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§1. INTRODUCTION

Let H be a real Hilbert space and let X,Y be two orthogonal subspaces of
Hsuchthat H=X®Y. Let T>0,A€ L(H)and B:[0,T]x X xY — H
be a nonlinear operator. We are interested in the following evolution problem

(1) = Ai(t) + B(t,2(t),y(t)) forall te€[0,T] (1.1)
2(0)=z0 , y(0)=uyo, (1.2)

in which the unknowns are the functions z : [0,7] — X and y : [0,7] — Y.
In (1.1) and everywhere in this paper the dot above represents the derivative
with respect to the time variable. Such type of problems arise in the study
of quasistatic processes for elastic-viscoplastic materials (see for instance [1],[2]
and the example presented in section 3). In this case the unknowns z and y
are the small deformation tensor and the stress tensor and (1.1) involves the
constitutive law of the material.

Problems of the form (1.1), (1.2) were already studied in papers [3] and
[4]. So, the existence and uniqueness of the solution was proved in [3] using a
technique based on the equivalence between (1.1),(1.2) and a Cauchy problem
for an ordinary differential equation in the product Hilbert space X x Y. In the
same paper an explicit Euler method and an internal approximation technique
is considered, in order to approximate the solution. A more general existence
result is given in [4] using again a Cauchy-Lipschitz technique and monotonicity
arguments.

The purpose of this paper is to investigate (1.1), (1.2) by a different method.
So, in section 2 we prove an existence and uniqueness result using standard
arguments for eliiptic equations followed by a fixed point technique (theorem
2.1) and in section 3 we give a concrete example of such type of problems. In
section 4 we present a semi-discretisation method and we give an estimation
of the error (theorem 4.1). A final algorithm in the study of the problem
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(1.1), (1.2) is proposed in section 5 and some numerical results are presented
in section 6.

§2. AN EXISTENCE AND UNIQUENESS RESULT

Everywhere in this paper we use the following notations: |- |y the norm on
H ; < -,- >y the inner product of H ; C°(0,T, H) the space of continuous
functions on [0,7] with values in H; C'(0,T, H) the space of differentiable
functions with continuous derivative on [0,7] with values in H ; | - |or,# the
norm on the space C°(0,7', H) i.e.

o 0 :
|zlo,7,H = tgf(?’,);] |2(t)| g for all z € C°(0,T, H) ;

| - |17, the norm on the space C'(0,T, H) i.e.
|z|17.8 = |zlo 7,5 + |2lo,7,z forall z € ("I(O,T,H) .

The spaces C1(0,T,X) and C*(0,7,Y) are defined in a similar way.
Let us suppose that A is a positive definite symmetric operator, i.e.

there exists m > 0 such that < Az,z >g> m|z|} forallz € H (2.1)

< Az,y>g=<z,Ay>p forallz,ye H . (2.2)

We shall also suppose that B satisfies

{ there exists L > 0 such that |B(t,z1,y1) — B(t, 22, ¥2)|x 2.3)
L(jz1 — z2|m + |y1 — yelu) forall t € [0, 7], z1,22 € X, y1,42 €Y
t— B(t,z,y) : [0,T) — H is a continuous function for allz € X and y € Y
and for the initial data we consider the following assumptions: i
20 €EX ,yp€EY . (2.5)

The main result of this section is the following:

Theorem 2.1. Let (2.1)-(2.5) hold. Then the problem(1.1), (1.2) has a
unique solution z € C'(0,T,X) , y € C'(0,T,Y).

Proof. Let n € C°(0,T, H) and let z, € C'(0,T, H) be the function defined by

zy(t) = /t n(s)ds + zo for all t € [0, T] (2.6)
0

where
20 = yo — Azp - 2.7)
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Using standard arguments for elliptic equations we obtain the existence and
uniqueness of two functions z, € C'(0,T, X), y, € C*(0,T,Y) such that

Un(t) = Az, (t) + 2,(t) for all t € [0, 7] . (2.8)
Moreover, the function z, is characterized by the equality
a(zq(t),z')+ < zy(t),2' >g=0forall z’ € X and t € [0,7] (2.9)

where a is the bilinear, continuous, symmetric and coercive form on H defined
by

a(u,v) =< Au,v >y forallu,v € H (2.10)
(see (2.1) and (2.2)). Let us also remark that by (2.6)-(2.8) and the orthogo-
nality of the spaces X and Y we obtain

zp(0) = 20, ¥4(0) = wo (2.11)

and by (2.1), (2.2) it results
l20(®)la + lun (Dl < Clzn(@®)la for all t € [0,7] (212)
|2z |1,7,0 + Yn 1,0, < Clzgli,r,m forall j =0,1 (2.13)

where C is a strictly positive constant which depends only on the operator A.

Using now (2.3) and (2.4) we obtain that ¢t — B(t,z,(t),y,(t)) is a con-
tinuous function on [0,7] with values in H, hence we can define the operator
A:C°0,T,H) — C°0,T, H) in the following way:

An(t) = B(t, zy(t), yy(t)) for all p € C°(0, T, H) and t € [0,T].  (2.14)

We shall prove that A has a unique fixed point. Indeed, let 9, no € C°(0,T, H);
using (2.3), (2.12) and (2.6) we get

Am(®) = Am(Oln <CL [ Im(s) = m()lads for all £ €[0.7). (215)

By recurrence, denoting by A? the powers of the operator A, (2.15) implies

[APn(t) — APno(t)|a < (CL)”/O /O/Oq [n1(r) — na(r)|gdr . . .ds
N, e’

p integrals
for allt € [0,7] and p € N. It results

CLT)yY
|APny — APmafo,1,m < ( Pl ) In1 — m2lo,7,m for all peN (2.16)

(CLT)?
p!
AP is a contraction in C°(0, T, H). Then there exists a unique 7" € C°0,T, H)
such that APp* = n*. Moreover n* is the unique fixed point of A. Using
now (2.6), (2.8), (2.11) and (2.14) we obtain that z,. € CY0,T,X), yp» €

C(0,T,Y) is a solution of (1.1), (1.2).
The uniqueness part of the theorem follows from the uniqueness of the fixed
point of A or by standard arguments for evolutions equations.

=0, (2.16) implies that for p large enough the operator

and since lim
P
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§3. A CONCRETE EXAMPLE

Concrete evolution problems of the form (1.1), (1.2) arise in the study of
quasistatic processes for rate-type elastic-viscoplastic materials. For simplicity
we present here only a pure displacement problem in the one dimensional case,
referring to [1], [2] for more complexe examples.

Let Q = (0,1) and T > 0; we consider the following mixed problem:

o(t,z) = Aé(t,z) + F(e(t, z),0(t, x)) (3.1)
e(t,z) = -g%(t,z) (3.2)
Z—Z(t,:c) = (3.3)
fort € [0,7] and z € (0,1),
u(t,0) =0, u(t, 1) = f(t) for t € [0,T] (3.4)
u(0,z) = uo(z) , 0(0,2) = oo for z € (0,1) (3.5)

in which the unknowns u, € and o represent the displacement, the deformation
and the stress function.

This problem models the time evolution of an elastic-viscoplastic bar which
at the moment ¢t = 0 occupies the interval (0,1) C R and whose constitutive
equation is given by (3.1). In this equation A > 0 is the Young modulus and
F :R2 — R is a given function. Concrete examples of constitutive equations
of the form (3.1), as well as various mechanical interpretations on this subject,
can be found, for instance, in the paper of Cristescu and Suliciu [5], chapter
I1. Equation (3.2) defines the strain tensor while equation (3.3) represents the
equilibrium equation in the absence of body forces. The boundary conditions
(3.4) show that the bar is fixed at the extremity z = 0 and the displacement
at the extremity z = 1 is prescribed in time. Finally, the function uo and the
scalar og in (3.5) represent the initial data.

In the study of problem (3.1)-(3.5) we consider the following assumptions:

{ there exists L > 0 such that |F(e1,01) — F(€2,02)| (3.6)
< L(|er — €2| + |o1 — 02]) for all €1,€2,01,02 € R

F(0,0)=0 3.7)

f€CY0,T,R) (3.8)

uo € HY(Q) and uo(0) = 0, uo(1) = £(0) . (3.9)

Let us denote by 7 the function defined by

r(t,z) = €(t,z) — f(t) for t € [0,7] and z € (0, 1). (3.10)
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In order to eliminate the displacement field from (3.1)-(3.5) we introduce the
following notations:

H=L2(n),X={§§|veHé(m}={oeL2<mn/Ule(z)dx=0},

Y ={6€L*Q) |8 = constant a.e in Q }.
The following result can be easily obtained:
Lemma 3.1. Let (3.8) and (3.9) hold; then (u,¢,0) is a solution of the
problem (3.1)-(3.5) having the regularity
ueCY0,T,H'(Q), e € C'(0,T. L*(Q)) , s € C'(0, T, H'(Q))  (3.11)
if and only if
r€CY0,T,X), o € CH0,T,Y) (3.12)
o(t) = A7(t) + F(r(t) + f(t), 0(t)) + Af(t) for allt € [0,T] , ae. in Q (3.13)

7(0) = % — f(0), o(0) = 0¢ a.e. in Q (3.14)

and u Is defined by
u(t,z) = / 7(t,z)dz + f(t)z for allt € [0,T] and z € (0, 1).
0

Therefore, the study of the mechanical problem (3.1)-(3.5) is equivalent to
the study of the problem (3.13), (3.14) which is of the form (1.1), (1.2) and for
which theorem 2.1 can be applied. More precisely, we have:

Theorem 3.2. Under the hypotheses (3.6)-(3.9) the problem (3.13), (3.14)
has a unique solution (7, 0) having the regularity (3.12).

Proof. The orthogonal decomposition H = X @Y follows by standard argu-
ments; moreover, using (3.6)-(3.8) we can define the operator B : [0,7] x X x
Y — H by the equality

B(t,7,0) = F(1+ f(t),0) + Af(t)
and we obtain that (2.3), (2.4) are satisfied. Using now (3.9) it results that the

element 7y defined by

n="2%_ o)

belongs to X. Theorem 3.2 is now a consequence of theorem 2.1.
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Remark 3.1. Using lemma 3.1 and theorem 3.1 we obtain that if (3.6)-(3.9) are
satisfied then the problem (3.1)-(3.5) has a unique solution (u, €, o) having the
regulatity (3.11).

We finish this section by proving that problem (3.13), (3.14) can model the
relazation phenomenon for viscoelastic materials. For this, let us define the

function F' by the equality
F(e,0) = —=A(o — G(¢)) for all e,0 € R (3.15)

where A > 0 and G : R — R is a Lipschitz function such that G(0) = 0. We
also take

up(z) =z, f(t)=aforallz € (0,1)andt € [0,T] (3.16)

where a is a given constant; using (3.14) we obtain 7(0) = 0 hence the solution
of the problem (3.13)-(3.15) is given by

r(t) =0 (3.17)
&(t) = —=A(o — G(a)) (3.18)

for all t € [0,T], a.e. in Q,
o(0) = o¢ a.e. in Q. (3.19)

Using now (3.10), (3.16)-(3.19) we get
et,z) = a, o(t,z) = (60 — G(a))e ™ + G(a) (3.20)

for all t € [0,7], a.e. in Q. Therefore, if o9 > G(a), then the function ¢, o
given by (3.20) describe the relaxation phenomenon; indeed, the deformation
is constant in time while the stress decreases in time up to the limit G(a), a.e.
in the bar.

§4. A NUMERICAL APPROACH

The existence and uniqueness result of theorem 2.1 was obtained in two steps:
the study of the elliptic problem (2.6)-(2.9) defined for every n € C°(0,T, H)
and the fixed point property of the operator A defined by (2.14). So, in order
to obtain a numerical approximation of the solution for the problem (1.1),(1.2),
we start by presenting an approximation in space of the problem (2.6)-(2.9).

Let us suppose in the following that (2.1)-(2.5) hold and let Xj be a closed
subspace included in X. For every n € C°(0,T, H) we consider the problem

a(zh(t), zh)+ < zy(t),zh >p= 0 for all z}, € X» and t € [0, 7] (4.1)
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yn(t) = Azh(t) + 2,(t) for all t € [0, T] (4.2)

where z, is defined by (2.6), (2.7) and a is the bilinear form defined by (2.10).
Using standard arguments we obtain that (4.1), (4.2) has a unique solution
zg € CY0,T, X»), yf,’ € C1(0,T, H); moreover

|22 () |a + |y} (t)|g < Clzy(t)|n for all t € [0, T] (4.3)

|32|j,T,H + Iy:,‘ ljr, o < Clzyljr,m foral j=0,1 (4.4)

where C is the strictly positive constant of (2.12), (2.13).
Let us denote by (z,, y,) the solution of (2.8), (2.9) and let S?(j, T) be the
quantities defined by

SH0,T) = sup (_inf |z,(t) —2}|m) (4.5)
te[0,T] Th€Xn

Sh(1,T)= sup ( inf |z,(t)—2' — + su inf |&.-(2) — 2 .
n ( ) tE[O,T](I;;EXhl n(t) wH) te[o?T](fiexh |z (2) wlH)
(4.6)

The distance between the couples (z}, y}) and (z,, y,)is given by the following
result:

Lemma 4.1. There exists C' which depends only on A such that

|2k — 2|18 + lyh = ynlirm < CSMj,T) for all j = 0,1 (4.7)

Proof. Using the first Strang lemma (see for instance [6], p.43, or [7], p.186),
from (2.9) and (4.1) we get

lzh(t) — 2o (8)|HCa ,ig‘_ |2, (t) — @} | for all t € [0,T] (4.8)
.’l:h h

where C; > 0 depends only on the operator A. In a similar way, taking the
derivative with respect to the time variable in (2.9) and (4.1) it follows

|22 (t) — &5 (t)|aC1 < jinf |i(t) — ¢p|a for allt €[0,T].  (4.9)
::h h

Using now the notations (4.5), (4.6), from (4.8), (4.9) it results
|z — z4)j 0.0 < C183(3,T) for j =0, 1. (4.10)
Moreover, from (4.2),(2.8) and the continuity of the operator A we obtain

lv* = volj.z. < Colah — 2ylj,pr for all j = 0,1 (4.11)
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where C3 depends only on A and using (4.10) it results
lvh = ynlj,7, 5 < C1C2SH (4, T) for all j =0, 1. (4.12)

The inequality (4.7) is now a consequence of (4.10),(4.12).

We now study the discrete version of the fixed point property of theorem 2.1.
As in the continuous case let us now define the operator A, : C°(0,7, H) —

C°(0,T, H) by the equality:
Ann(t) = B(t, zh(t), y2(t)) for all n € C°(0,7, H) and t € [0,T].  (4.13)

Let 01, n2 € C°(0, T, H); using (2.3), (4.3) and (2.6) we obtain
t
IAsm(®) — Asme(t)ls < CL/ m(s) = na(s)|mds for all t € [0,T]  (4.14)
0
and, by recurrence, denoting by A} the powers of the operator A, we get

CLT)?
'Aﬁnl - A};‘nzlo’T’H < ( ~ ) '7]1 — UZIO,T,H for all p € N. (415)

The inequality (4.15) shows that for p large enough the operator A} is a
contraction in C°(0,7T, H), hence the operator A, has a unique fixed point

nr € C°(0,T, H).

Now let n* be the fixed point of the operator A defined by (2.14); as it
results from the proof of thecrem 2.1, the solution (2., yy+) of (2.6)-(2.9) is
the solution of the problem (1.1), (1.2), i.e.

Tpe =2, Yo* =¥ - (4.16)
For this reason we are interested to examining the distance between the couples
(zf]; ) y:,';) and (g, Y- ):

Lemma 4.2. Let C and C be the constants of (2.12) and (4.7) and K =
CLT. Then

B a1 hy —y—pe |j
{lfn,: Zylim i+ Ung =Y =0 lim (4.17)

< C(T + j)LCeX S2.(0,T) + CSt.(j,T) for j = 0,1.

Proof. Since n;, = Apn; and n* = An* using (2.14), (4.13), (4.14) and (2.3) we
obtain

7h(2) = 77 ()| |Anmk(2) — Ann” () |a + +lAnn" () = An* (1) m
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<cL /0 194(5) = 1° ()| rds + Ll (2) — 200 (D)l + 2 (&) = vi= (D)1

for all ¢t € [0, 7).
If we apply (4.7) for n = n* and j = 0, the previous inequality becomes

Imn@) — " ()|a < LC'S,’,'.(O, T)+CL /0’ [k (s) —n”(s)|ads for all t € [0,T]
and using a Gronwall-type inequality we get
Ini(t) — n*(t)] < LCeX SE.(0,T) for all ¢ € [0, 77 . (4.18)
Let us also remark that from (2.6) we obtain
|zng = 2zn=lj .0 < (T +J)Iny = n"lo7,m for all j =0,1
hence by (4.18) it results
|lzns — 29+ lj 1.0 < (T + §)LCeX SP.(0,T) for all j = 0,1 . (4.19)

Using now (4.4) for n = 5} — n* and the linearity of the problem (4.1), (4.2)
with respect to 7 we obtain

|zhs — @ne |8 + s — e li 1,1 < Clang — 22 j,rp forall j = 0,1 (4.20)
and using again (4.7) for n = n* it results
|2k — 2ye i + e — Une iz SCSP(§,T) forall j=0,1.  (4.21)

The inequality (4.17) is now a consequence of (4.19)-(4.21).
We now consider the iterative part of the method. Let 7o be an arbitrary
element of C°(0,T, H) and (n}) C C°(0,T, H) be the sequence defined by

ny =mno, nptt = Apnj for all n € N. (4.22)

Let (b:f‘,;‘.,y:,':) be the solution of (4.1), (4.2) for n = n}} and recall that (:cfl; i yf‘,;)
is the solution of (4.1), (4.2) for n = n}. The distance between the couples
(z:,':, y:,‘;:) and (zg;,yf";) is given by:

Lemma 4.3. Let C be the strictly positive constant defined in (2.12), (2.13)
and let K = CLT. Then

h _ nh . h b,
{ lzn;" xn,‘. IJ:T'H + |yr;;" yﬂ;. |JyT,H (423)

< C(T + j)eX £ |Anno — molo,r,mr for all j=0,1 and n €N
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Proof. We start by estimating the distance between nh and 7nj; we remark that
for every m,n € N, m > n, from (4.22) and (4.15) we deduce

17" =n =0 lor.1r < |0k — np oz, + - -+ [AP 1 — APt o g

K Km—-n—l
< i OIS [ SRS, | [P FOR | | .
<(1+ sTih et g 1)!)117 nh =" o,

This inequality implies
[k = i loor < €¥|nf — 07+ o1

and passing to the limit when m — +oo since ny — ny in C°(0,T, H) (conse-
quence of (4.22) and (4.15))we get

7k = milor.m < eXlnp =Pt o .

Since by (4.22) we get n! = A7, Bt = A}t using again (4.15) the last
inequality leeds to

. K"
7R = milo,r, < EKFIAWO = Molo,7, & - (4.24)
Let us denote by z,» the element defined by (2.6) for n = n}. We have
|z,,;: — zpz lir.H < (T+ j)|np = Nhlorm for all j = 0,1 and n € N (4.25)

and using (4.4) for n = n? — 9} and the linearity of the problem (4.1), (4.2)
with respect to n we get

|enp = Zna i 210 + lype — W i < Clanp — 2z ljm (4.26)

forall j =0,1and n € N.
The estimation (4.23) follows now from (4.24)-(4.26).

In order to conclude we use (4.16), (4.17), (4.23) and we obtain the following
estimation of the difference beween the solution (z,y) of the problem (1.1), (1.2)
and the solution (zf‘,;,y,’,’;) of the approximate problem (4.1), (4.2) for n = np:

Theorem 4.1. There exist C', C which depend only on A such that

{ |20z = 2liz, i + [y~ hop = yliz,m < C(T + §)LCX Sh.(0, T)+ (4.27)

+CSp. (3, T) + C(T + 5)eX 7| Anno — molo.z

forall j=0,1,n € N where K = CLT.
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§5. THE FINAL ALGORITHM

We are now interested in the numerical solution of the evolution problem
(1.1), (1.2). For this purpose we approximate the unknowns z and y in space
and time and we purposea numerical algorithm which can be directely run on
a computer.

As it results from section 4, the approximation in space is realized by con-
sidering a closed subspace X5 of X and replacing problem (1.1), (1.2) by the
following sequence of linear problems:

Find 2z} : [0,7] — X4 , y : [0,T] — H such that
a(z}(t), z4)+ < z}(t), 2}, >p=0for all z}, € X, and t € [0, 7] (5.1)
YR (t) = Az} (t) + zj(t) for all t € [0,T] (5.2)

where .
zp(t) = / nr(s)ds + zo for all t € [0, (5.3)
0

and 7} is recursively defined by the equalities
mp(t) = ApnP Y (t) = B(t,zp " (t), ¥y~ (t)) for all t € [0,7] and n € N. (5.4)

In (5.4) n) = no is an arbitrary element of the space C%0,T,H).

In practice X}, is a finite dimensional subspace of X (constructed for instance
using the finite element method) hence (5.1),(5.2) reduces to a linear algebraic
system.

Let us now consider M € N and let k = T/M be the time step. The
approximation in space and time must enable us to compute the elements
z}(mk) , yp(mk) for every n € N and m = 0, M. For this let us denote by
Py(n, m) the set defined by

Pu(n,m) = {nj(mk), 2}(mk), z}(mk), yj(mk)} (5.)

forall n € N and m = 0, M and let us split the computing of Px(n,m) in the
following steps:

a) Computing the set Py(n,0).

For every n° = 5o € C°(0,T, H) by (5.3) we get z;(0) = zo for every
n € N; hence by (5.1), (5.2), (5.4) we obtain z3(0), yr(0) and 73 (0)
for all n € N.

b) Computing the set P,(0,m). -
Since n) is given, the values 1S (mk) are known for all m = 0, M. The
elements zJ(mk) can be obtained using the trapezoidal rule in order
to approximate (5.3):

2(0) = 20, R0mk) = 28((m = DR + 5 (R(mb) + 7R (m = DY) (56)
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for all m = 1, M and finally z)(mk), y)(mk) are determined from
(5.1), (5.2) and (5.6), for all m = 0, M.

¢) Computing the set Py(n+1,m) .
Let us suppose that the sets Py(n + 1, m — 1) ,Py(n, m) are known for
a given n € N and m € N, ImM. Using (5.4) we get

T+ (mk) = B(mk, =§(mk), y7 (mk))

and using again the trapezoidal rule, from (5.3) we obtain
2T (mk) = 25+ ((m - k) + 5 (ﬂ"“(ml‘?) + a5t ((m = 1)k).

Finally zjt!(mk), y3**(mk) can be obtained by (5.1) and (5.2).
Using now the steps a), b), c) we compute the set P,(n, m) for all n € N and
= 0, M; in this way the approximative solution z}(t) , y?(t) is computed for
all t=mk, m=0,M

§6. NUMERICAL EXAMPLES

The above algorithm was applied to the relaxation problem (3.13)-(3.16)
with the following data: 4 =20, A =1, 00 =15, a =4
10e for €2
G(e) =< 5+ 30 for2<-e<4
10e — 30for e > 4 .

As it results from (3.20) in this case the stress an strain function can be com-
puted and we have

e(t,z) =4, o(t,z)=5e"" + 10 for all t € [0, 7], a.e. in Q= (0,1). (6.1)

The space X} was defined by X = { % | v € Vi } where Vi C H(Q) is the
finite element space constructed with polynomial function of degre 1, Q being
divided into 50 finite elements. The initial value considered for 5 is 7o = 5 and
the number of iterations made was n = 10 (the numerical experiments show
that for n > 10 the numerical solution sabilized). The appoximative solution
€y, oy were calculated in all the points z = i/50 (i € N, 0¢50) and for differents
values of t. For a given ¢ the following notation were used

€min(t) = min €3 (t,1/50) , emaz(t) = max eh(t,4/50)
i=0,50 i=0,50

Omin(t) = moiah(t ,1/80) , Omin(t) = rr:)usloa'h(t ,1/50) .

The time steps choosen were k = 0.1 and k = 0.05. The results obtained are
represented in the following table :



NUMERICAL METHOD FOR NONLINEAR EVOLUTION EQUATIONS 265

t=1 t=2 t=3 t=5
Emint) 3.99990 3.99985 39998) 399971
eunll) 200018 400024 200027 200034
k=01 :
Omint) 118371 106751 102481 100338
Gnal) 11:8405 106786 102514 100373
Emin(t) 3.99990 399985 3.99980 399971
eonll) 200018 400023 200027 400034
k = 0.05 ‘
Omint) 11.8382 10.6759 10.2485 10.0339
" 118416 106793 102519 100374

The numerical approzimation of the solution (6.1).
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