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An improved estimate on the degree
of approximation to functions of
bounded variation by certain operators
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ABSTRACT. In [5] Guo introduced a modification My (f,z) of the Meyer-Kénig-
Zeller operators My {f,z) and gave an estimate on the rate of convergence to
f of the modified operators when f is a function of bounded variation. In the
present paper we establish a sharp estimate on the operators Mn(f,x) using
some results in probability theory.
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1. Introduction

For the Meyer-Konig-Zeller operators (see [3]) one has
o= k n+k—1\ , N
Ma(1.2) = Soma@1 (5g) - poer= (ML)t
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Recently, Guo [5] introduced an integral modification of these operators by

\ = (n+k—-2)(n+k-3) [!
Mn(f,l‘): n, (x) n—2k— (t)f(t)dt‘ (1'1)
;P k+1 (n—2) /0 Pn-2k-1

Cheng [2] studied the rate of convergence of M,(f,z) to f(z) when f is a
function of bounded variation. Guo ([4], [5]) estimated the rate of convergence
of Durrmeyer operators and integrated Meyer-Konig-Zeller operators M, (f,z)
using a probabilistic approach.

Guo [5] has also given an estimate for the rate of convergence to f of M,(f,z)
when f is function of bounded variation, as below

Theorem 1.1. Let f be a function of bounded variation of [0, 1], € (0,1).
Then, for n sufficiently large,

Wta(f,2) = {Fa+) + @) < = S VEHGTOE g,

50
\/—Tz—g/—zU(f'*') - f(=z-)|,
() - f(e4), z<t<1
gz(t) = ¢ 0, b=
f@)-f(z-), 0<t<uz,
and V}(g.) is the total variation of g, on [a, b].

In the present paper we establish a sharper estimate than the above by using
some results in probability theory.

+

where

2. Auxiliary results

The following results wil be needed to prove our main theorem.

Lemma 2.1. [1, p. 104 & 110]. (Berry-Esseen Theorem). Let X1, X3, - -+,
X, be n independent and identically distributed (i. 1. d) random variables with
zero mean and a finite absolute third moment. If p, = E(X?2) > 0, then

sup |Fu(2) — 9(2)] < (0.409)¢3.n,
T€ER

where F, is the distribution function of (X1 4+ X2 + -+ + Xp)npa, ¢ is the
standard normal distribution function and £3 , is the Liapounov ratio given by

EZ(-’%) nV2 gy = B(IX1).
P2
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Lemma 2.2 [6]. If {{}(i=1,2, ) are independent random variables with
the same geometric distribution

pléi=k)=z"(1-2),z€(0,1),i=1,2,...,

then
T T

—— p2= B(& - E(&)) = fi—2p

and 7, = Z?zl &; 1s a random variable with distribution

E(&) =

Pon=b= (""" V)eta-ar (2.1)

Lemma 2.3. Ify is a positive valued random variable with a non-degenerate
probability distribution then (by Schwarz’s inequality)

E(y°) < (E()-E(y")'?,
provided E(y?), E(y®) and E(y*) < oo

Lemma 2.4. Fork € N and z € (0,1),

pni(z) <19/(6v/n 2%?), n=1,2,.... (2.2)
Proof. By (2.1) we have
Pnk(z) =P =k) = P(k— 1< n, <k)

_ k—1—nz/(1—2) nu—nz/(l-z) k—nz/(1-1)
‘P( ViE/(i-a) < Vmel(-2) wﬁ/u—n)’

and using Lemma 2.1 we obtain

k—nz/(-z
Blo, = 1) — — D ey 20 204097, (23)
Vir s Vn p,
Next, we estimate p3. By an easy computation we have
( To(z) =Ei’° ozf(l-2)=1,
Ti(z) =Yieoke*(1-2)= 1%,
| To(z) =Y, kab(1-2)= {251, (2.4)

e z3+4z’+z
Ty(z) =Yoo, Bz(1-z)= iy,
Tu(z) =3 o kizt(l-z)= =+ 11(:_137;1: tz
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Also, if M,(z)(= Y peol(k — t%5)"2*(1 — z)) stands for the central moment of

l—-z

order r about the mean %, it is easily checked, by using (2 4), that

2
; NToj(2)(Ta(2)) (1Y = ﬁ
and that
4 22+ T2 4
Ma(z) = 3 _(NTamj (@)(Ta(@)Y (-1 = TJ{Z“Z);:—

=0

Thus, in view of Lemma 2.3, we have

T 23+ 72% + z\'/?
ps < (My(z) - My())'/? = ((1_,@)2' (—{lnzﬂc)j )

IN

3
(Ttrzss, 176(0,1)
So, the right hand side of (2.3) is less than 8/(3+/n £3/2), and the absolute value
of the second term on the left hand side of (2.3) is less than (1 — z)/v/27nz,
ie., than 1/(2y/n 2%/?) (as 1/v/27 < 1/2 and z € (0,1)).

Hence

19
Pnk(z) = P(nn = k) < 6v/n 2372

Lemma 2.5 [5]. Fork > 1,z €(0,1) and n > 2, we have

T o sle) = (bR 2)("“_3)/1pn_2,k_1(t>dt-

n—2
j=0

Lemma 2.6. Fork > 1,z € (0,1) and n > 2, we have

k+1 k-1
an,j(z) - an—l,j (z)| < 19/(6+/n z°/?).
j=2 =1

Proof. Since

k41 -
Y pnj@)=Pma <k+1) and Y po1(2) = P(na-1 <k —1),
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Lemma 2.1 gives

k+1 k4+l—nzx/(1—x
> s (e) = T e A
4 W \/ 3y/n z3/2

k-1 k=1—(n—1)z/(1—z
1 V(r-Dz/(1-2)
Y pn-1j(=) - o
—00

et 2t <

4
3\/(n - 1)z3/2 ’
On the other hand,
1
Pn,o(z) +pni(z) =0 (;) .

Hence, for n sufficiently large we have

k+1
—12/2
Zp,w(z) Zp" 1,(z) 3\/5 23/2 */277/1 % %
19
< SUIREL. A e
- 6\/5 z3/2

_ |k=1-nz/(1-2) k—nz/(1-z)
where I, = [AjzEeldze) boneflioz

Lemma 2.7 [5]. For all z € (0,1) and n sufficiently large we have

M,((t—=z)%,z) = zz;(;l__—;)i +o (L) ;

], and the lemma is proved.

; e N B
Lemma 2.8. Let K,(z,t) =) ro; (BT R-3) :_;‘H‘ : Pk +1(2)Pr-2k-1(z).

If n is sufficiently large, then:
(i) For0<y<z,
3z(1-=z)*
< .
/ K, (z,t)dt n(z ——vy)z

(it) Forz < z<1,

o 3z(1— z)?
/y Kn(z, )t < 0=

The proot of this lemma easily follows from Lemma 2.7.
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3. Main result
In this section, we state and prove the following theorem:
Theorem 3.1. Let f be a function of bounded variation on [0,1],z € (Q,1).

Then, for sufficiently large n, we have

Vinl2) 30 + )} < o VI o)
k=1

+ a4 = )

where g,(t) and V2 (g,) are defined as in Theorem 1.1.

Proof. First
Wo(f,2) ~ 3{f(z4) + F(z-)}
< Mo(g2,2) + 51f(4) = F(z=)] - [M1a( Sign(t - ),2)

Thus, to estimate the left hand side we need estimates for M,.(gx,z) and
M, ( Sign(t — z), ).

To estimate M,( Sign(t — z),z), we first decompose it into two parts as
follows:

R 1
M, ( Sign(t — z),z) = /0 Sign(t — z)Kn(z,t)dt

= / K(z,t)dt — /OI Kn(z,t)dt = An(z) — Ba(z), say.

. Making use of Lemma 2.5, we have

An(z) = /1 K, (z,t)dt

o0 1
=) Pnk+1(z) (1% —:)_("2'*’ = / Pn-2k-1(t)dt
k=1 T
(o5 k-1
= Z (pn,k+1(x)2pn-1,j(z)) i
k=1 j=0

Now, from Lemma 2.6, it follows that

oo E+1
An(z) - Z (Pn,k+1(z)2pn,j(z)) < 19/(6v/n :133/2).

k=1 j=2
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k
Let S =33, (Pn.k(x) 2j=2pﬂ,j(2)),
© = Pn,2Pn,2 + pn,3(Pn,2 + pn,3) + oo pn,m(pn,2 + Pn3+ - + pn,m) R

Since

(pn,2+pn,3+"’+pn,m+"')(pﬂ,2+pn,3+"'+pn,m+"')
zpn,2(pn,2+"'+pn,m+"')+"'+pn,m(pn,2+"'+pn,m+'.")+"'

1
:1 + ? (‘) ’
n
then

Prn2(Pn3+Pna+ )+ Pn3(Pra+pPas+---)+:-
+pn,m(pn,m+l +Pnmy2+ - ) SRR
= Pn,3Pn,2 + Pn,a(Pn,2 + Pn,3)
+Pns(Pn2+Pn2+Pr3+Pna)+ -

1
= 1 g S+O(;l-),
Now, we can easily obtain that

1
Phatrhat o +phmt =25 140 (1),

and using Lemma 2.4, that

1 19 s 1 19
—E - - < —.
lS 2' < T2/ 2377 ;pn,k(l)*}'o(n) < 7

Hence

1 19
An(I) i il S 4\/1—1 1?3/2.

On the other hand,

An(z) + Ba(z) = /01 R, i1 oo (%)

Therefore,

|An(2) — Bn(z)| = |2A,,(1:) =1 %D (%) } < 2—\/%75 (3.2)
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Since the estimate of My,(gz,z) is exactly the same as given in [5], we thus
have, by using Lemma 2.8, that

n

£ 7 T -z
[Ma(ge,2)| < = Y VIHIZOIVE(,). (3.3)
k=1

Combining the estimates (3.1)-(3.3), the theorem follows.

Remark. It may be shown paralleling [5] that our Theorem 3.1 is essentially
the best; i.e., it can not be asymptotically improved.
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