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ABSTRACT. In this paper we study the behavior of certain generalized Cheby-
shev functions over the square r-free integers and will prove Selberg’s inequality
for such functions
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1. Introduction and preliminaries

In the last three decades a number of elementary proofs of the prime number
theorem have appeared (see [3] for a survey). Most of these proofs are based,
at least in part, on ideas from the original proof of Erdés [4] and Selberg [9].
One of the main ingredients of the Erdos -Selberg proof is Selberg’s formula

(1.1) Zlogzp-f- Z logploggq = 2zlogz + O(z)
p<z p9<z

which appears, in some form, in almost all these proofs.
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Several proofs of Selberg’s formula appeared soon (see [7], [11] ,[12]). Bom-
bieri [1] used a class of analogues of Selberg’s formulae of greater weight to
improve the error term in the prime number theorem. Wirsing [13] introduced
a recursion whereby each time that an error estimate was found for n(z) — liz,
it was used again to obtain an improved form of Selberg’s formula.

H.N. Shapiro [11] obtained a generalization of Selberg’s formula and its
equivalences. Also, A. Selberg [10] gave an elementary proof of the prime
number theorem for arithmetic progressions. Its starting point is the following
formula

> log’p+ > logplogg

p<=z p9<z
p=¢(mod k) pg=¢(mod k)

(12)
——zlogz + O k,f)=1.
¢(k) gz +0(z), (k9

In 1958 G.J. Rieger obtained formula (1.2) in an algebraic field [8].

Applying the inversion formula, K. Iseki and T. Tatuzawa [12] established
the formula

(13)  W(2)logz+ Y v(z/n)A(n) = 2zlogz + O(x), ¥(z)= Y A(n)

n<zc n<z

This result may be used in place of Selberg’s formula to prove the prime number
theorem.

In this paper we will prove Selberg’s inequality for the generalized Chebyshev
functions ¥7 , (z), 6 (z) which will be defined in (1.4). Let G; be the set of
square integers and let @, be the set of r-free integers (r > 2). If r = 1 we take
GaNQr={1}. f r > 2iseven, G2NQ, = GoNQ,_1, so that it is sufficient
to consider the case when r is odd.

We denote by C. i the set of natural numbers n such that n = N or n =
pmN, where N € G2 N Q, and m is an arbitrary integer with w(m) < k — 1,
(pm, N) = 1, w(m) being the number of distinct prime factors of m.

For positive integers r and k, let ¢:,k($), 0;",‘(:5) be the summatory functions

(1.4) U i(z) =Y ALu(n), 0k(z)= > Alk(n)
n<z n<zr
B n€Cr i

where A7 | (n) is the function of Mangoldt type

(15) ALe(m) =) ui(d)log* s,

dé=n
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ur(n) being given by ur(1) = 1, ur(n) = 0 if p"*!|n for some prime p, and
pi(n) = (=)™ if n = []p*, 0 < a; < r, with Q(n) = 3" a; (observe that
ui(n) is the Moebius function p(n)).

The functions A ;(n) generalize the well-known von Mangoldt function A(n)
and also Ivi¢ functions Ak (n) (cf. [5]). Since

Yo ur(mn = (C(28)/¢(5)7r((r +1)s)

for Rﬁ(s) > 1, where 7,(s) = l/C(s) if » > 1is odd and v,(s) = {(s)/¢(2s) if
r > 2 is even, the Dirichlet series for A7 k( ) is

Y A(mn = (=D)*(CH(9)/¢(5)C(28)r- ((r + 1)s),

which is absolutely convergent for Re(s) > 1. ((s) is the Riemann zeta func-
tion and ¢(¥)(s) its k-th order derivative. The function /\ k(n) has the prop-

erty A7 4 (n) = 3 g5 ATk ()Rr(8), he(n) = 3 45, pr(d . For odd integer 7,
hy(n) is the characteristic function of the square r-free 1ntegers.

Moreover, from [2, Theorem 2] we know that for fixed positive integers r, k,
there exists a constant C' = C(k) > 0 such that

¥} i(z) = zPp_1(log z) + O(z exp(—Cé(z)),
(1.6) é(z) = log®/® z(loglog z)~1/®

where Py_1(t) is a polynomial of degree k—1in ¢ (the case r = k = 1 is formula
(12.26) of [6]). An extension of (1.3) for ¥} ,(z) is given in [2, Theorem 3]. We
will give here other formulae of type (1.3) and (1.1) for ¥}, (z) and 6] ;(z), the
sums being extended over a certain class of integers (mentioned above).

2. The theorems

Theorem 1. For integers r,k > 1, with r odd, we have
(2.1) 0 <V}, (z) — 05 4 (z) < 2% log*
Proof. From (1.4) we obtain that

(2.2) V(@) = 0u(x) = 3 ALu(n).

n<zr
"Ecr,k
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Moreover let n = []i_, pf* be the factorial descomposition of the positive
integer n and let §; = min{e;,r}. Using (1.5) and the definition of u}(n) we
get have that

AL e(n) = Z Z —1)Ei= P (i — Bi) log pi)* =
i=1

B1=0 Bs=0
(2.3)

k! . n
= Y ——log"pi...log" pS(m1) ... S(ny),

n:...n,:
ni+--4n,=k 1 o

where S(n;) = Zg':o(—l)ﬁ(ai —B)™. Since 0 < S(n;) < aj*,i=1,...,s from
(2.3) we get

(2.4) Arx(n) < logk n.

If at least k + 1 exponents «; are such that a; > r or a; < r is odd then
Ay k(n) = 0 and, from the definition of C; ,

{n:n¢Crp, Aa(n)#0}C My =Ub, M,

where
_ i
M, ={n= Npr" :1< as(odd ) < roras >r,N € G2NQy, (ps, N) = 1}.
s=1

We consider the sums

(25). Sj= Y, loghn , (1<ji<h)

n<z
"GMf,.,

Let j =1, N =1 and let m(z) be the number of prime numbers which do not
exceed z. Since the order of magnitude of n(z) is =/ log x, then

Sdre ¥ oo Y gty
p><z 2<a<log, p<zl/e
a>2

< Z afr (2t %) logk (z1/*) < z!/?logkt?
2<a<log, z
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Therefore
-8 o B
Z log*(n) < r<nax Zlog p Z log” N
n<r - po<=z N<z/p>
neM}, 01>2 N square
(2.6)
< max :cllzlog z Z o g ﬁp <<:1c1/210g’c+l
0<B<k
- = p><«zr
a>2

because for a non-negative integer m

log™ p* 1
(2.7) Z ——— L log™t
pa<z,a22 r”

From (2.6) and (2.7) we obtain the following estimate for S, (p, ¢ are prime
numbers):

> logk(n)

n<r
n,EM2
ﬁ a . B(Y
<or<nggk Z log"?(p®)- Y.  log’(q"N)
g'N<z/p>
a>2 ¥22,N square
(2.8)
| < /2] gﬁ+1 z lng—ﬂPa < 212 Jogh+?
max T o T e z o
0<B<k g /P g

a>2
By repeating the above argument for every j = 1,2,...,k we get
(2.9) S; < z1/%loghtti .
Therefore, we have

Uy (z) — 07 () € max S; < z'/?log? z. o
; ' 1< <k

It is well-known that

Y(z)logz + Z Y(z/p)logp = 2zlogz + O(z).
p<z

In the following theorem we will get the corresponding expression for the general
case.
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Theorem 2. Let r be an odd positive integer and let k be a positive integer.
Then

> wna(2)eet (2) 430 () 5 wna(2) et (2) o) =

n<z =1 n<z
neGLNQ, nec,,,
(2.10)
¢(2) ] B~ @k—i-1 22
=k - z log z + O(z log z).
) (e s (

Proof. By [2, Theorem 3], we know that

0, (2/n) logh (z/n)he(n) + Z ( ) W3 (2/n) log" " (2/n) AL, (n) =

n<z n<z

= <2 1? L Ok —=i=1) ) i
_k[C(r‘*‘l)] ((Qk-—l l; (k‘—z )CL‘logzk lx+0($log2k 21_)'

Since h,(n) is the characteristic function of G, N Q,, to deduce formula (2.10)
it will be sufficient to prove that

(2.11) { Z \II,,C( )log '(%) Ari (n)}<<:clog2k"2z

n<z
HECr t

The natural numbers n¢C;; such that A7 ;(n)#0 are contained in M, ;, there-
fore we can write the sum 7; within braces as

(2.12) i=y % 2 (2) 108" (2) A (m).

j=1 n<z
"GMz N

k-1

As a consecuence of [2, Theorem 2] we know that V7 (z) € zlog" ™" z, so, due

0 (2.4), we have that

0w Ty X (2 (Do
Tl ele

neM;,
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For j =1, we have

Z %log"”c = 1( )log (n) <

n<z
neM},

2k—i-1 o i, o
<z ¥ log (z/p*N)log' (p*N)

N
p*N<«z p
a>2 N square

. lo: i+7( al\[)
2k—i—1—~ g p
z max lo T E e ——
< 0<y<2k—i—1 & peN
=% peN<«r
a>2 N square

& zlog?—i-1g

because for integer numbers m > 1

log™ (p* N log™ % (p° log’ N
I R
p*N<z p = _mpusz p N<z
a>2 N square a>?2 N square

l m—6 o
< max 3 leg” (%)
0<6<m p*
pe<z
a>2

log™~ 6 (p%)
DA
p<ﬁ0>2
1 m—§
& mb 050 8

0<é6<m p?
P<VT

<1

In a similar way for each j = 2,3...4, the sum of (2.13) is < zlog?* i1 ¢
Hence, T; < zlog? "'z, (1 <i<k) and formula (2.11) is proved. o]

It is well-known that
0(z)logz + Z 0(z/p)logp = 2zlog z + O(z).
p<z
In the following theorem we will generalize the above formula for 0; &

Theorem 3. For positive integers r, k with r odd we have,
(2.14)

> a2 () T m@m (@) nam-

n<lz i=1 n<z
neGNQ, neC, ;
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Rl ¢(2) y 2k—~z—1 , )
—k[C(r+l)} ((Qk_l)lzo )zlogzk 1’+0(xlog2’° 21')‘

Proof. By Theorem 2 it is sufficient to prove that

Y (¥ k(z/n) = 67 (z/n)] log* (z/n)+
negf::;Qr

(2.15)

+

L Mg .
> (5) T s/ - oratermniort=ie/m Az (o)

i=1 n<z
"ECr 3

Z+Z < zlog?*~%¢

1 2

By Theorem 1

50 3 iale/m) — 0 o/ log o)

m?2<z

(2.16)
3k 2
< z1/? Z log™ (z/m?) <z

m
m<z

On the other hand, we can deduce

k—1 .
) < max log" ™"z > AL(m) AL (n)
2 = . mn<z
n€C, ;meM, x

<<IT§}<X log* ™'z mzq Ak (m)¥L i (z/m).

meM

Applying the argument which has been used to estimate 7} in the proof of
Theorem 2 we can write :

o(m) log (2 /m)
(2.17) Z Lz max log" =" z Z <
2 ey m<z
meM;
logkt7 apnN
k—1—vy g p
bk 1??‘5)(1: 05{?23(—1 log 5 p ; p*N - K
aN<z

a>2,N square



ASYMPTOTIC FORMULAE OF GENERALIZED CHEBYSHEV FUNCTIONS 61

k+y o

log"" 7 pi* ...0p*N b1
§ 1 . o]
¥ pitl . pt*N b i i I

pil...prkN<z
a;22,N square

Corollary. When r is an odd positive integer and k is a positive integer the

following estimate holds

1

k
> amogtm+(F) X AamogE) () =

nm<z $=2] nm<z
meC, x meC, x,n€C,,,
neG2NQ,
(2.18)

_h @ Pk ~@k—i-1) : _

Proof. By Abel’s identity,

v *, (z)log"™!
Z Ark(m)log" m = 67, (y) log* y — k/ M____fdz

m<y 3/2 z
meC, x

Since 07, (2) = O(zlog"~! z) | the last integral is O(ylog*~?y) .Taking y =
z/N and adding over N < z, N square r-free, we have

Y 67.(z/N)log(z/N) =
N<«z
NeGaNQ,

(2.19)
Z Z Ar(m) logk m 4+ O(zlog?*~? z).

N<z m<z/N
NeG2NQr meCr

Replacing (2.19) in (2.14) the Corollary is deduced. f

3. Applications and special cases

1. When r = 1 we have ALk = Ak, \III’,‘7 = ¥ and by Theorem 2 we deduce



62 C.CALDERON & M.J. ZARATE

that
W (z) logk(z) + Ek: (f) Z Uy (1%) log*~* (1%) Ai (pm) =
T ey
(3.1)

- (gkml)lZ 2’21;_1,_1))zlog“*‘HO(zlog”'%)-

2. When r = 1 we have 0] ; = 0; and by Theorem 3 we deduce that

(3.2) 0k () log* (z) + Z (l:) Z O (I%) logk—* (I%) Ai (pm) =
i=1 pm<z

w(m)<i

= ((2k — 1)' Z (2k('k—_l 5'1 ) xlogzk_l T+ O(:L' log2k—-2 .,L_).

3. For r =3, k = 1 we have

> Ium)ws 1 (=5) {log(=5) +Asa(m?)}
m2<z
O I, (o) AL (om)

pm?3<z
(p,m)=1

(3.3)

[2724—;} zlogz + O(z).

4. For r =3,k =1 we get
| Zlu(mlﬁsl =) {108(25) +Asu(m)}
Y I (55) A (o)

pm2?<z
(p,m)=1

(3.4)

=9 [%]2:;101;” 0(z).
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