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Elementary remarks on Anderson’s
hyperfinite random walk
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ABSTRACT. We give a combinatorial proof that the standard part of Anderson’s
hyperfinite random walk has the Gaussian distribution. We also show the connection
between moments of Gaussian variables and some combinatorial properties.
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Following the notation and the definition of Anderson’s nonstandard construc-
tion of Brownian motion given in [1, p. 78-84], we let N € *N\ N, At = N1,
T = {At,2At,... 1}, and let u be the counting measure on Q = {—1,1}7. We
define the hyperfinite random walk as B : @ x T" — *R such that B(w,t) =
Bi(w) =3, w(s)V/At. Then under the Loeb measure of y, the standard part
of B forms a Brownian motion.

The first remark here is a combinatorial proof that ° B; has the Gaussian
distribution A'(0,t) (mean 0 and variance t). Although it is well-known that
this can be done, the author was unable to find a reference; instead the result
1s usually proved by using either the central limit theorem or the Fourier trans-
form. The second remark gives a combinatorial explanation of the significance
of the moments of Gaussian random variables.
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1. Gaussian distribution

We verify that for t € T, °t> 0, ¢ € *R, u{B; < z} = fj; v(z,t)dz, where
¥(z,t) = 721—"?6—%, the Gaussian density of A'(0,t).

By writingt = HAt, H infinite, and let Au = H~!, B, (w) = Y oser W(s)VAuY,
we note that B,(w) = y iff ér(w) = -j—? Notice that B can be thought of as a

Brownian motion on another Anderson’s model. (Using Au as the step size of
the time line). So by changing the variable in the integral, it suffices to check
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Write y = MVAt If By(w) =y, then ), ., w(t)= M. So in the coordinates
of w, (N + M) entrles are 1 and the rest are —1. Therefore the proportion of

such w in Q is _V(i(N+M))

Suppose that ¢ = K+/At is a position attained by some path at time 1. Then
at time 1, the set of possnble p051t10ns not exceeding z which are attained by

some paths is S; = {KVA —-2)VA ,—NVAt}. So
1 N
< = — =
M\/EES: 2€5x

where I'(MVAt) = —%:( (N+M)) As= 2/ At. Hence we only need to show
the following

(2) If z = M+/At is finite, then I'(z) & \/Iz—xe .

As a consequence of this, I' is S—integrable and (1) holds.
First recall the Stirling’s formula:

(3) m! = V2rm (E) em, for some 0 < € < 5.

€

To prove (2), we first write
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for some €’ & 1. The second term ,/N,A_'jw = 1_1,, ~ 1. So it suffices to
show =
N+M N-M
(4) ( = ¥ ~e®
N+M N-M '

Claim. If %+ M is finite, H > 0 Is infinite, then mﬂ- ~ eMF;’.
Proof. By expanding e¥ into a power series, the left side has the form
(1+ —MLH,—)H, where

M? 1 M M?
A=HY gl =T Y ot (M 2
ok H g(kn)! B ®m
(Use % 0). Since (1 + M¢H) (1 + Ac” )M for some €” ~ 0, we have
A+ 47 80+ gAg)t » %3 The claim is now proved.

Now rewrite the left side of (4)

(1__1‘1__)N+M(1+ M‘ )N—M

N+ M N-M
N-M
M
" )N““(1+ ) e
(N+M)2 M N+M M
(1+ ¥4%)
M2

~(1— )N+M (by applying the claim to H = N + M)

(N + M)?

N+M
(1 1 ( 22 )) -
s — ~ X e 7
N+M 1+\/1—\,-

So (4) holds as required.

2. Moments of Gaussian variables

Suppose that ¢ is a Gaussian random variable of mean 0 and variance ¢. Then
by a simple argument using a moment generating function, one obtains

(2n)!

n
2n't.

(5) E[g*] =
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On the other hand, there are exactly (5’:)”!% = %27':},' ways of partition-
ing a set of size 2n into n pairs. We now explain their connections by using
Anderson’s model.

Write w, = w(s)VAt for w € Q. So By(w) = ¥, ,ws and E[B?"] =
E[(3,ctws)*] = E[X,, . s2.<tWs1 =" -Wsy, ). By the independence, each prod-
uct wg, - - ws,, has zero expectation unless it can be put into the form

1
wﬁl L 'w?‘" = (At)n = m
Let A; , (respectively Cy ) be the 2n—tuples (s1,...s2,) from {u € T : u < t},
where (s, - 82,) can be divided into n pairs (respectively n distinct pairs) such
that each pair consists of indentical elements. So

BB}l= "X 't Bl b2 o b 35 TENT Lk [Aya N
(81,---,52n)€EA¢ 0 (81,--,520)€EA¢,n

From the definition, we have the following inequality for A;, and Ci, :

2n)! 2n)!
©® o -

Therefore E[B?"] ~ %)T!t". From the previous section and nonstandard inte-
gration theory, E[BZ"] lifts E[¢2"], so (5) holds.

Nt(Nt—-1)---(Nt—n+1) = |Cin| < |Atn] < (N)™.
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