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THE DISTRIBUTIONAL
MULTIPLICATIVE PRODUCT r:' .8(x)

MANUEL AGUIRRE TELLEZ AND SUSANA ELENA TRIONE

ABSTRAOT. In this note we obtain the following distributional multiplicative
product of distributions:

ifs=I,3,5, ,

ifs = 2,4,6, .

and

_-,- { 0P_'.8(x)= 1
I

2.2' (~)!n( n+1 ) ... ( n+ .-2)

if s = 1,3,.5, ,

if s = 2,4,6, .

(d. formulae (II,17) and (II,18».
Here P~ are defined by (II,S) and (II,6), 8(x) is the Dirac measure and Lk

is the ultrahyperbolic operator iterated k-times (k integer ~ 1) defined by (1,4).
Our result generalizes the product due to Cheng Lin Zhi and Li Chen Kuan

(cf. [7], p. 348, Theorem 4).

§ l.INTRODUCTION

Let x = (x 1, X2, ... , xn) be a point of the n-dimensional Euclidean space
H", Consider a non-degenerate quadratic form in n variables of the form

P = P(x) = xi + ... + x~ - x~+l - ... - XJJ+V'

where n = J-l + II. The distribution (P ± io)\ is defined by

(1,1)

(1,2)

where e > 0, Ixl2 = xi + ... + x~, A E C (cf. [4], p. 274).
The distributions (P ± ioV are analytic in A everywhere except at A =

- % - k, k = 0, 1, ... , where they have simple poles (cf. [4], p. 275)~ with
residues given by (cf. [4], p.276)
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(1,3)

where

Lk-{ 0
2 + ... +~_~_ ... _~}k (1,4)

- ox? ox~ OX~+l OX~+II

is the ultrahyperbolic operator, iterated k-times (k integer 2: 1), 8(x) is the
Dirac measure,

(1,5)

and

(1,6)

The particular case of (1,2) when A is a negative integer, which is not a pole,
has been studied by Bresters and De Jager (cf. [3] and [5], respectively).

From [3], p. 577, formula 4.1, we have

( l)m-1
(P ± io)-m = Pr '" =f - 7ri8(m-1)(p), (1,7)

(m - I)!

m#~+k, k=O,I,2 ....
On the other hand, from [6], page 192, formulas (9.1) and (9.2) we have,

(1,8)

m <~, m is a positive integer, k is a non-negative integer and

C(m, n, k) = [4m(k + 1) ... (k + m)( ~ + k) ... (~+ k + m - 1)]-1. (1.9)

From (1,9) and considering the well-known formula

f(z + t) = z(z + 1) ... (z + t - l)f(z) (1,10)

t = 1,2, ... and z is a complex number, we have

C( m n k) = .....,..-_f.......;(,-k_+_I:.....)f-.:..(-"--~_+_k:.....) __
" .22mr(k+m+l)f(m+~+k)

(1,11 )

In the following, we shall need the following results,
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(P ± iO)A .(P ± io)/J = (P ± iO)A+/J (1,12)

([8], page 33, formula (1,3;1)) and

(P ± iO)-k .(P ± io)-I = (P ± iO)-(k+l) (1,13)

([6], page 191, formula (8,3)), where A and J.L are complex numbers such that
A, J.L and A + J.L i- -~ - s, s = 0,1,2, ... , k and / are positive integers such
that k + / - 1 < n; 2 .

From [7], p. 348, we know that the product r-Po(x) exists and

_ {z(m,p,o) ifp=2,4,6, .. ,
r p.o(x) = ° elsewhere;

(1,14)

where x E Rm and Z(m, p, 0) is defined by

~ !o(x)
Z(m,p, 0) = .e , (1,15)

222(~)!m(m + 2) ... (m + p - 2)

m dimension of the space, r2 = xi + ... + x;" and ~ is the Laplacian operator.
In this paper we give sense to the distributional multiplicative products

P;~.o(x) and p::~.o(x), here P~ are defined by (11,5) and (11,6) respectively;
o( x) is, as usual, the Dirac measure.

Our final formula (11,17) results a generalization of the equation (1,14) due
to Cheng Lin Zhi and Li Chen Kuan (cf. [7], page 348, Th.4).

§II. THE DISTRIBUTIONAL MULTIPLICATIVE

PRODUCTS P;~.o(x) AND p::~.o(x)

From (1,7) and taking into account (1,3) the following formula is valid,

mi-~+k, k=0,1,2, ....
In fact, from (1,3) and (1,7) we have,
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P-mLkb(x) = ~(ak,n)-l{(p + io)-m + (P - io)-m} .

. lim [,(P ± io)'-1j-k] =
')'~o

= ~(ak,n)-l. limb(P ± io)'-1j-k].2 ')'--+0

.{(P + io)-m + (P - io)-m} =
1 1 . n k= -(ak,n)- {lim[,(P±io)'-'- ].(p+io)-m+2 ')'--+0

+ lim [,(P ± io)'-1j-k].(p - io)-m}. (11,2)
')'~o

From (11,2) and remembering (1,12), (1,13) and (1,3), we have

P-mLkb(x) = ~(ak,n)-l {ResF_1j-(Hm)(P ± io)1+

+ Res')'=_1j_(Hm)(P± io)'} = ~(ak,n)-12aHm,n.

. e±v;'22kkl f(!!.+ k)LHmb(x)
Lk+mb(x) _ . . 2._
. - 2(k+m)(k+m)!f(%+k+m)' e'fv;, -

_ k! f(% + k) Lk+mb
- 22m(k+m)!'f(%+k+m) (x)

= C(m, n, k)LHmb(x).

Therefore,

r:» .Lkb(x) = C(m, n, k)LHmb(x) if m < ~. (11,3)

On the other hand, from [6], p. 189, formula 6.9, we have,

(11,4)

where

{
pA

P~ = 0
if P > 0,
if P < 0,

(11,5)

and

pA = { (_P)A
- 0

From (11,3) and (11,4) we obtain,

if P < 0,

if P 2 o. (11,6)
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and

p~m.Lk8(x) = ~(-I)mC(m, n, k)Lk+m8(x), (11,8)

where C(m, n, k) is given by (Lll }.
Putting k = 0 in (11,7) and (11,8), we have,

p.;m.8(x) = ~C(m, n, 0)Lm8(x) (11,9)

m = 1,2, ... and

(11,10)

m=1,2, ....
Here,

. 4-mr(~)
C(m, n, 0) = Ir(!!. )m. 2 +m

(11,11)
m!(~)(~ + 1) ... (~+ m - 1)'

If s = 2m, from (11,9), (11,10) and (11,11) we have,

_!. 1 (8 )'P+ 2.8(x) = 2C 2,n,0 L'i8(x), (11,12)

s = 2,4,6, ... and

(11,13)

s = 2,4,6, ... , where

s 4-t
C(2' n, 0) = (~)!(~)G + 1) ... G + ~- 1)'

On the other hand, it follows from (1,3) that

(11,14)

L~8(x) = a!.,n. lim o:(P ± io)a-~-~
2 a-O

(11,15)

eTJ-IJri/2

where at,n = 2'r(~+1)r(~+t)'
We know that (P ± iO)A have simple poles at A = -~ -l, l = 0,1,2, ....

If s = 1,3,5, ... and j3 = -~ - ~, then j3 is not a pole of (1,2), therefore
from (11,15) and considering (1,12) we have,
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L'/20(X) = a,/2 n lim a(P± io)'" .(P± io)/3 = a,/2 n.O.(P±io)/3 = 0 (11,16)
, Q'~O •

if s = 1,3,5, .... Therefore from (11,12), (11,13) and considering (11,14) and
(11,16), we conclude that the following formulas are valid

_ s / 2 { Oif s = 1, 3-, 5, . .. ,
P+ .o(x) = 1 '/2' _ ....

2(~)'2'72n(n+l) ..(n+'-2)L olf s - 2,4,6, ,

and

(11,17)

ifs= 1,3,5, ,

if s = 2,4,6, .
(11,18)

The formula (11,17) generalizes the product r-p.8(x) given by Cheng Lin
Zhi and Li Chen Kuan ([7], page 348).

In fact, putting ZI = 0 in (11,17) and considering (11,1) and (11,5) we have,

r-S .8(x) = { 0 1 .6.'/202( ~)'2.72n(n+l) ..(n+s-2)

ifs= 1,3,5, .

if s = 2,4,6, .
(11,19)

where .6. es the Laplacian operator. The formula (11,19) coincides with the
formula (1,14).

Also, putting JJ. = 1 in (11,17) and (11,18) and considering (1,1), (1,4) and
(11,5) we have,

0",+' .8(x) = { 0 1 0'/28
2( ~)12·72n(n+l) ..(n+s-2)

and

where

if 0" > 0,

if 0" :s 0;

if s = 1,3,5, ,

if s = 2,4,6, ;
(11,20)

ifs = 1,3,5, ... ,

if s = 2,4,6, . " .
(11,21)

(11,22)
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and
if (1 < 0,
if (1 > O.

(11,23)

Here
(12 = xi - X~ - .•. - X~ (11,24)

and
EP 82

0=----
8x? 8x~

(11;25)
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