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I. Introduction

It is well known that the algebraic equation (A.E.) of degree n
(1) Y 4+aq;Y" '+ - +ap_1Y +a, =0,

with a,, € C, has in general n “roots”, which can be explicitly given in terms
of simple functions of the a,,’s only for n < 4.

A non traditional approach to the general solution of (1) is proposed in the
present work. On the basis of rather elementary arguments, the existence of
certain linear differential equations (D.E.) to be satisfied by the roots of the
A.E.’s will be established for the cases n = 2,3,4 and 5. For each case, an
appropriate transformation allows to remove all but one parameter of (1), so
that the solutions will be complex functions of one independent variable, and
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26 CARLOS PABST & RAUL NAULIN

the D.E.’s ought to be of the ordinary type. It will be found that the basic
solutions to these D.E.’s are essentially generalized hypergeometric functions.
The reduced A.E., the associated linear D.E. and one of its basic solutions are
illustrated in the ensuing scheme:

Algebraic Equation
in reduced form.

Associated Differential Equation
(co, ..., are rational numbers,
characteristic for each D.E.)

Typical member of the set of (n — 1)
basic solutions to the (homogeneous)
differential equation. (|z| £ 1)

y2—2y+1=0

=1y +coy=-1%

lFo(—é'Ql)

y3—3y+21=0

(12 - 1)y’ +c11y' 4+ coy=0

2F1(-%, 4417

vi-4y+3:=0

(23 = 1)y 4 cx22y" +cy3y’ 4+ coy =0

P2t e i d 3000

oFs(-dy dos Fo 11 B Bie®)

(‘4 s l)y"’ +<:313y”’ +‘:2‘2"11
+c1zy’ +coy=0

y3 —s5y4+4:=0

For the cases n > 5, not considered here, the same method of reduction leads
to a minimum of (n — 4) parameters, and the D.E.’s would be linear partial
differential equations.

The paper is organized as follows. Section II contains a brief summary of
some known results from the classical theories of both A.E.’s and algebraic
functions, but only to the extent that they are useful in Section III, devoted to
the construction of the D.E.’s, and which constitutes the core of this work. In
Section IV the solutions to the D.E.’s which will be simultaneously solutions
of the corresponding A.E.’s are found.

I1. Basic concepts and results

I1.1. The left hand side of (1) can be considered as an entire function ¢(Y")
with complex independent parameters a,, which, by the fundamental theorem
of algebra, can be expressed as

S(Y)=Y"+a;Y" 14 tanaY +a. = [[(Y - V),
j=1

(2)

where the Y;’s are the roots satisfying ¢(Y;) = 0.

I1.2. The product of pairs of differences of roots (for fixed j) is

7]
(3) H(Yj—Yk): ('a‘—;-‘;-) :nYJ-"—l+(n—-l)a1}/}"'2+...+an_l’
k#j Y=Y
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the existence of repeated roots being characterized by

(4) 8(%;) = (g,i;)” _o

I1.3.1. The elementary symmetric functions of the Y;’s are

51 = YYi=-a;, s,=) YV =a,,...,
(5) ; i<
& = [1Y;=1a, (depending on whether n is even or odd).
1

I1.3.2. The (Newton) sums of powers of the Y;’s are given by

m

(6) Sy = sq, 52:2:%2:5?—232,...,s,,,:Zyjf",....
1

1

For a method fo find the S,,’s for higher m, see [1], [2].

I1.3.3. The discriminant function associated with ¢(Y') is defined by

(7) Dn(ai,as,...,a,) = [[(Y;-Y)?,  j=1,...,n-1

i<k
Dy can be expressed as a sum of products of powers of the elementary sym-
metric functions, and vanishes if there exist two or more repeated roots.

II.4. The Tschirnhaus transformation. If Y}; is some root of (1) and the
expression

(8) Yi=bo+bYe+ - +ba 1Y, byn€C

is formed, then the Y’s are the roots of a new A.E. of degree n
9) Yo+ V0 faihal Y ol =0,

which is known as the “Tschirnhaus-transform” of the original A. E. Its use-
fulness lies in the fact that the determination of the Y;’s leads in general to
the original Y3 with no need of solving a higher degree A.E. [1]. It is natural
to look for a transformation which makes equation (9) easier to solve as com-
pared to (1), through the vanishing of some of the aj,’s. This possibility —and
its limitations— are established in a proposition (sometimes called Jerrard’s
theorem):

“By a Tschirnhaus transformation —involving only square and cube roots—
the second, third and fourth terms of (9) can be removed” [3].
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That the elimination of more parameters is impossible is a consequence of
the following: in the process of determining the b,,’s from (8) in terms of the
original a,,’s, the necessity of solving an A.E. of degree higher than n itself
would be unavoidable.

I1.5. Analytical properties of the roots Y considered as functions of the n
complex independent parameters a,,. Each root Yj of equation (1) defines
an element of an algebraic function, whose (well known) basic properties are
summarized (c.f. [4], [5]) by:

(i) Each Yy is an analytical function of the a,,’s.

(ii) The only singularities of the Y3’s are the points where the discriminat
function (7) vanishes — the so called “critical points” - and the point
at infinity.

(iii) The Yi’s are continuous at the critical points.

(iv) The singularities of the Yi’s can only be algebraic branch points or
algebraic poles.

III. The differential equations

II1.1. The following proposition is fundamental to the purpose of establishing
the existence and specific form of the D.E.’s:

Theorem. Let Y; be some root of ¢$(Y) as defined in (2). If the discriminant

function Dy(as,...,a,) does not vanish, then:

(i) Every partial derivative g—:,; exists and can be reduced to the functional

form
aY; _
(10) 3 =AY T 4 Ay Y + A,
j

where the Ajn,’s are rational functions of the ay’s, the same for all
roots.

(ii) All higher order partial derivatives, including mixed ones, exist and
can be reduced to a form similar to (10).

To show part (i), the analytical properties I1.5(i) and (ii) of the roots are
recalled. Next, the derivative from the A.E. satisfied by each Y,

(i1) Yin+a1Yin_l+"‘+an—1Yi+an:07
with respect to a;, leads to

- - 8Yz n—j
(12) (Y ' 4+ (n=-1)Y""2 4. . a,1) —— + Y7 =0.

8aj
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But, according to equation (3), (12) can be recasted as

S 6¢ a)/t n—j __
(13) (ay)yl iy =0

If repeated roots are excluded, (9¢/3Y )y, # 0, and (13) can be formally solved
in the form

dY; yri
14 Rt O NS B e L
( ) Baj (6¢/6Y)yl ’

which can be reformulated as

i _yn-i_ (=) _nj (Y
(15) 5, =V @ejavyy, - (a)

By using the A.E. (11) itself, any power of Y; equal to or higher than Y;*, can
be reduced to a polynomial in Y;, of degree not greater than (n — 1), so that it
is enough to obtain the asserted functional form of %{—'_— for a; = a, only.

J

To simplify the notation, only the case i = 1 will be considered. Using
relation (3) for (%@)Y 5

o _ (=1
3Gn - (Yl i Yz)(Yl e Y3) ¥ (Yl &5 Yn)

() =Ys) - (1-Y,) (Ya—Ya)? - (Va = Yu)? - - (Vo1 = V5)°

[1(Yi - Ye)?
k<t

which, by means of expressions (3) and (7), can be written

n-— 2
o _ (nY?' '+ +an-a) HZ’#” SR (@, #1).

(38) da, Dy(ay,...,a,)

The primed product in (16), where Y; does not appear, can be recognized as
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the product of two identical (n — 1) x (n — 1) Vandermonde determinants:

I
Hl’#l” Yy - Yl”)2

1 1 S i{ 1% B . ¥
Y2 Y3 T 1 s vZ ... oy
2 2 -
= Y Y; b Y Ye ool
n—1 n—1 n—1
4 ¥ I R T Z T
n—-1 8] S50
! ! ’
5] B .. g
i ! ! !
= | s} # s W b
!
$i1 8 o Sha

where S}, = S, — Y™ is the sum of the m!* - powers of the roots different
from Y;. S,, can be expressed as an entire function of the a;’s, and Y{", for
m > (n — 1), can be reduced to a polynomial whose degree does not exceed
n — 1. Thus, the primed product can be finally set in the form

HI(YL/ - Y[”)2 == Blyln—1 4o 4 1By Yy ' By

The B,,’s are entire functions of the a,,’s and are the same for all Y;.

After the product in (16) has been carried out, the functional form (10) is
obtained for %’: and, consequently, for all %’:. Then, through relation (15),
for all %&.

7

To close the proof observe that the rules of differentiation and multiplica-
tion of polynomials lead to the conclusion that any higher partial derivative,
including mixed ones, with respect to each aj, will exist if D,(ay,...,a,) # 0,
and they will have a functional form similar that given in (10).

The fundamental theorem allows to pose the question of the existence of
linear partial D.E.’s for the Y; in simplest terms: the possibility of eliminating

the (n—2) non-linear terms Y;"~',Y;*~% ... Y;? in some set of (n — 1) different
partial derivatives of Y;. Although it does not seem to be an easy matter
to find the general conditions additional to the basic one Dy(ay,...,a,) # 0

which would ensure the feasibility of this elimination, it can be stated that in
the specific cases considered here no new requirements emerge.

II1.2. D.E. for n = 2. The A.E.
(17) sz—2an+b:0
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can be transformed, through the replacements Y; = ay;, z = a~2b;.a# 0,
into

(18) yi—2yj+2=0

The elementary symmetric functions and discriminat function associated with
the roots of (18) are given by:

(19) s1=2, sy=2z; Dy(2)=-2%z-1).

The D.E. to be satisfied by the roots can be obtained directly from the funda-
mental theorem:

y;:ﬂ/_j____(yj—yk)_ yi—(a—-y) _ 20-1 .,

dz Ay DQ(Z) A D2(Z) " Dz(z) td T
so that both y; and y, satisfy the linear D.E.

1 1
20 — 1Dy - —y=—=
(20) (z—=1)y 21/ 2

which is exceptionally -— due to the fact that s; # 0 — non-homogeneous.

IIL3. D.E. for n = 3. The transformation Y] = (3) a; +Yj, followed by an

obvious redefinition of the parameters, leads to the reduced form of the general
cubic
3 —
(21) Y)® - 3aY/ +2b=0.
Next, the substitutions
(22) Yj':a%yj, z=a"3%b, a#0,

where arg (a™/?) = (m/p) arg(a) is adopted from now on, lead to the form
(23) v -3y +2:=0
of the A. E. The elementary functions, sums of powers of the roots and the
discriminat function associated with (23) are:

N §9 = —3, s3 = —2z
(24) St'= 0, Sy =6, S3 = —6z, Si=18;.:: 5

Ds(z) = —22 - 33 (s2-1).

To obtain the D.E. for the roots, the following recurrence procedure is devel-
oped:
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According to the basic theorem, both the k-th and (k+1)-th order derivatives
of a particular root can be written as

v = Aw?+ By + G
(25) k=0,1,...

k
,(- Y A1y} + Biy1y; + Ce

If the first of equations (25) is summed over all three possible values of j, it
is easy to see, due to relations (24) for the sums of powers of the roots, that
Cr = —2A; for all k.

Next, the combination of equations (25) and y**1) = dy(¥)/dz, and the
foregoing connection between Cy and Ag, lead to
(Ak+1 = AL) (47 = 2) + (Bes1 — Bi) yj = (24ry; + Bi)y;

where the “prime” symbol now stands for “d/dz”. If this relation is multiplied,
first by y; and then by y]?, and if each of the new expressions is summed up
over all possible values of index j, with due account for the sums of powers
from (24), the following system turns out

z (Ak41 — A}) — (Bey1 — By)

2A;/3

(Ae41— Ay) —z(Bry1 — By) = —Bi/3.

When this system is solved, a recurrence relation between the “k + 1” and the
“k” coefficients is established. Exposed in matrix form, it is

(26)

Ak41 | _ 1 0\ d 1 25 1 A il
(Bk+1>_[<0 l)dz+3—(22—1)(2 Z)](Bk)’ck_ 2Ak.

When applied first to £ = 0, to which A9 = C, = 0, B, = 1 correspond, and
then to k = 1, recurrence relation (26) leads to

V(z) = i [v’+2y-2]
(27)
V'(2) = gy [32v7 + (222 + 1)y - 62] .

The elimination of the non-linear term y? in equations (27) is possible under
the assumption z? — 1 # 0, and the linear second order homogeneous D.E. for
each of the three roots of (23)

1
(28) (22-1)y"+z-¢ - 5v=0

is obtained, which can be easily solved by the simple change of variable dz =
3(22 — 1)3dt, ie., z = cosh3t, which leads to the D.E., 13%29 —y(t) = 0.

If “initial” conditions for y(t) and y'(t) are taken at t, = i¥ (z, = 0), from
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the A.E. (23) and the first of equations (27) the following set of 3 solutions is
obtained:

(29) y(t) = { cosht + z\/gsenht, with & = /3 N /———z2 —1

—2cosh t,
For higher degrees, there seems not to exist such a fortunate change of variable,
and the D.E. (28) will be solved by a method common to all four cases n =
2,3,4,5.
II1.4. D.E. for n = 4. For the generaln =4 A.E.

Vi + a1Y] + a;Y} + as¥; + as =0,

a Tschirnhaus transformation of the following form is proposed:
(30) Y =b,+b1Y; + Y},

where b, and b; should be determined by the condition that Yj' satisfies the
new A.E.

(31) Y/* + a3Y] + ay = 0.

The details can be found in [1] and [2]. A last simplification of equation (31)
can be achieved through the replacements

ay = —4a, a}y = 3b, Yj= aéyj, z=a"%bh, a#0,
so that the A.E. for each y;(2) becomes
(32) yf - 4yj +32=0.

The elementary symmetric functions, the sums of powers of the roots, and the
discriminant function associated to (32) are

s1 =0, s =0, s3 = 4, s4 = 32;
(33) Sl = 0, 52 - 0, Sa = 12, 54 = —122,... y
D4(z) = 3344 (283 -1).

An iterative procedure for the determination of the derivatives of any order can
be again developed. If the k-th order derivative is written as

y(k) = Ary® + Bry® + Cry + Dy,
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it can be shown that the coefficients of the k+ 1-th order derivative are related
to the preceding ones through

Ak41
Bry1 | =

\ Crt1

[/ 1 0 0 d 1 322 22 1 Ay
619 b 8 32 B |.
Lo 0.1 ) 950 AT Delpugydi ot C

and Dy = —3A; for all k.
Starting with k& = 0, for which only C, = 1 is not zero, the following set of
derivatives turns out:

(34)

Yy = giop [V’ +2% -3
y' = ﬁﬁl_)l—)z [6z2y3 + (523 4+ Dy? +3(z* + 2)y — 1822]
(35)
v" = gione (652 +432)y° + (472° 4+ 612%)y%+

+ (2125 + 7723 + 10)y — 3(652* + 43z2))

The elimination of the terms y3 and y? in the set of equations (35) leads to the
linear homogeneous D.E.

4
(36) (=1 + Py + 2y — y=0,

ol Ty A
which must be satisfied by the four roots of the A.E. (32).
IIL5. D.E. for n = 5. The corresponding general A. E. can be reduced to
(37) Y +aY{ +a5=0
by means of a Tschirnhaus transformation of the type

Y] = b+ b1Y; +b2Y] + Y7,

where by, b, and by are obtained as the solutions to a system composed of a
linear, a second-degree and a cubic equation. See [1] and [2] for details. A
further modification of equation (37) is achieved through the replacements

ag:—5a, ag:4b’ Yj/:a%y’ z:a_%b (a #0),
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leading to the final form
(38) y; — by; + 4z =0.

The elementary symmetric functions, the sums of powers of the roots, and the
discriminat function associated to the roots of (38) are

5128228320, 84:—5, 55:—42;
(39) 51252253:0, 54:20, 55-:—202,...,

Ds(z) = 4*5%(2* - 1).
The process of finding the explicit form of the derivatives is once more simplified
by a recurrence procedure: if Ay, Bg,Ck, Dy and Ej are the coefficients in

the k-th order derivative, it is found that the coefficients of the next derivative
are given by

(40)
(Ak+1
Begr | _
Cr41
\ Dess
(/1 0 0 0 458148520 92 ] Ax
01 00 _d_+ 1 § ' gy vy By
0.0, 1% dz  5(z4-1) gy G ggal g8 Ci'e e
hiNe0,, Q.10 3 43%15:88 01214 23 Dy,

and E; = —4A; for all k.

Starting with k = 0, for which only D, = 1 does not vanish, the following
set of four derivatives is obtained:

y = T,,}_—x)[y4+3y3+22y2+23y“4]:

(41) ' = gty (1025 + (924 + 1)y + (72° + 32)y°

+ (425 + 62%)y — 402°]
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y" = 3—(—1r [(1652° + 13522)y* + (13527 + 1652%)y>
+(872% + 2012 + 12)y? + (362° + 2132° + 512)y

— 4(1652° + 13522)] ,

v' = gt [(36752° + 100502° + 12752) y
+ (276021° 4 1038025 + 186022) y*
+ (1530211 4 984027 + 36302°%) y?
+ (504212 + 76232% + 66422* + 231) y

—4 (3675z° + 100502° + 12752)] .

The elimination of y*, y3, y? in the set of equations (41), which is possible
under the condition that Ds(z) # 0, leads to the D.E.

M7 gt B 0 rrigagioh.
5 iV g~y =0

to be satisfied by the five roots of (37).

(42) (24_ 1) 1v+10z3ylll+

IV. The solutions to the D.E.’s

In view of the common features of the D.E.’s (20), (28), (36) and (42), it is
not surprising that the basic set of solutions for each of them can be expressed
in terms of the same type of transcendental functions: generalized hypergeo-
metric functions. The adopted notation for these functions and some of their
properties are reviewed in what follows (see [6] for more details).

(i) If a,(r = 1,...,p), the numerator parameters, and F,(s = 1,...,q) the
denominator-parameters, are given, the generalized hypergeometric functions
of the complex variable ¢ with these parameters will be

@ o k
(43) PFQ(ar;ﬂsy Z ((,Bi)k Eﬁ:)): %1

where ()¢ is the Pochhammer symbol defined by
(44)  (Mo=1, (Me=v(v+1)...(v+k=1)=T(y+k)/T(7).

(i) Ifp=gq+1, B #0,—-1,-2,..., and
(45) o= Re(B1+ - +P;—ar—-—ap) €[0,1],
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the series (43) converges for all |t| <1, t# 1.

Some common features of the procedure to be followed are mentioned in
order to avoid obvious repetitions. For each D.E., the (regular) singular points
are the solutions of z"~! = 1, and z = 0co; z = 0 is a regular point. Accord-
ingly, the z-plane will be divided in the regions |z| < 1 and |z| > 1, and the
usual Ansatze (Frobenius method) will be adopted for the solutions:

(46) w(z) = Z arzF, 2] <1;
0
(47) w(z) = z"pz apz” ¥, |z|> 1
0

The trial series (46) and (47) will lead in all cases to generalized hypergeometric
functions depending on the arguments z"~ 1!, z=(n=1) " regpectively, with p=
g+1=n-1 and o = 1, so that the convergence of all series for |z| =1,
z"~1 # 1, is ensured. The existence of (algebraic) branch points at 2"~! =1
will force to introduce (n — 1) cuts on each of the corresponding sub-regions.

IV.1. The solutions for n = 2. If the Ansatz (46) is used in the homogeneous
part of the D. E. (20), the corresponding recurrence relation is found to be

(=3 +k)

(48) Ap41 = mdk’

which leads to
1
(49) wn(z) = 1 Folari2) = 1Ful=5;2), Al S 1.

The general solutions, satisfying both the D.E. (20) and the A.E. (18), are then
given by y;(z) = 1+ Ajwa(2), j=1,2. The constants A; can be determined
from the initial values y;(0), which are readily found from the A.E. In a
conventional order, y;1(0) = 0 and y»(0) = 2. Since wx(0) = 1, the set of
solutions is

n(z) = 1-w)
(50) lz| < 1.
y2(2) = Ll+wn(2)

It is interesting to notice that the value of 1Fo(—%;2) at “unity”, ie., at z =1,
where Dj(z) vanishes, can be obtained from (50) and the A.E. (18), which gives
y1(1) = y2(1) = 1. It must then be 1Fo(—%;1) = 0. A quite similar situation
will be found in the cases n = 3,4 and 5.
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The n = 2 degree will not be prosecuted any longer. It suffices to state
that the generalized hypergeometric function (49) can be recognized as the
elementary function

1 1
1Fo(~5:2) = (1= 2)%,
as 1t ought to be.

IV.2. The solutions for n = 3. The replacement of the Ansatz (46) for |z| < 1
in the D.E. (28) leads to the following set of basic solutions *:

w{(z) = Fi(-} 4427
(51) |2] < 1.
wi(z) = 23F1(3, §:3: 2
If the independent variable in the D.E. is changed according to z — 1/z and

the Ansatz (4) is now used in the transformed differential equation, the new
set of basic solutions

wgz)(z) = (Z%) oF1 (—%,%;3;272)
(52) lz[ > 1,
W) = («3).R (645
is obtained. On the region |z| < 1, the solutions to the A.E. (23) will be given
by
3 4 = AV A (1) i=1.2.3
(5 ) y](Z) s ]lwl (Z)+ J2w2 (Z), J=1,4,9,

where the constants are to be obtained from the initial values y;(0) and y;(0)
(equations (23) and (27)). Adopting a conventional order, and using
2 F1(ar; Bs;0) = 1, the set of solutions

y1(z) V3 -3 W (2)
(54) () | = -v3 -] ( X )
yS(Z) 0 3 w2 (z)

11(0) = V3, 1(0)=-V3, ys(0)=0.

is obtained. In order to establish the continuations to the region |z| > 1, the
values of each y;j(z) at some point on the common boundary |z| = 1 are needed.
A natural set of values is given precisely at the critical points z.,22 — 1 = 0,
for which the A.E. (23) can be solved. For z, € {—1,1}, y;(z.) € {2z, -2z},
and the value y;(z.) 1s doubly repeated. The fact that at the points z. both

hypergeometric functions appearing in (51) are real and positive (the first one

*Here, and in the cases n = 4,5 as well, the identification of the solutions is made
somewhat simpler through the change of variable z — 2", which leads to the usual form
of the D.E. to be satisfied by ,Fy(ar;Bs; 2), as quoted in [6].
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being smaller, the second, greater, than 1) gives more than enough information
to determine their values at “unity”, as follows: suppose that y3(1) = —2;
according to (54), it should then be 2 Fy(%,2;2;1) = —3, which is obviously

false; it must then be ys(1) = 1, leading to »F1(3, 2;21) = 3. A similar trial

process with the other roots leads to the results summarized in (55):
Yi|Y2 | Ys 2F1(_%,%;%;1) — ;@
(55) z=1 [1[-2]1
z=—-1[ 2|-1]-1 2Fi1(3,3:3,1) = g

Of course, both values of 5 F1(1) could have been obtained by means of the well
known formula

F(BT(B — a1 —a3)
I(B—a1)T(B - a2)

The essential point is that no such general formula is known for the values
3F>(1) and 4F3(1), which will appear when solving the cases n = 4 and 5.

(56) 2Fi(an, a;8,1) =

On the region |z| > 1, the solutions will be constructed as the superposition
(57) yj (2) = Bj1w{®(z) + Bjuwi(2).

To find the constants, it is convenient to replace (57) in the A.E. (23) and take
z > 1, noticing that each hypergeometric function tends to 1 when (1/z) — 0.
Collecting equal powers of z, it is then obtained that

(58) Bj1 =2%0;, Bjy=-2736,

where 0“? =-1,1e, 9]- € {e'.'at,-—lye_'%} i

Equation (57) then becomes
(59) () = 280;07(z) - 2736} uf?(2),

but the exact assignation of §; is still to be found. The first step is the deter-
mination of the values at unity for both ,F; appearing in the set (52). By a
logical process wholly analogous to the one exposed for |z| < 1, except for the
fact that the values y;(z.) are known from (55), the values

144

= =s—s])=08
55302

;1):2——%, 2F1(

Wi

(60) 2 (-

[=20 1l )

b )

(=3 ]

are obtained. To fix the correct 6;, it must be recalled that, due to the existence
of branch points at 22 = 1, the region should be cut twice. Both cuts will be
taken along the real axis, from —o0 to -1, and from +1 to +oo, so that
the argument of 2 will be constrained to the intervals 0 < argz < 7 and
T < argz < 2m.



40 CARLOS PABST & RAUL NAULIN

If the values of 5 F;(1), from (60), and of the y;(z)’'s, from (55), are used,
the following set of solutions is found on the upper half of the |z| > 1 region:

( u(2) ) i 25 w{?(z)
1

Il
|
|

y2(2)

ys(z) e's  e7'3 —éwgz)(z)

(61)
(Jz] > 1, 0 < argz <m).

For the lower half of the region, = < argz < 2, it is found that y;(z) preserves
the functional form given in (61), buth y2(z) and ys(z) permute their former
forms, a fact indeed predicted by the elementary theory of algebraic functions.

Closing the case n = 3, it can be mentioned that all four 2 F; which appear in
(51) and (52) can be expressed in terms of elementary functions. For instance,
both functions in (52) can be casted in the form

1 1
oFy(a;a + 3 1+ 2a;t) = 222[1 + (1 - t)3]" 2,

When the values @ = —% and o = £ are replaced, the solutions given in (61)
become
- iE 3
W\ (N (o
Y2 - —1 —1 1 )
Y3 'S e'3 [z — (32 -1)} i

which can be shown to be the same set of solutions (29) found earlier.

IV.3. The solutions for n = 4. The method to be followed is analogous to the
one applied to the foregoing n = 3 case, so that a succint report is justified.

By means of the Ansatze (46) and (47), the ensuing sets of basic solutions
to the D.E. (36) are obtained:

1
wg ) - 3F2(_1_12'a %v %) %) %;23)
1
(62) wi’ = (RS, & &3 5P <L
w(l) 8 (zz)F 22 10 18088, 28
B A sk (55, 120 155 3 332)
2 &
U)g) = (Z‘)3F2(—11—2, 13_27 '177’ %) %: z 3)
2 Bl | e
(63) wP = (iIpF(E, & 553,57 |21
34) . b $)aFo(5 9 13.5 6.,-3
Wy (Z )3 2(12) 12’ 12’ 3 4)2 )
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On the region |z| < 1, the solutions which must satisfy both the A.E. (32) and
the D.E. (36) are written as

3
(64) yj(z)=ZAkw£1) ji=1,...,4,
1

where the matrix elements A;; can be found by means of the initial values
¥;(0), ¥;(0) and y;'(0), which in turn are obtained from the A.E. (32) and the
first two equations (35). For the conventional order

v1(0) = 43, y2(0) = 43€'2%,

y3(0) = 43e725, yy(0) =0,

the matrix A is

435 471 —4-3
_ | 4323 —471 473028
(65) (AJ’C) % 4ie-i2F  _4-1 —4-% ¢i2%
0 3.47! 0

To establish the continuations onto the region |z| > 1, the values of the y;’s at
some point on the boundary must be known. The set of possible values can be
obtained from the A.E. (32) at the natural set determined by 23 — 1 = 0: for
each z. € {1,e?5, ¢35}, we have the values

(66) yi(ze) € {zc,zc z\/_) —z¢( l+z\/_ }

of the solutions. The values at z3 = 1 for each 3F, appearing in equation (62)
can be obtained by a systematic trial process, leading to:

5.1 2. — 9-3|./242
sF(—%5, & 53 50 1) = 2 ‘"’[\/;"'3]

M

w
=3
—_
—
s~
sls
s
Sle
Wi
w <J|
—
S—
Il
[
u‘:
—
Wi
|
wiro
St
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By means of the set of 3F3(1)’s from (67), the y;(z.)’s are readily found to be:

Z: y1(2c) y2(2c) y3(2c) ya(zc)

1 1 (-14+iv2) | —(1+iV2) 1

(63),, | et it/ " S (sibopoin@chism

e 25 | 2.(=141V2) | —z.(1 4 iV?2) Ze 2o

On the region |z| > 1, the solutions will be given by:

3
(69) yi(2) = Z Bijik wiz)(Z), j=1,...,4,
1

and the matrix elements Bj; can be determined, up to a phase factor, by
replacing y; from (63) in the A.E. (32), taking again z > 1, and considering
that each 3F»(z%) in (63) behaves as 1 + O(z73) for (1/z) — 0. It is so
obtained that

1

(70) Bji =3%0;, Bjy=-37%0?, Bjy=-271.3"%¢?,

where 0; = -1, ie., 0; € {u,iu,—u,—iu}, u= eT.

The 6; corresponding to a certain y; can be determined by means of the
values (68). For that purpose, the 3F5 from (63) at unity must be found. Once
again, a trial process which makes use of the y;(2.)’s from (68) leads to the
values

sFy(—4, & 1.2 89y = 2-103*¥(2%1)
(71) WFo(f Gt 5D = 8

aFa(%, %,4,5 6.1) = 38(v2-1).

137 12V'13% 40 42

Due to the existence of three branch points at z2 = 1, the |z| > 1 region must
be cut three times, and the #;’s are to be found separately on each of the
subregions. We only report the final result for the matrix (B;x) on each region:
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(i) On the “fundamental” region 0< argz < 2%,

3tu*  i3-%  92-1.3-%y

st gm0 —2v3-%a iz

(72) (Bjk)— 3% —i3_% _2_1.3_%'“‘ y u==ec*.
35w —i3~i 2713wt

needed: in the matrix (Bj) from (i), the second and third row are interchanged.

(iii) On the region 43 < arg z < 2, only one permutation is again needed:
in the new matrix from (ii), the second and fourth row must be now inter-
changed.

(ii) On the region & < argz < 4% 5, only one permutation of the y;’s is

Note that y;(z) preserves its form on the whole |z| > 1 region. The permu-
tations take place only on the subset {y,ys, ya}

IV.4. The solutions for n = 5. There is nothing essentially new in the case n =
5, and only a short account of results will be given. Through the replacement

of the Ansatze (46) and (47) in the D.E. (42), the two sets of basic solutions
are obtained:

1
wi! = aB(- 55 8 5 5 5
1
wy) = (a3 B b E A
(73) lz| < 1:
1
wf) = (DB B85 1
1 -~
wl(}) = (23)4F3(%)%%9%7%%; %%i? 24)
2 1 1 4 9 14.2 3 4. -
w? = (2)aFs (i 2,2, 4279
2 3 3 8 13 18.3 4 6. -4
w?) = HB (G R R R
(74) |z| > 1
o = DRGSR E ALY
v = (TR (5855 85 B
For |z| < 1, the solutions are written
) A (1) i — 1 5
(75) y](z jk Wi J yret

and the A; jk are found by the initial values y;(0),y;(0 ), ¥;(0) and y;"(0), o
tained from the A.E. (38) and the first three equations in (41). The resultmg
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(Ajx) matrix, whose first column contains the conventional assignments for the
y;(0)’s, is

5 f kTl -l agr il
T AURREE Sl RO L B Tk TR A% g |
(76) (Ajx) = 1g% g1 9-1.5-% —9.5-%
ESH % IS e L BT e O
g #1715 Ugel 0 0

To establish the continuations of the solutions to |z| > 1, their values at points
on the common boundary are needed. In the process of finding those values,
the 4F3 from (73) at unity are also obtained. Once more, the set of points
given by z! —1 = 0 is convenient. It is found that the A.E. (38) has y(z.) = z.
as a double root, and the remaining ones must be solutions of the cubic

(77) v+ 22,07 + 3zfy + 4zf =0

Equation (77) can be reduced by the procedure developed in Section III.3, and
explicitly solved using equation (29). Summarizing, for z. € {1,7,—1,—1},

(78) y](ZC) e {ZC)ZCYI)ZCY2)ZCY3}v
where

Yl = —é(’!‘l—rz)—%

Yo .= i3§ (e‘% r1+e%r2) —%
(79)

Y3 = Y;

My = 3/15;;&7'

Using the set (78) of possible values for the solutions, the 5 F3(1) and the exact
assignments y;(z.) are obtained:

(80)
iFs(—5, 5,5 555, 2,3,1) = %[\/3_(1'1+r2)+(r1—r2)+\/ﬂ

4 8 12 38.278 8. i 5

JFi(gnBbih0i= §

a &
Fi(pmrmmippsl) = 5 [VB(ri+r)—(r1—r)— V5

F ﬁﬁﬂlﬁ_-éﬁl-l)
473\200 20200200 2020 3

'g% [2(7‘1 + 7'2) o \/5]
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ze | y1(ze) | va(ze) [ yalze) [ wa(ze) | ws(ze)

1 1 Y, Y, Ys 1

1 ZY3 1 lY2 lYl 1
(81)

R A L o B Sl L 4 |

—1 | —1Yy —iY] —1Y3 —1 —1

For the region |z| > 1, the solutions will be given by

4
(82) yj(z) = Z Bjk wﬁz) ] = 1, 4 ..,5,
1

and the Bj; are determined, up to a phase factor, through the replacement of
(82) in the A.E. (38) and taking z > 1. It is then obtained that

Bj, = 4%0;, Bj, = —47362,
(83)
Bja=—4"%0};  Bjz=-47%63,

12

5’—1)6

_i2n
5

. —e‘%}. To find the 0,’s,

the correspondence between the y;(z.)’s from(82) and the values fixed in (81)
must be determined. Once more, the finding of the 4F3 in (74) at unity is
necessary. They are given by

where 67 = 1, ie., 0; € {e";‘, g

1 4 9 14.2 3 4. s -1
4F3(_ﬁy%1'261'2—6)'5_)§)§)1) = 47 3a
3
4F3(1 8 13 18.3 4 §.1) = 45}
(84)
g1 12 170237 40638, gyl A
aF3(35,351 3073075 5 5 1) = 43¢

311621, 28; 6.7 .8 - ==
F(mmsm el = 454
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where a,d,b, and c are solutions to the system

a+d

s2(VE+1)+ (VE-1) (ri — )]
a—d = &3 +m) 25205 - VI0-2V5)
b+c = /30 +m) [VIO+2/5- 25 - 25

(85)

b—c = L[(VB+1)(ri—r)-2(V5-1)],

and ry,ry are defined in (79).

Finally, due to the existence of branch points at z* = 1, the region |z]| > 1
has to be cut four times, and the assignation of the 6;’s must be done separately
on each of the sub-regions. We only report the corresponding matrix elements
Bj for (82):

(i) For 0 < argz < 7, the fundamental region,

45y —4- 3y’ 4 F? 4-%u

—4tyr? 43w -4 Fur -4 F?
(Bjx) = —4% —4-3 4-% ok 3

(86) Lgbyr g=fur 0 gt e R
45 482 41y R

(i) For 7 < argz < m, the second and fifth rows are permuted in (86).

(iii) For 7 < argz < 3%, the third and fifth rows are permuted in the
resulting matrix (ii).

(iv) For 3% < argz < 2m, the fourth and the fifth rows of matrix (ii1) are

permuted.

Once more, the root y;(z) preserves its form on the whole |z| > 1 region, as
the permutations only occur within the subset {y2,y3,ya, s}
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