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Some results on the integral geometry
of unions of independent families
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ABSTRACT. A notion of independence for families of varieties is presented, and
some results of integral geometry are established in relation to their unions.
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1. Independent families

Let F: and F,, be two families of varieties, p and s dimensional, placed in
a space X, and depending on parameters A;, As,... ,A; and B1,Bs,... ,Bn
respectively:

Fe: FMz1,22,... T, A1, Ag,... ,A) =0, A=12,...,n—p,
and
Fm : G*(z1,22,... ,Zn,B1,By,... ,Bp) =0, p=12,... ,n—s.

We denote such families by F;(A) and F,,,(B).
Definition 1.1. The families F;(A) and F,,(B) are said to be independent
if there exists no relation (4, B) = 0 between their parameter sets {A} and

{B}.
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Let F, be the family of systems of two independent families F;(A4) and
Fm(B). The above definition means that the parameters A;, A, ..., A¢, By,
Bs, ..., By, are all essential in F4(A,B). Further, if the maximal group of
invariance of F; is the intersection of the maximal groups of invariance of F;
and F,,, then F, is also called the independent union of F; and Fp,.

Hence, every group of invariance of an independent union of independent
families is a group of invariance of both of them.

Theorem 1.2. Let G1, G2 and G3 be the maximal groups of invariance of the
families of varieties F4, Fy and F,,, respectively, where Fy = JF; + Fp, is the
family of systems of F; and F,,. If T € Gy, then T, or at least T2, belongs to
G2NGs.

Proof. An element of F, is a pair (V,W) where V € F;, W € F,,. If T € G,
then 7(V,W) = (r(V),7(W)) = (V1,W1) with Vi € F, and Wy € F,,. Three
cases may arise:
1. 7(V) = V; and 7(W) = W;. This implies 7 € G and 7 € G3, so
T € GoNGs.
2. 7(V) =Wy, 7(W) = V4, and 7(V1) € F;. This implies 7(W;) € Fpn.
Consequently 7 changes the variety Vi € F; into another variety of F;,
and therefore 7 € G,. Analogously 7 changes the variety W; € F,,
into a variety of F,,, and so 7 € G3. Hence 7 € G2 N G3.
3. 7(V) = Wy, 7(W) = V4, and 7(V4) € Fy,. This implies 7(W;) € F;.
Consequently 72 changes the variety W € F,, into another variety of
Fm, so that 72 € G3. Analogously, 72 changes the variety V € F; into
a variety of F;, so 72 € Go. Hence 2eGynGs. @

Remark 1.3. Clearly the maximal group of invariance G; of Fy = F; + Fp
always contains the intersection G2 N G3 of the maximal groups of invariance
of F; and F,,. Therefore, in the cases 1 and 2 of the above theorem, we have
G1 = G2 N Gj, so that, if F; and F,, are independent, F, is their independent
union.

2. Systems of independent families

Let F4(A, B) = Ft(A) + Fm(B), (¢ =t + m) be the family of systems of two
independent families. Let us suppose that F; and F,, are both measurable
with respect to the maximal group of invariance G, of F,(4, B), r > g, with
respective densities

A = B1(A1, Ag, ... , A)dAy AdAg A - N dA,, (1)

and
A, = ®2(B1, Ba,... ,Bpn)dBy AdBa A --- ANdB,. (2)
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The group H, associated to G in the parameter space X, is measurable if and
only if there exists a single non-trivial solution ® = ®(Cy,Cy,... ,C,) of the
Deltheil system
q )
0(£,2)

— = h= R
g o6 =0 L2,...,r (3)
Here £} are the coefficients of the infinitesimal transformations of the group H,
and C1,Cy,. .., Cy, the essential parameters of 7 ([2], [7]).

Since F; and F,, are independent families, the Deltheil system (3) may be
written in the form

t m i+t
9(¢4®) 06" ®) _ .8
k§=1 A +j$=l 9B, =0, h=12,...,r (4)

The coefficients of the infinitesimal transformations ([7]) are

. _ (¢
= (5ar) Iy

where {C1,C3, ... ,C,} is a group isomorphic to G, and a1, az, ... ,a, are the
parameters of G,. The independence of F; and F,, also implies that

{C1,C;,...,C} ={A}, A, ... A}, B},B),... B},

where {4}, A5, ... , A}} is the contribution of 7; and {B}, B},... , B! } that of
Fm- Thatis, {A], A3,... , A} and {B{, Bj,... , B!} jointly determine a group
isomorphic to G, and are associated to the families F; and F,,, respectively.
Consequently, we have

04
g (. k=
éh (aa;;) ’07 1,21 ,ta

gt = 08;
X Bah

Since F; is measurable with respect to G, then by (1) we obtain

T R
g o i

i O(Ek®1 (A1, 4s,... , Ay))

oA, =0, h=12,...,r, (5)

k=1

and since also F,, is measurable with respect to G,, it follows from (2) that

i a(€i+t®2(311 BZ» see ,Bm)

) _ _
9B, =0, h=12,...,r (6)

J=1
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Now take & = ®; P, and replace in (3). We get

062 _ 5~ 9ER) | - 0(EP)
2756, =2 o4, “?::1 9B,

= ®(By, Ba,... m)z

T 9(& ®o(By, By, ... , B
+®, (A4, Ag, ... ,At)z ( % 2( ;B-2 m)) =0.
J

o(&F®, (Al,Az, ., Ay))
Ay

(7)

The above argument shows that the Deltheil system associated to the group
H,., which is isomorphic to the maximal group of invariance G, of the family of
systems of two independent families, both measurable with respect to G,, al-
ways has at least a non-trivial solution. Furthermore, (7) ensures the following
result.

Theorem 2.1. If 7, = F; + Fp, is the family of systems of two independent
families of varieties F;, F,, (¢ =t + m), both measurable with respect to the
maximal group of invariance G, of F, (r > q), the densities being dv; and
dvm, then F, assumes, with respect to G, the density diq = dip; A difm.

Corollary 2.2. If the group H, isomorphic to G, in the parameter space X,
of F, is transitive, then F, is measurable, and its density is dipy = dip; A dip,,.
Remark 2.3. The assumption that F; and F,, are both measurable with
respect to the maximal group of invariance G, of F, implies that G, is a group
of invariance of both these families. Consequently, by Theorem 1.2, F, is the
independent union of F; and F,,.

More in general, the theorem holds whenever F; and F,,, have a density with
respect to a same group of invariance.

Example 2.4. In the projective space P3, let F9 be the family of non-
degenerate quadrics having elliptic points (A < 0, where A is the determinant
of the quadrics), and let Fg be the family of pairs plane—point, with the point
out of the plane:

Fo:2%2 4+ (A2 +C)y? + (B + D)2* + 2Azy + 2Bz2
+2(AB + E)yz + 2Lz +2My + 2Nz + P =0,
Az + Ay + A3z +1=0,

T =aQ,

Yy =ay,

z = a3, (2?=1 Aja; +1# 0) .

Fe :



ON THE INTEGRAL GEOMETRY OF UNIONS OF INDEPENDENT FAMILIES 103

These families are measurable ([3], [5]), with respective densities
dipo = |A|"2dAAdB AdC AdD AdE AdL AdM AdN A dP,
and
dipe = (A1 + Agag + Asas + 1)7*dA; AdA; A dAs Aday A doz A das.

The maximal group of invariance of the family of systems F15 = Fg + Fp is the
projective group G5, with respect to which both Fy and Fg are measurable.
Then F5 is the independent union of Fg and Fg, and so, by Theorem 2.1, it
assumes the density di1s = die A dips with respect to G15. Here r = ¢ = 15,
so that if the determinant A = |€} | # 0, then Corollary 2.2 holds. Note that A
is a polynomial; hence, it is non-trivial as soon as we can find a point Q € X5
whose coordinates specify a variety V € Fi5 such that A(Q) # 0. If we take
the point

Q = (A,B,C,D,E,L,M,N,P,Al,AQ,A3,01,02,03)
=(1,1,2,1,1,1,0,0,0,1,1,1,1,1, 1)
then A = —2 and Ao + Agag + Azaaz + 1 = 4. Therefore, the variety V

associated to Q belongs to F15. Moreover, we have A(Q) = —3072 # 0. Hence,
we can apply Corollary 2.2, to deduce that F5 is measurable, with density

i=1

% -4
dis = |A|-% (Z(Aiai + 1)) dAAN---ANdPANdA, A\ --- ANdas.

In the same way we can handle the independent union F1s = Fo + Fe of the
measurable families [3]

Fo: 22+ (A2 + C)y? + (B + D)2% + 2Azy + 2Bz2

+2(AB+ E)yz + 2Lz +2My+2Nz+P =0

consisting of non-degenerate quadrics having hyperbolic points (C(DC — E?) <
0 and A > 0, where A is the determinant of the quadrics) and the previous
Fe. Here we can take the point

Q = (A’ Ba Ca Da EaLa Ma N, Pa AI,AQ,A3,01,02,03)

=(1,1,2,0,1,1,0,0,0,1,1,1,1,1,1).

With this choice we have A = 1 and A;a; + A2as + Azas + 1 = 4. Therefore

the variety V associated to Q belongs to F15. Moreover A(Q) = —384 # 0 and
hence, by [3] and Corollary 2.2, F15 is measurable, with density

3 -4
dpys = |AI7# (Z(A.-a; +1)> dAN---ANdPAdAL A--- Ndas.

i=1
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Remark 2.5. If H, is not transitive, the family 7, is not measurable, even
though r > ¢ and the Deltheil system associated to H, have a solution, as this
solution is not unique. Here we have an unusual kind of non-measurability,
different from that pointed out by the Stoka’s second condition (8], since in
this case the family F, has different measures with respect to the same group,
namely, the maximal group of invariance.

3. Iterated unions on a family of varieties

A special kind of independent union of families of varieties can be obtained
by replacing the parameters Aj, As,. .., A; of a family F; by new parameters
By, By,. .., B; having no relation with the former, and by taking F4(4,B) =
Fi(A) + F¢(B). In this case we write Fq = 2F;. We can easily see that the
groups of invariance of F; and F; are the same. Hence F, actually is an
independent union. By iterating this construction we can build up the family
fq(AI,AZ, ...,A™) = mF; that is the independent union of m copies of the
family F;.

Let F, = 2F; and assume F; to be measurable with respect to the maximal
group of invariance G,, r > 2t (so that F; is measurable), with density

Yy = ¢¢(A1, Aa,y ... ,Ay)dAy AdAg A -+ N dA;.

Further assume that the coefficients of the infinitesimal transformations &F,
k=1,2,...,t; h=1,2,...,r, are polynomials of degree d < 1, that is

t
€ = fK(A1, An,... ,A) =Y M A +pk, M, uh €R 8)

=1

The Deltheil system associated to F, is

q : t t

A ®)  ~—OEkd) omf®) , _

Z e _Z A +Z 5B h=12,...,r, 9)
=1 k=1 k=

where nf = f¥(B1, By, ..., Bt).

Now let ® = [®,(A;, A, ... , A)|*[®:(B1, Ba, .. . , B:)]*~©. Replacing in (9)
we get

L O[ERD(A) D (B)?] <~ O kD (A)2 D (B)? 0]
Z 94, o 9B, "
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$ 6£ o —a a—1 aQt (A) —-a
kg [ =&, (4)%®(B)*™ + &k ady(A) —BA—"“‘I’t(Q)z i
D (A () + k2 - ey T
(10)
— 2,(4)®,(B)* :é (24 1 oy 2264
k
+ 28 . - st BaR
Since F; is measurable, we have
t k
> gt + fe ) - )
and
t k
S w75l + HaBeun)| - (12)
By (11) and (12) we have
t k t
> 2l =3 A T, (13
and
S 2B th @ 28] 552, (14)
k=1
Moreover, from (8) we obtain
k k
Therefore, by replacing (13), (14) and (15) in (10), we get
o, (gy-a N~ [OIR(4) _ OfF(4) . OfK(B) o1k (B)
I
~[0£(B) _ 0/5(4) ] o

= (a — 1)@,(A4)*®:(B)*~* § | OBk

Consequently, the following result holds.

0A
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Theorem 3.1. Let F; = Fi(Ay, Aa,. .., A:) be a family of varieties which is
measurable with respect to its maximal group of invariance G, with density

‘Pt(Al, A2, ‘e ,At)dAl /\ dA2 A--- A dAt.

If the coefficients of the infinitesimal transformations are polynomials of degree
d < 1, then the independent union Fq = 2F;, r > ¢ =2t,is a non-trivially
non-measurable family, and it assumes at least the densities

(@4(A1, Ag, ... , A)]* [®:(B1, Ba, ... , B> “dA1 A---NdA; AdBy A+~ NdB,

for every a € R.

Remark 3.2. A family F, is said to be a trivially non-measurable family of
varieties, if its maximal group of invariance G, depends on r < g parameters.
In this case the group H, isomorphic to G, is not transitive ([1], [2]).

By an analogous argument we can also state the following theorem.

Theorem 3.3. Let F, = Fi(A;, As,...,A;) be a family of varieties which is
measurable with respect to its maximal group of invariance G, with density

®,(Ay, Az, ..., Ar)dA] AdAg A --- NdA;.

If the coefficients of the infinitesimal transformations are polynomials of degree
d < 1, then the independent union F, = mF;, r > q = mt, is, for every
integer m # 1, a non-trivially non-measurable family, and it assumes at least
the densities

[Qt(ﬁl)]al [q)t(é2)]a2 [Qt(ém)]am At dAl At dAz At... At dAm,

where A' = (A}, A3, ... ,AY), i = 1,2,... ,m, is the set of parameters of the
i-th copy of Fi, AtdA' = dA} AdA% A --- AdA}, and oy, 0y, ... ,an are real
numbers such that oy +ag+ - +a, =m.

Example 3.4. From [11] we know that the family Fn,; of hyperspheres of
the n-dimensional projective space P,

z§+z§+'--+$,2,-2u1z1—2u222—~-—-2u,,1;,.+v=0,

is measurable with respect to its maximal group of invariance, namely the
group of similarities G nniy) |, (p, 2, 0).

Here p,a = {a;,as,... ,a,} and

Q = {012, sise ,91,,,023, rd % ,02,,, % 3 ,0(,,_1)”}
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are, respectively, the homothety, translation and rotation parameters. The
density is
dpnsr = R-Dduy Aduy A--- Adu, AdR,

where
Li

-|(8)-]

is the radius of the hyperspheres. The coefficients of the infinitesimal transfor-
mations are ([11])

ou;
(—’) ‘0= -u;, j=12,...,n,

au;.)i _{0, if j#i,
o | -1, if j=i, ji=12,...,n,

0, if j#hk,

ou;
( uj)’ = Uk, if 7=ka
80hk 0

Lupgeif ey R =] 200 iny Ch<k=1,2,1.) n,

Note that all of them are polynomials of degree d < 1.
Let m,n be two integers such that

n(n+1)
2

For fixed m this holds for any n > mng, where ng is the least integer greater

than
2m+1+VAm2 +4m—7
2 b

m(n+1) < +1.

so that n > 2m. By Theorem 3.3, the independent union F,(n41) = mFn41,

(z1 — u1)? + (x2 — w12)*+ -+ + (zn — ui,) = R},

(z1 — uz)? + (x2 — u22)*+- - + (zn — u3,) = R3,

(@1 = um1)? + (22 = um2)’+ - -+ + (2n — Upa) = R,
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is, for every integer m > 2, a non-trivially non-measurable family of varieties
of the projective space Ps,,. This family assumes, at least, the densities

m
[RERY -+ R ™™ Vdusy A+ Adumn AdR1 A+ AdRp, Y a,=m.

s=1

If a) = ay =+ = a,, = 1, this yields the product measure.
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