc(n) (116Yn-III + ~).

(5.11 a)

(5.11 b)

(5.11 c)

Applying Lemma 5.1 to the recursions (5.11) and usmg the relation
1/6Ynll:S 116PPIYnii + 116PQ1Ynii + 116QYnll, we obtain

116Ynil :S C8. (5.12)
Now equation (5.9 c) implies

116ZJII:S ~I (1I6PQIYn-III + hll6Yn_lll + 8).
Inserting (5.12) into this relation, we obtain in the n-th integration step

j = 1,2, ... ,So o

To study the convergence we set e~) = Yn - Y(in), EjY) = Yj - y(inj) and

Ey! = Zj - z(inj)' Then e~Y) satifies the recursion

e(Y) = pe(Y) + (bT A-I ,0., I )(E(Y) - 8(n)) + 8(n) (5.13)
n n-l '6' m s+l'

Under the assumptions of Theorem 5.1, the differences EjY) and Eyz) satisfy

Dpp,FY) = (Dpp, + O(h))(e~Y~l + 8(n)) + 0(h118nll+ hI10nll), (5.14 a)

DpQ,FY) = DpQ c-,8n, (5.14 b)
, 2

F
Z

) = [~(A-J ® Im)DpQ,p - DQP,C;' BPP,

+((C0A-I) ® Im)D(QQJl,(Dpp, - [ms) + O(h)](e~~J + 8(n))

+0 GI18nli + 110nll), (5.14 c)
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where

FfY) :=((EiY)f,(E~Y)f, ,(E~Y)f)T,

Ffz) :=((Eiz)f,(E~z)f, ,(E~Z))T)T,
- T T T
On =(Onl,On2'··· 'On.),
e -(fF OT OT )Tn - n 1, n2)'" 'n" 1

e-(Y) :=(e(Y) ,0., 1 )n-l n-l'<Y. ,

(y) - (t)en_1 -Yn-l - Y n-l ,

b(n) and O~~l are as in (3.13 a), (onj, Onj) are the numerical errors in the solution
of the system (5.4) at the n-th integration step, and ot) is the j-th internal
truncation error of the IRK method.

Theorem 5.3. Let the assumptions of Theorem 5.1 be satisfied and suppose
that e~Y) = O(hq+f3) is the error in the internal condition for q ;::: 1, and
Oij = O(hq+a

) is the numerical error in the solution of the system (5.4) at the
i-th integration step. Then the global error en satisfies:

• Ile~Y)11::; ct», if B(q), C(q), a = fJ = 0 and Ipi < 1.
• IIe~Y)II::; Chq+1, if B(q + 1), C(q), a = fJ = 1 and Ipi < 1.
• IIE?)II ::; Chs , if B(q), C(q), a = fJ = 1 and Ipi < 1.
• IIE?)II::; Chq+1, ifB(q+l), C(q), bTA-1cq+1 = 1, bTA-2cq+l = q+l,

a = fJ = 2 and Ipl < 1.
• Ile~Y)II ::; Cbs, IIEY)II ::; Chs :", if a = 1, fJ = 0, B(q), C(q) and

Ipl = 1.
• Ile~Y)II ::; cv->, IIE?)II < cv, if a = 2, fJ = 1, B(q + 1), C(q),

bTA-1cq+1 = 1 and Ipl = 1, j = 1,2, ... , s.

Proof. Multiplying (5.13) by PP1(tn), PQt(tn) and Q(tn), inserting (5.15)
into the obtained equations, and using the Taylor expansion, we obtain the
recursions

IIPPle~Y)II < IIPPle~]ll1 + hc(n)(lle~Y]l + Dt}, (5.15 a)

IIPQle~)1I < Ipl IIPQle~Y]111 + hc(n) (1Ie~]1 + ~2), (5.15 b)

IIQle~Y)II < IplliQle~]lll + hc(n)(lle~]1 + ~3), (5.15 c)
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where

{
O(hq), if Q' = 0, B(q) and C(q),
O(hq+1), if Q' = 1, B(q + 1) and C(q),

{
{

O(hq), if Q' = 0, B(q) and C(q),
O(hq+1), if Q' = 1, B(q) and C(q),
O(hq+2), if Q' = 2, bT A-1cq+1 = 1, B(q) and C(q),

O(hq), if Q' = 0, B(q) and C(q),
O(hq+l), if Q' = 1, B(q) and C(q),
O(hq+2), if Q' = 2, bT A-1cq+1 = 1, B(q) and C(q).

Applying Lemma 5.1 to the recursions (5.15), we obtain the assertions of the
theorem for the y-component. The assertions for the z-component follow from
(5.14 c) and the estimates for e~Y) 0

Remarks

• If Ip I < 1, then Theorem 5.3 shows that the modified IRK method (5.2),
(5.3), applied to the DAE (1.1) with variable nullspace, is convergent
with the same order of the IRK (1.2) applied to the DAE (1.1) with
constant nullspace.

• For the case Ipi = 1 we bonus by the modified IRK method (5.2),
(5.3) a power of h in the z-component with respect to the statements
of theorem 3.4. This fact is not surprising because we have used for
the approximation of the z-component the collocation equation (5.3 a)
instead of the recursion

zn = PZn-l +L L b/ajIZI.
j=II=1

• The conditions Ipl = 1 and bT A--1Cq+l = 1 are not usually fulfilled for
important methods (for example the Gauss-Legendre method). Thus
for these methods we must count with a loss of order of convergence.
However we can prove, analogously to the proof of Theorem 3.4, that
lIe~Y)1I ~ Chq+1 and IIEY)II ~ cv , if Q' = 2, (J = 1, B(q + 1), C(q)
and p = -1.

• The main difficulty concerning the practical implementation of the
modified method is the calculation of the projection P(t). Nevertheless,
for special DAEs, we can calculate this projection matrix by means of
the Gauss eliminaton method applied to the matrix A(t).

• Summarizing the modified IRK method appears to be promising for the
numerical approximation of DAEs with index 2 and variable nullspace.
The calculation of the projection P(t) for the general DAE with index
2 is an open problem that deserves further research.
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6. Numerical experiments

Finally, we present the results of some numerical experiments which are in
agreement with the convergence statements predicted in this paper. The IRK
method (2.1) and the modified IRK method (5.2), (5.3) have been implemented.
In the experiments to determine the global error, we solve the problems with a
sequence of fixed stepsize over the interval [0, 1]. Rates of convergence for each
method were estimated by comparing the global errors at t = 1.

Example s.i.
The first test problem has constant nullspace. The problem is given by

1
e-t(2x~(t) + x;(t)) + 2e-t( costxI(t) + X2(t) + (3 cost - t - 2)X3(t))

=4 + e-t sin t(2e-t cos t - 1) + e-t cos t(6 cos t - 2t - 1),

,8(t)(x; (t) + 3x;(t)) - ,8(t)(2e-tx2(t) - (6t + e-t)x3(t)) + (t2 + l)x3(t)

=,8(t) [(2e-t + 6t) cost - (3 + e-t) sin t - 2] + cost(t2 + 1),

,8(t)(XI(t) + 3X3(t)) = ,8(t)(e-tsint + 3cost),

with ,8(t) = sin t + 2.
For this problem, the matriz Q given by

( ° 6
Q = ° 1° -2

is a projection onto N(t). With initial values given by Xo
problem has the solution

(0,1, If, this

Xl e-t sin t ,
X2 et ,
X3 cost.

This problem has been solved using eight different stepsizes, h E H,

H:={hEIR: h=Tifor j=3,4,5, ... ,1O}.

Table 6.1 shows the results of the experiments.

Example 6.2.

We solve the DAE in example 2.2, with the following right-hand side

ql(t) e-t(sin t +."t cost),
q2(t) e-t(cost - sin t) - ."te-t(cost + sin t) + (1 + .,,)e-t cost.



78 EBROUL IZQUIERDO

This problem has the solution

Xl (t) == e-t sin t,
X2~) == e-tcost.

The problem has been solved for several values of 1] between 0 and -100, by the
modified IRK method. The method has been implemented for all the stepsizes
h E H. Table 6.2 shows the results for 1] == -1.

Example 6.3.
For all continuos differentiable functions {J(t) and for t E [0, 00) the following
DAE is tractable with index 2.

e-tx~(t) + {J(t)(x~(t) + X3(t)) + {J'(t)X3(t)
2XI (t) + (cos t + 2t + 2)X3(t)
2x~ (t) + (cos t + 2t + 2)x~(t)

(1 - e-t)sint + cost,
2et + e-t(cost + 2t + 2),
2et - e-t(cos t + 2t + 2).

For this DAE

(

0 0 _ cos t _ t - 1 )

Q == 0 0 ~{J(t)et
001

is a projection onto N(t), and for {J(t) == et sin t, this problem has the solution

XI(t) e',
X2(t) == cost,
X3(t) = e-t.

This problem has been solved by the modified IRK method, which has been
implemented for all the stepsizes h E H. Table 6.3 shows the results of the
experiments.

Methods used in the experiments
1. (MP) midpoint rule or I-stage Gauss-Legendre formula
2. (BE) backward Euler method
3. (2R2) 2-stage Radau IIA
4. (2L3) 2-stage Lobatto me
5. (2RI) 2-stage Radau IA
6. (C) 2-stage A-stable SDIRK (Crouzeix)
7. (A) 2-stage S-stable SDIRK formula (Alexander) with

C\' = 1- ~V2
8. (2GL) 2-stage Gauss-Legendre formula
9. (3R2) 3-stage Radau IIA
10. (2L3) 3-stage Lobatto nrc
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List of symbols

-1 < 1')= -~ < 12+V'3
p stability condition
K d nons tiff order
f{I internal stage order
f{a,1 order of constant coefficient index 1 systems
Ef{ order predicted by theorems 3.3, 3.4 and 5.3
N K order of the observed global error
GF global error for the largest stepsize hmax = 2-3

GF global error for the smallest stepsize hmin = 2-10

Px P-component
Qx Q-component
Pe P-component of the global error
Qe Q-component of the global error

EK NK GF GF
Method p Kd K[ Ka,l Px Qx Px Qx Pe Qe Pe Qe
1. MP -1 2 1 1 2 0 2 0 6.4E-2 1.7E-O 2.5E-07 1.7E-OO
2. BE 0 1 1 00 1 1 1 1 l.lE-1 2.6E-4 2.4E-04 7.3E-04
3. 2R2 0 3 2 00 3 2 3 2 3.4E-4 3.SE-3 2.6E-12 1.6E-OS
4. 2L3 0 2 1 00 2 1 2 1 3.0E-2 3.0E-1 1.2E-07 7.3E-04
5. 2Rl 0 3 1 1 2 1 2 1 4.1E-2 5.3E-1 1.7E-07 1.5E-03
6. C ,'} 3 1 1 2 1 2 1 3.5E-2 2.4E-1 1.5E-07 7.oE-04
7. A 0 2 1 00 2 1 2 1 7.sE-4 2.2E-1 3.4E-09 5.2E-04
8. 2GL 1 4 2 2 2 0 2 0 3.4E-3 2.5E-1 1.3E-OS 2.5E-01
9. 3R2 0 5 3 00 5 3 5 3 4.1E-3 2.1E-2 1.7E-16 3.2E-10
10. 2L3 0 4 2 00 4 2 4 2 5.2E-2 4.3E-1 2.5E-13 3.3E-05

Table 6.1

EK NK GF GF
Method p Kd K[ Ka,l Px Qx Px Qx Pe Qe Pe Qe
1. MR -1 2 1 1 2 1 2 2t 6.5E-04 2.4E-3 2.3E-09 9.9E-9
2. BE 0 1 1 00 1 1 1 1 2.5E-21 1.9E-2 6.6E-24 3.SE-5
3. 2R2 0 3 2 00 3 2 O· 2 l.OE-20 2.5E-3 2.oE-20 1.3E-S
4. 2L3 0 2 1 00 2 1 O· 1 6.sE-21 1.9E-2 6.sE-21 3.SE-5
5. 2Rl 0 3 1 1 2 1 2 1 S.lE-04 1.3E-2 3.1E-09 2.6E-5
6. C ,'} 3 1 1 2 1 2 1 4.2E-04 1.1E-2 1.6E-09 2.2E-5
7. A 0 2 1 00 2 1 O· 1 6.SE-21 1.4E-2 1.4E-20 2.7E-5
8. 2GL 1 4 2 2 2 1 2 1 1.4E-04 3.7E-3 5.2E-10 7.4E-6

* In this case, the expected order of convergence is not attained. This is easy to explain by

observing the global error, which lies outside the computer precision limit.

t The order of convergence is better than expected.

Table 6.2
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EK NK GF GF
Method p Kd K] Ka,l Px Qx Px Qx Pe Qe Pe Qe
1. MP -1 2 1 1 2 1 2 2" S.9E-3 3.1E-2 2.3E-08 1.6E-7
2. BE 0 1 1 00 1 1 1 1 1.2E-l 1.9E+0 2.3E-04 4.0E-3
3. 2R2 0 3 2 00 3 2 3 2 2.6E-S s.4E-2 1.9E-13 2.1E-7
4. 2L3 0 2 1 00 2 1 2' 1 1.9E-3 1.9E+0 7.1E-09 4.0E-3
5. 2Rl 0 3 1 1 2 1 2 1 7.sE-3 l.lE+O 3.0E-08 2.6E-3
6, c {} 3 1 1 2 1 2 1 3.9E-3 7.7E-l l.SE-08 2.3E-3
7. A 0 2 1 00 2 1 2 1 2.1E-4 1.3E+0 8.7E-I0 2.8E-3
8. 2GL 1 4 2 2 2 1 2 1 1.3E-3 3.SE-l S.OE-09 7.6E-4

* The midpoint rule gives the same order in both components.

Table 6.3

Appendix. Basic linear algebra lemma
and the commutation lemma

A basic connection between the spaces appearing at the tractability index and
the choice of the corresponding projectors is given by the following Lemma,
which may be directly obtained from Theorem A.l3. and Lemma A.14 in [3].

- - - -2 - - -
Lemma A.I Let A, B, Q E L(~m) be given, Q = Q, im (Q) = ker(A), i.e.,
let Q be a projector onto ker(A). Let S:= {z E ~m : Bz E im(II)}. Then the
following conditions are equivalent:

(i) The matrix G := A + BQ is nonsingular.
(ii) ~m = SED ker(A).

(iii) Snker(A)={O}.
IfG is nonsingular, then

Q. = QG-1 B

holds for the canonical projetor Q. (canonical means Q. projects ~m onto
ker(A) along S).
Proof

(i) ====> (ii) The space ~m can be described as S + ker(A) , because

--1- --1-
Z = (I - QG B)z + QG Bz =: zl + z2

holds for any z E ~m .

Now, Z2 obviously lies in ker(A), because Q. is a projector onto ker(A). For
Zl we obtain

- ---1 - --1- -
BZ1 = (I - BQG )Bz = AG Bz E im (A),
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i.e., ZI ES.
It remains to show that S n ker(A) = {O}. For that purpose, let x E

S n ker(A). Then x = Qx holds and there exists a z E JRm such that

Az = Bx = BQx and so --1- --I-e Az = e BQx.

I.e., (I - Q)z = Qx; so, 0 = Qx = x.

(ii) ==} (iii) This follows trivially from the definition.

(iii) ==} (i) Let x E JRm be chosen such that ex = 0, i. e., such that BQx =
-Ax. Then Qx E S. On the other hand, Qx lies in ker(A). Thus, x E ker(Q)
holds because of the assumption. That means Ax = 0; hence x E im (Q).
Therefore x = 0 must hold, and G is nonsingular.

Because of the uniqueness of partition (*), the latter assertion follows im-
mediately.

Lemma A.2 (Commutation Lemma) Let N
continuously differentiable matrix function. Then

[to, T] ---+ L(JRm) be a

DN(A-1 @ 1m) = (A-1 @ Im)DN + RN,

where RN := h[(C <::) A-I) @ Im]DNI + O(h2), C = (Cjl)j,I:.=1 E L(JR') with
Cjl = Cj - ci; the Cj, j = 1,2, ... , S, being the coefficients of the IRK method
and C <::) A-I = (cjlajl )j,l:l E L(JR') being the Hadamard product of matrices.

Proof. DN(A-1 @ 1m) = (ajIN(tnj ));,1:1' Taylor's expansion leads to

ajIN(tnj) = ajIN(tnl) + hajl(Cj - cl)N'(tnd + O(h2
).

Thus, we obtain

DN(A-1 @lm) = (ajIN(tnj))' 1-1
J, -

= (ajIN(tnl));,I=1 + h(ajlCjIN'(tnl));,I:l + O(h2
)

= (A-1 @ Im)DN + h[(C o A-I) @ 1m]DN' + O(h2). 0

If N is a constant matrix, then

trivially holds.
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