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ABSTRACT. By means of nonstandard analysis we establish some lifting theo-
rems for two parameter stochastic processes, for two parameter martingales and
for weak, strong and i-martingales. We also prove that the standard part of an
internal martingale is a standard larc martingale (a two parameter version of a
cadlag martingale). A basic nonstandard two parameter stochastic integral is
introduced. An integral representation of Wong and Zakai proves to be a very
useful tool for our purposes.
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1. Introduction

A good introduction to nonstandard analysis can be found in [1]. The main
features that we need in our work are the following.

We assume the existence of a set *R D R, called the set of the nonstan-
dard real numbers, and of a mapping * : V(R) — V(*R), where V;(S) = S,

*The author acknowledges partial support from CINDEC (Universidad Nacional de
Colombia), Colciencias (Colombia) and D.A.A.D. (Germany) .

45



46 MYRIAM MUNOZ DE OZAK

Vias1(S) = Va(S) U B(Va(S)), P(A) denoting the set of subsets of A, and
V(S) = UnenVin(S), with three basic properties. To state this properties we
introduce the following notions:

An elementary statement is a statement @ built up from “ =", “€ 7,
” 143

the predicate and functional symbols, the logical conectives “and”,“or”, “not”
and “implies”, and the bounded quantifiers (Vu € v), (3u € v).

An internal object A is an element of V(*R) such that A =*S, S € V(R).
A set in V(*R) which is not internal is called external.

(1) Extension Principle. The set *R is a proper extension of R and
* : V(R) — V(*R) is an embedding such that *r = r for all r € R.

(2) The Saturation Property: Let {R, : n € N} be a sequence of
internal objects, {S,, : m € N} one sequence of internal sets. If for
each m € Nthereis an N,, € Nsuch that R,, € S, for all n > N,,, then
{R, : n € N} can be extended to an internal sequence {R, : n € *N}
such that R,, € N, Sy, for every n € *N\ N.

(2') General Saturation Principle: Let « be an infinite cardinal. A non-
standard extension is called k-saturated if for every family {X;}ier,
card(I) < k, with the finite intersection property, the intersection
NierX; is nonempty; i.e., this intersection contains some internal ob-
ject.

(3) Transfer Principle: Let ®(X,,...,Xm,%1,...,Zn) be an elemen-
tary statement in V(R). Then, for A;,... ,An C Rand 7q,...,7m,
€R, ®(Ay,...,An,71,... ,Tp) is true in V(R) if and only if the state-
ment ®(*Ay,...,* A, *r1, ... ,*r,) is true in V(*R).

The system (*R,*+,*-,* <) is a field that extends R as an ordered field. In
general we will omit the x for the operations and the order relation.

In *R we can distinguish three kinds of numbers:
"(a) x € *R is infinitesimal, if |z| < r for each r € R*.
(b) x € *R is a finite number, if there is a real number r € R such that
|z| < 7.
(c) z € *R is an infinite number, if |z| > r for all r € R*.
To each finite number z € *R we can associate a unique real number 7 :=
st(z) := °z such that z = r + ¢, where ¢ is infinitesimal. We say that z is
infinitely closed to y, and denote it by z ~ y, if and only if z —y is infinitesimal.
In general we use capital letters H, F, X, etc. for internal functions and
processes, while h, f, x, etc. are used for standard ones.

For a given set A, * A stands for the elementary extension of A, and ns(*A)
denotes the nearstandard points in *A. If s is in ns(*A), the standard part of
s is written as st(s) or °s. For a given function f, *f means the elementary
extension of f.
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We say that the set T is S-dense if {°t : t € T,° < oo} = [0,00), and
ns(T) := {t € T : °t < co}. With T we denote an internal S-dense subset of
*[0,00). The elements of T, or more generally, of *[0,00), are denoted with s,
t, u, etc. The real numbers in [0,00) are denoted by s, t, u, etc. We will work
with different sets T', so we will always specify the definition of such 7'.

With N we denote the set of nonzero natural numbers {1,2,3,...}, and
N, = NU {0}. Elements of N, are denoted with n, m, I, etc., while elements
in *N \ N will be denoted with 1, IV, etc.

We say that a set T is hyperfinite if it is internal and its cardinality is an
N e*N.

If (2,2, P) is the internal measure space where Q is an hyperfinite set, A
is the algebra of hyperfinite subsets of {2 and P is an internal measure, the
corresponding Loeb space (see [1]) is @ = (Q, L(%), L(P)), and L(P) will be
the unique measure extending °P to the o-algebra o () generated by 2. L()
will stand for the L(P) completion of o(2). In general we writte P for L(P),
and it will be a probability.

To say that F : A — B is an internal function means that the domain, range
and graph of the function are internal concepts.

In this paper we give conditions for the existence of liftings of two parameter
stochastic processes and two parameter martingales. We also give conditions
ensuring that for some internal martingales the corresponding standard parts
are standard martingales.

The terminology and notations are the usual in nonstandard analysis: see
for example [1]. In particular, we assume to have saturation, as is usually done
when discussing stochastic processes in the context of nonstandard analysis.

In order to simplify notation and proofs, we consider stochastic processes
defined on [0, 12 and with values in R, instead of processes defined on [0,00)
with values on R%. In general, we only consider nearstandard points in *[0, 00)2.
If T is an S-dense set on [0, 00), then an internal stochastic process X : T2xQ —
*R? will have a property P if and only if each of its components has property
P. Therefore, proofs may be reduced to the one dimensional case.

The set [0, 1]2 is equipped with the partial orders
(81,t1) < (s2,t2) <= 81 < sz and t; < g,

and
(81,t1)A(82,t2) &= 31 < s and t; > ia.

We use the notation (s1,#;) < (s2,t2) to express that (sy,t1) < (s2,t2) and
8y < sg or t; < tg, whereas (s1,%1) A (s2,t2) will mean (s1,t1)A(s2,t2) and
81 < 89 or t; > tg. Also, (s1,t1) < (sg,t2) will stand for s; < s and t; < 1,.
Let p : [0,12 — [0,1], p(s,t) = (p1(s,t), pa(s,1)), be such that each
pi € A0,1], i = 1,2, where A[0,1] is the set of time deformations of [0,1]
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(see [14]). We call p a deformation of [0,1]? and A[0,1]? will denote the set
of all such deformations. We define on this set the measure d(p) of amount of
deformation by d(p) = di1(p) + d2(p), where

di(p) = sup 10gM .
r,s€(0,1] T8

1.1. Definition. A function z : [0,1]2 — R is a larc in [0,1]?, if for each
(0, to) € [0,1]? the four limits:

lim z(s,t) = z(So, o), Lim z(s,t) = z(se,t, ),
s—s} s—s}
t—t} t—t,
lim z(s,t) = z(s;, ) lim z(s,t) = z(s;,t;)
s—s, 8—8,
t—th t—t;

exist. They are called the quadrantal limits.

We denote by D? the set of all larcs in [0, 1]2. In this set we define a metric k,
by

ko(x’ y) —
inf{e € R* : 3p € A0, 1%)(_sup_[a(r) —y(p(r))| < and d(p) < e) }
ref0,1)2

z,y € D?. Then, (D?,k,) is a separable and complete metric space. By J, we
denote the topology induced by this metric.

Note: Points in [0,1]2 will be usually denoted by (s,t), (s1,%1), etc. Points
in '[0’ 1]25 by (§.’§)> (§17§1)’ etc.

To each point (s,t) € *[0,1]? we assign the following sets:

Qlap = {(w,2) €*[0,1]° :u > sand v >t}
Qlp ={(wv) €*[0,1]*:u < sand v >t}
Q= {(w,v) €*[0,1]* :u < sand v<t},
Qfyp = {(w,2) €*[0,1]*:u > sand v <t}

1.2. Definition. Let F € *D? be such that F(s,t) € ns(*R) for (s,t) €
*[0,1]%. Then:
(a) F is of class SD?, if for each (s,t) € [0,1]? there are points (s;,t;) =
(§2’£2) b (§3a£3) s (24,21) = (31 t) such that:
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(i) If (wy,01) = (8,2), (w1, 21) € Qfy, 4,)» then Flug, 1) = F(s1, 1)
(ii) If (up, v3) = (5,1), (w9, 23) € Q> then F(uy,vy) = F(s3, 13)-
(iii) If (us, v3) = (5,1), (us, v3) € Q, 1, then F(us,v3) ~ F(s3, t5).
(iv) If (wg, 24) = (5,1), (s, 24) € Qy, 1,)> then F(uy, vy) = Fsy,85)-
(b) F is of class SD?J, or a larc lift, if (a) holds with (s;,t,) = (s2,15) =
(83,t3) = (84,t4), and F(s,t) ~ F(0,0) for all (s,t) ~ (0,0) in *[0, 1]2.
(9) Fis S-continuous (SC) if F(s,1) ~ F(u,v) whenever (s,t) ~ (4,2)
and (s,t), (u,v) € T?, where T = {két : 6t = ﬁ,N € *NN N,k =
0,1,...,Ni}.
A function F : T2 — *Ris of class SD? (SD?J, SC) in T? if it is the restriction
to T2 of an SD? (SD?J, SC) function F on *[0, 1]2.
1.3. Definition. The standard part of an SD? function F on T? is the
function st(F’) defined by

st(F)(s,t) = lim °F(s,t), s,t) €[0,1]2.
(F)ot) =, Im °Fla, (e

1.4. Proposition. Suppose F' : T? — *R is the restriction of a function in
*D? to T? and F(s,t) € ns(*R), the set of nearstandard points in *R, for all
(s,t) € T2. Then F is SD? if and only if st(F) exists and belongs to D*.

Proof. First assume that F is of class SD? and fix ¢ > 0 and (s,t) € [0,1]%
There exists (s;,t,) € T?, (s1,4,) = (s,t), such that if (u,v) = (s,t), (u,v) €
T? and (u,v) € Q%éph)’ then F(u,v) = F(s,,t;). Let S be the set of points
n € *N such that if (u,v) € T2 N Q%ﬁuh) and ||(u,v) — (85,4)]| < 1/n then
|F(u,v) — F(8;,t;)] < €. Then S O *N NN and is internal. Thus there is
no € N such that if (u,v) € T2n Q%éph) and ||(u,2) — (8;,%;)]| < 1/n, then
|F(u,v) — F(s1,;)| <e. Let § = —2—. Then

(u,2) € [(81,11), (81 + 6,2, +8))NT? = |F(u,v) — F(s;,t,)| < e

0(972) € ((s’ t)a (3+6at+6)) = ('l_l'al’_) = [(.'.5-1,21)) (§1 +6,ty +6))'

Thus
|F(u,v) — F(s;,t,)| <& = |°F(u,v) = °F(s1,4)| <e.

Therefore st(F)(s,t) exists and is given by

#(F)s8)=_ lUm °Fluy)="Flih)
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In conclusion, if (u,v) € [0, 1]2, there is (u;,2;) ~ (u,v) such that
st(F)(u,v) 2 oF(Hlan)'
We now claim that st(F) is continuous from the right. We see that if (u,v) €
((s,t), (s + 6, +6)) and (uy,2;) =~ (u,v) with st(F)(u,v) = °F(u,,2;), then
(uy,01) € ((5,2), (s + 6t + 6)) with (s,t) ~ (s,t) and st(F)(s,t) = °F(s,1).
Thus
|F(ur,21) = Fs,t)l <e = [°F(u;,2) - °F(s:t)| <,
and therefore
|st(F)(u,v) — st(F)(s,t)] <€

whenever (u,v) € [(s,t), (s +8,t+6)). In a similar way we prove the existence
of the other quadrantal limits.

On the other hand, if st(F) exists and belongs to D?, fix (s,t) € [0,1]>. We
have

lim+ st(F)(u,v) = st(F)(s,t) = °F (u,v).

im
u—s? °(u,2)1(s,t)
v—t

For n > 0, there is &, > 0 (6, < 1/n) such that
°(u,v) € ((5,8), (5 + 8, t +6n)) = |°F(u,v) — st(F)(s,t)| < 1/n.
Let
D, = {(u,0) €T?: (5,t) € (4,2) K (846, +6n)} .
Then D,, is an internal set and if F,, =

{(g,b) € D, : (u,v) € Dpand (u,2) > (a,b) = |F(u,v) — st(F)(s,t)] < %},

then F,, # @ and {F, : n € N} has the finite intersection property. Thus, by
saturation, (\,ey Fn # @. Take (31,8;) € Npen Fn- Then (3,,t;) = (s,1), and
for all (u,v) > (81,t;) and (u,v) ~ (s,t), we have F(u,v) ~ st(F)(s,t). In
pa‘rticula'ra F(ﬁlail) R St(F)(s, t)a SO thata when (ﬂa Q) & (3’ t)a then F(’l_l,,’_U_) ~
Fs;,t;). Now let A = lim,_ - st(F)(u,v) whenever the limit exists. Given

v—tt

n € N there exists 6§, (6, < 1/n) such that

(1,0) € T* and (s — 6,,t) < (4,v) K (5,t+6,) = |F(u,v) - A| < 1/n.
Let Dp = {(u,v) € T?: (s — 65, t) < (u,0) K (s,t+6,)} and

F, ={(a,b) € Dy : (4,0) € D, and u<g, v>b = |F(u,v) - A <1/n}.

We have that F, # @ and that {F, | n € N} posseses the property of finite
intersection. Thus, by saturation, ),y Fn # 2. Let (35,t3) € (nen Fn-
If (u,v) ~ (s,t) and u < S5, v > 1y, then F(u,v) = A. In particular, if
85— 6t < 89, ty =t (6t = §7), then F (s, — 6t,t2) ~ A, and so, if (u,v) = (s,1)
and u < 8y, v 2 12, then F(y‘.’y) ~ F(§2 s 6t’t2)'

In a similar way we find (s3,t5) and (s4,%4) as in Definition 1.2 (a) (iii) and
(iv). Consequently, F' is SD?.
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1.5. Proposition. Function F is SD*J on T?, and for every (s,t) € 0,1
there is a (s,t) ~ (s,t) such that

(i) (w,v)~(s,t)and u<s, v <t = F(u,v) = st(F)(s™,17).

(i) (wv)~(s,t) and u<s, v >t = F(u,v) ~ st(F)(s7,1).

(i) (u,v) =~ (s,t) and u>s, v <t = F(u,v) ~ st(F)(s,t7).

(iv) (wv) =~ (s,t)and u>s, v>t = F(u,v) = st(F)(s,1).
In particular, if st(F) is continuous at (s,t), then F(u,v) ~ F(s,t) for all
(w,v) ~ (3,1) = (5,1).

Proof. From Proposition 1.4, we have that st(F) exists and belongs to D?.
Following the same steps as in the proof above we find, for example, that given
(s,t) € [0,1]?,

lim st(F)(u,v) = st(F)(s™,t)

u—38_
v—tt

exists, and from this, we have that there is (s5,%5) € T2, (sg,13) ~ (s,1),
such that, whenever (u,v) € T2, (u,v) = (s,t) and u < s, and v > t,, then
F(u,v) = F(8y,ty) =~ st(F)(s™,t). Analogously we infer for the other three
limits that F is SD2J, so that the points (s;,t;) are the same (i = 1,2,3,4),
and we have the result. ¥

1.6. Theorem. The class of functions in * D? which are nearstandard in the
J» topology is SD?J, and st|gp2 ; is the standard part map for the J topology.

The proof is similar to that of the one parameter case. We have to carry on
the same analysis for the two coordinates simultanecusly.

2. Lifting theorems for two parameter martingales

2.1. Definition. An internal stochastic process X is of class SD? (SD?%J,
SC) if for almost all w the mapping X((-,-),w) : T? — *R is of class SD?
(SDJ, 5C).

We now extend the notion of standard part of an internal SD? function
to an internal process with sample paths in SD? via the following: a process
st(X) with sample paths in D? is defined by fixing z, € R and letting

tX'3', yt), ifX')'v D2a
$t(X)(s, 8)(w) = { st(X (-, w))(s,t) ( ‘ w) €S
8 otherwise.
An SD? (SD?J) lifting of a stochastic process z : [0,1]2 x @ — R is an
internal stochastic process X of class SD? (SD?J) such that st(X) and x are
indistinguishable.

When not likely to generate confussion, we will write X (s,t),z(s,t), etc.,
instead of X (s,t,w),z(s,t,w), etc.



52 MYRIAM MUNOZ DE OZAK

2.2. Theorem. A stochastic process z : [0, 1)2 x @ — R has sample paths in
D? as. (i.e., for P-almost all w) ( and {|z(s,t)|P, (s,t) € [0,1]?} is uniformly
integrable for some real number p > 1) if and only if it has an SD?J lifting X
( such that | X (s,t)|P is S- integrable for all (s,t) € T?).

E(Y) will denote the internal expectation of the internal random variable
Y, E(y) will denote the expectation of the random variable y. For the meaning
of S-integrability and uniform integrability as well, the reader can consult [1]
and [3] respectively.

Proof. First we show the “only if” part. From Theorem 1.6, if X is of class
SD?J then X € nsz2(*D?) and st(X) = stg,(X) = z, z € D2 Now, if
|X(s,1)|P is S- integrable for all (s,t) € T?, we claim that

{lz(s,t)I7, (s,¢) € [0,1]}

is uniformly integrable for some p > 1. In fact, we observe that
(i) Theset A= {E(|X(s,t)[P): (s,t) € T?} is an internal set which takes
only finite values. Let

B={ne*N:E|X(s,0)IP <nV(s,t) € T*}.

The set B is internal and B O *N \ N. Then there is n € N such that
n € B, an so the set A is bounded. Therefore, the set {E(|z(s,t)[P) :
(s,t) € [0,1]?} is uniformly bounded.

(ii) From the properties of S- integrability it follows that for € > 0 in R
the set

{6 € *R* : VA € 2, internal, if P(A) < § then /(|X(§,§)|”) < s}
A

is internal and contains all the positive infinitesimals. Then it contains
a positive real §, and thus we obtain for ¢ > 0 in R that there exists
5 € R* such that if P(A4) < 6, A € L(2), then E(|z(s,t)P) < e.
From these two observations we conclude that {|z(s,t)[?, (s,t) € [0,1]?} is uni-
formly integrable.
Now we consider the “if” part. We may assume that z(-,-,w) € D? for all
w € €. Since D? is a separable metric space, the lifting theorem in Anderson [2]
implies that there is an internal stochastic process X’ : *[0, 1] x 2 — *R such
that stz (X'(-,-,w)) = z(-,-,w) a.s. (i.e., for P-almost all w). By Theorem
1.6, X’ and X = X'|24q are SD?J, and thus X is the desired lifting.
To be precise, we should prove that the mapping ® : @ — D? w —
X((-,-),w), is measurable. The proof of this is similar to that of the one
parameter case (see for example, [14]). So, ® is P- measurable, and therefore it
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has a lifting ¥ : Q@ — *D? w +— X'(-,+,w) € D?. Now X’ defines a stochastic
process X’ : [0,1]2 x @ — *R such that stz (X'(-,-,w)) = z(-,-,w) a.s., and
from Theorem 1.6, X’ is SD2J. Let X = X'|r24q. Then X is SD?J, and is
the desired limit.

Additionally, if {|z(s,t)|? : (s,t) € [0,1]?} is uniformly integrable for some
p > 1,let Y be the SD?J lifting of = obtained before, and define

= { z, if |z] < N,
7,k L —
Nlz|~ 'z, if|z|> N.
The corresponding lifting is
YN={Y’ if Y| <N,
NlY|"ty, if|Y|>N.

We have that 2V (-,w) € D? and Y" is a bounded SD?J lifting of V. The
proof that YV (s, t) is S- integrable is also similar to that of the one parameter
case. By saturation we can find v € *N \ N such that the above statement
holds for Y, for all (s,t) € 72, all ¢ > 0 and M that depends on ¢. Then
X =Y is an SD?J lifting of = such that |X(s,t)|P is S- integrable for all
() eT?. W
Remark 1. A standard filtration in two parameters is a filtration that satisfies
the following conditions:

F1. For (s,t) and (¢/,¢)in [0,1]2 such that s < &/, t <, F(s,t) C F(s,t)-

F2. F(0,0) is P- complete.

F3. For each (s,t), F(s,t) = N(s",t')3 (s,t)F(s,t)-
Additionaly we say that the filtration satisfies F'4, the Cairoli-Walsh condition,
if for (s,t) and (s’,t') such that s < s’ and t > ¢’ it follows that F(, ;) and F(s 1)
are conditionally independent. Conditional independence is equivalent to the
following condition: if (s,t) and (¢/,#') are such that s < &’ and t > t/, and
z is an (s ¢) - measurable random variable, then E(z|§ () = E((F(s,e1))-
Condition F4 is also equivalent to each one of the following:

(a) If (s,t)A(¢,t') and X is a random variable, then

E(E(X[§(s,0)|8(s.1)) = E(E(X[(s,¢))[8(5,0)) = E(X[3(s,¢1))-
(b) If (s,t)A(s',t') and X is an § (s 4)- measurable random variable, then
E(X|3(s,t)) = E(X|8(3,tl)).
2.3. Definition.
(i) Let Le *N\ N, N = L!, 6t = 1/N. The hyperfinite line is
T = {0, 6t,26t, ..., (N — 1)ét,1}.
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(ii) Let @ = {~1,1}7" = {w : T? — {-1,1}| w is internal }. The
internal hyperfinite cardinal of Q is 20V+1*,
(iii) Given (s,t) € T?, the equivalence relation w ~(s ¢ w’ in Q is
w Ry p) LU w(ﬁl’él) P w'(_s_',g')

for all (¢/,t') < (s,1), (¢,t') € T2
(iv) By means of the equivalence relation above we define for (s,t) € T2,

Bst) ={AC Q| Ais internal and closed under =(44)}.

This is an internal *o-algebra.

(v) An internal two parameter filtration is an internal family {B(; :
(s,t) € T?} of internal *sub-o-algebras of B that satisfy property F1,
i.e., property F1 in the nonstandard sense.

The filtration is P-complete if B (0,0) is complete.

Let (2,2, P) be an internal probability space and let
(2,3, P) = (2, L(Q), L(P)).
As we have seen in (v) of Definition 2.3 above, an internal filtration on 7?2 is
a collection of *sub o-algebras of 2, {B(y ) : (s,1) € T?}, such that, whenever
(8,2) < (&), then B(gy) C By y)-
2.4. Definition. The standard part of {8, 4)} is the filtration {F(,¢) : (s,t) €
[0,1]%} defined by

S(at) = ( n - (%(M))) v,

°(2,£)>(s,t)
(s,t)eT?

where 9 is the class of P-null sets of § and V stands for the smallest o-algebra
oonta.lmng Ne (‘.,Y_)>>(‘g t) o (%(__)) and MN.
(s.)eT?
The standard filtration {F,¢)}(s,¢)efo,1)2 satisfies properties F1 to F4.

2.5. Theorem. Let {B(y,) : (s,t) € T?} be an internal filtration. A process
: [0,1]2 x 2 — R is §(s+)-adapted and has almost all sample paths in D?
(and {|z(s,t)|P : (s,t) € [0,1)2} is uniformly integrable for some p > 1) if and
only if z has an SD?J lifting X that is {Bsvarevar) : (8,t) € T?}- adapted
for some positive infinitesimal A't € T (and for which | X (s, t)[P is S- integrable
for all (s,t) € T?).
Proof. By Theorem 2.2, if z has an SD?J lifting X, z has sample paths
in D? as. If X(s,t) is B(evarsvary- measurable, the process z(%s,°t) is
0 (B(svarttvary))- measurable, and so z(°s,°t) is F(os,oy)- measurable. This
proves the sufficient part. The proof of the “necessity part” is similar to that
of the one parameter case.
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2.6. Theorem. If X : T2 x Q@ — *R is an internal map of class SD?,
then there is a positive infinitesimal A’t € T such that if 7" = {kA't : k €
*N, kAt < 1} U {1} then X|(y2xq is of class SD?J.

Proof. By Theorem 2.2, X is SD? if and only if st(X) exists and belongs to
D?. Therefore, there exits an SD?J lifting Y of st(X) = z. Let (s,t) € [0,1]%.
As in Proposition 2.17 we may choose an infinitesimal §,, € 7' such that

F({w : sup  |X(s+e,t+e)(w)-Y(st)(w) 2 l/n)} < l/n)

8,%e<en
e€ET

We can extend the sequence {§,, : n € N} to *N, and then find v € *“N\ N and
é € T such that § = max,<, §,, =~ 0 and

F({w: sup |X(s+¢€,t+¢)(w)—Y(s,t)(w)| > 0}) ks 0,

6<e<e,
e€T
Therefore,
P({w : sup [°X(s+e,t+e)(w) —2z(°s,°t)(w)]| > 0}) =0.
6<eLey
eeT

Now, for each n € N, let (s,t) = (k/n,m/n), 1 < k,m < n. Then, from the
above argument, for each n € N there exists p =~ 1/n, P, € T' and P, > 1/n,
such that

°X(kp,,mp )= z(k/n, m/n) a.s.,, forl <k,m <n.
Hence, for all n € N we have 0 < p < 2/n and
P ({w e (X (g, mp, )(w) = ¥ (K, mp, ) (w)] > l/n}) <1/n.

Now the set of n € *N such that 0 <p_<2/n and

—P({w : ISIE?nXSan(kE"’mB")(w) - Y(kp, ,mp )(w)| > l/n}) <1/n

contains N. Then, by overflow (if A is an internal set and A O N, there exists
H € *N\ N such that H € A), there is v € *N \ N such that p ~0, p > 0
and

F({w : lsxlxcl,?nxsu [X(k;_)u,mgu)(w) - Y(k_p_u,mgu)(w)| > 1/1/}) < 1/v.

Let Ny = {w : maxi<k,m<v | X (kp,,mp,) — Y(kp, ,mp )| > 0}. From above,
N; is a P- null; and since Y is SD?J, also X|(r2xq is SD?J, where T' =
{kp,:k€*N, kp, <1}U{1}. ]
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2.7. Definition. Let {B(,;) : (s,£) € T?} be an internal filtration for which
hypothesis F1-F4 hold (these are the corresponding internal conditions of F'1-
F4).
(i) An internal stochastic process X : T2 x 2 — *R is a B, ;)- martin-
gale if {(X(s,t),B(sy)) : (8,1) € T?} is an internal martingale, i.e., is
B (,.1)-adapted and E (X (s3,85)|B (s, 1,)) = X(81,11) P-as. whenever
(s1,t1) < (82, 82)-
(ii) X is an S- martingale with respect to {% s )} if X is a B, ¢)- martin-
gale and | X (s,t)[P is S- integrable for all (s,t) € T? and some p > 1.
(iii) X is a *-martingale after At (in the terminology of [14]) for At = 0,
At € T, if {X(s,t),B(s,p : (s,t) € (T")?} is an internal martingale,
where T = {kAt : k € *N, kAt < 1} U {1}.
(iv) X is an S-At- martingale for some At € T, At ~ 0, if X is SD?J, S-
integrable for all (s,t) € (7")? and a *- martingale after At.

Remark 2. From Theorem 2.6 we see that if X is an S-martingale and X is
SD?2, there exists an infinitesimal At € T such that X is a At- martingale.

From now on, we will restrict ourselves to larc processes vanishing on the
axis and L? bounded for p > 1.

2.8. Definition. Let {F(s) : (s,t) € [0,1]?} be the standard part of {B (s :
(s,t) € T?}
(i) A stochastic process z : [0,1]2 x 2 — R is an {J(, ) }- larcmartingale
if it is §(s¢- adapted, p-uniformly integrable for some p > 1, and
z((-,-),w) € D? as; ie. z is larc, and for (s,t) < (u,v),

E (z(u,v)[§(s;t)) = z(s,t) P-as.

(ii) If z is an F(s)- larcmartingale and {B(, )} is an internal filtration, a
B, »)- martingale lifting of z is an SD?J lifting X of z for which there
exists a positive infinitesimal At € T such that X is a At- martingale
and st(X) =z a.s.

2.9. Theorem. If X is a At- martingale, then st(X) = x is a larcmartingale.

Proof. Since X(s,t) is S- integrable for all (s,t) € (T” )?, then z(s,t) is uni-
formly integrable (see Theorem 2.2.). Also, X(1,1) is a lifting of z(1,1).
For fixed (s,t) € [0, 1]2’ there exists (yl';"_]l) iy (s,t), (y.ly."ll) € (TI)2 (X
is a martingale after At, 7" = {kAt : k € *N, kAt < 1} U {1}) such
that for all (s,8) > (u1,2y), (8,1) = (s,1), E(X(1,1)|B(sy) is a lifting of
E (2(1,1)|§(s,t)) ( see [7], Proposition 3.2 ). Now X is SD?J. Then by Propo-
sition 1.5, there exists (uy,v5) € (77)%, (uy,v5) ~ (s,t), such that, when-
ever (s,t) > (uy,v,), then X(s,t) ~ z(s,t). Let us take u = max{u,, U },
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v = max{v,,v,}. I (8,t) ~ (s,t), (,t) € (T)* and (s,¢) > (u,v), then
E (X(1,1)|B(s,5) = X(s,t) ~ z(s,t) a.s. Therefore

z(s,t) =°X(s,t) = °FE (X(1,1)|B(s,p) = E ((1,1)|3(s,e)) a5

Finally, since X is SD2J and X is a lifting of z, z has sample paths in D? a.s
(Theorem 2.2.). Thus z is a larcmartingale. ©

2.10. Definition. Let F : T? — *R be internal. We say that r € R is the
SH+)limit of F at (s,t), if for all standard € > O there is a standard § > 0
such that if (s,t) € T? and (s,t) < °(s,t) < (s+6,t+6) then |F(s,t) — 7| <e.
We also write
r =S — lim F(s).

sls

tit
The SG9)-limits, i = +, —, j = +, — are similarly defined.

We can extend this definition to the two parameter S-quadrantal limits.

2.11. Theorem. If{X(s,t)} is an internal B , ;)-martingale and °E(| X (1,1)|)
< 400, then X is SD?.

Proof. We shall prove that st(X)(s,t) exists and st(X)(s,t) € D?, P-a.e.

(a) We show first that st(X) exists. If for some w € §, st(X)(s, t) does not exist
for (s,t) € [0,1)2, there exists a decreasing sequence {(s,,t,)}, (8n,t,) € T,
with X(s;,%) = X(1,1), °(84,,) > (s,t) and

A =S8 - liminf X(s,,,) < S —limsup X(s,,t,) = B.
n—oo

n—oo

Therefore, there are subsequences {(u,,v,)} and {(u,,v/)} such that A =
S — limy 0o X (1), v,) and B = S — limp_, 00 X (¥, ¥,)-

Now, {X(s,t)} is an internal B, )- martingale and {(s,,%,)} is a totally
ordered set. Therefore, there exist rational numbers a, b such that {X(s,,t,)}
crosses the interval [a,b] an infinite number of times. If U, is the number of
upcrossings of the interval [a,b] by {X(s,,t,)} we have, from the upcrossing
lemma (see [3]), that

E[|X(1,1)]] +|a|
b—a :

E[Ua,b] .<_

and this number is finite by assumption. Thus, for almost all w, X(-,-,w)
restricted to {(s,,t,)} is such that U[{U,» ~ o0} :a < bin Q] is a P-null set.
Then {w : st(X(:,-,w))(s,t) does not exist } has measure zero, and therefore
st(X)(s,t) exists a.e.

(b) Let us now show that the function st(X)(s,t) is continuous from the right
and has the other quadrantal limits. The argument to prove the first assertion
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readily follows from (a) and from the definition of st(X)(s,t). Let us then
examine the existence of the other limits.

(i) Suppose that lim,,_, - st(X )(u,v) does not exist. Then there is an increasing
v—t
sequence {(sn,tn)} in [0,1]2, (sn,t,) < (s,t), such that
lim inf st(X)(8p, tn) < limsup st(X)(sn, tn),
n—oo n—oo

and for each (s,,t,) there exists (s,,t,) & (8n,tn) in T2 such that
$t(X)(sn,tn) = °X(3p,tp)

(Proposition 1.4.). Similarly as before, {X(s,1)} is an internal B, 4)- martin-
gale and {(s,,t,)} is a totally ordered set. So, from the proof in (a),

u—s-
v—t

{w ¢ lim st(X)(u,v) does not exist}
has measure zero.
(i) If lim,,_, + st(X)(u,v) does not exist, for (s,t) € [0,1]? there is (s,t) € T?
—t

such that (3,t) ~ (s,t) and (s,t) € [(8,2), (s + 8, + 6¢)), and for each r € R
there exists € > 0 such that, for all n € N, (sp,t,) € ((s,1), (s + 1/n,t + 1/n))
can be found such that |st(X)(sp,tn) —7| > £. We can choose (sp, t,,) such that
Sn+1 < Sp and tp4+1 > t,. Now, for each (sp,t,) there exists (s,,t,) = (Sn,tn)
in T2 such that st(X)(sp,tn) = °X(8,,t,)-

We have °(s,,t,) € ((s,t),(s+ 1/n,t+1/n)) and |X (s,,t,) — 7| > €; that
is, X(s,,t,) —r>e¢cor X(s,,t,) —r < —¢, and so

E ([X(émin) i 7'“%(g+6t,g+6t)) > E.
Since {X(s,t)} is an internal B, - martingale and the filtration satisfies F4,
then
E(X(3n,t,)|B(ssst,e+60) = E (X((80,80)1B(sst,1,)) = X (s +6t,1,).

Thus X (s + 6t,t,,) —r > € and simirlarly X (s + 6t,t,) — r < —e. That is to
say, | X (s + ét,t,) — r| > . We conclude that

Uu—8
vt

{w : lim st(X)(u,v) does not exist}

is a subset of {w : § — lim;_1, X ((s+ 6t,t,) does not exist }, and since X (s +
8t,t.) is a one parameter B, g )-martingale, this set has measure zero.

(iii) The proofs for the other quadrantal limit are similar.
Therefore have that {X(s,t)} is SD?. &
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2.12. Theorem. Ifz : [0,1]? x Q@ — R is a larcmartingale with respect to
{Z(s,)}, then there is a B, 4)-martingale lifting for some infinitesimal At in T

Proof. Let X(1,1) be a lifting of z(1,1). Define X(s,t) = E (X(1,1)|B(5y)),
(s,t) € T?. X(s,t) is S- integrable for all (s,t) € T2 (see [2], Theorem 12),
is an internal 9B, - martingale, and by Theorem 2.11, X (s,t) is SD*. Thus,
by Theorem 2.6 there exists a positive infinitesimal At € T such that if 77 =
{kAt : k € *N, kAt < 1} U {1} then X|(7/)2xq is SD?J, which implies that X
is a At - martingale. Finally,

st(X)(s,t)= lim °X(s,t)as.= lim °E(X(1,1)|8 a.s.
(X)(e:) °(,)1(s,1) (2.8) °(,)1(s,t) (X1, 1)Beep)

Vi ltl)xlxza 4 E (z(1,1)|0 (Bsy)) as. =E (z(1,1)|F(s,e) = z(s,t) as.,

the last identity being a consequence of the reverse martingale theorem (see [3]).
Therefore X is a martingale lifting of z with respect to the internal filtration

{Bey:(st)e(™)?). ©

3. An stochastic integral

In two parameter stochastic analysis we use different classes of filtrations. We
associate to each of them corresponding nonstandard internal filtrations as
follows:
a) %gw = B(,,1) and mfw =B(1,5)
b) BY, ;) = B(s,1) V B(1,p) is the smallest *o-algebra containing the *o-
algebras B(, , and B7, . B{, , is atomic and his atoms are [w]( - =
[w](s,1) N [w1,0)-
We say that X is an internal weak martingale, if it is B, ,)- adapted and for
any rectangle R we have E(X(R)|B,;)) =0.
We say that X is an internal strong martingale, if it is B, 0 adapted and
E(X(R)|®B7, ,)) = 0 for any rectangle R.

We say that X is an internal i-martingale, i = 1,2, if it is B, ,,- adapted
and for any rectangle R, E( X(R)]B1”) =0 LetT = {O At, 2At, .
(N —1)At,1} and S = {0, As,2As, .. (M —1)As, 1} be hyperfinite dlscrete
time lines, where N, M € *N\N, At = 1/N 0,and As=1/M = 0. Let Tp =
{(0,kAt), (1As,0), 1 = 1,2,... ,M, k=1,2,... ,N}, Q = {~1,1}5*T-To and
P be the counting measure.

3.1. Definition of the Brownian sheet. The internal hyperfinite random
walk x : T? x Q2 — *R is defined by x(s,t,w) = 0 if (s,t) € Tp and x(s+As,t+
At,w) = x(s,t+At, w)+x(s+As, t, w)—x(s,t, w)+VAsV Atw(s+As, t+At);
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ie.,
X(:’la t, w) = Z V Asv Atw(il, f)
(8/,t)<(s,t)

The notation of sum over (s/,#') < (s,t) means that we sum over those (s,¢')
such that s’ < sand ' < ¢.

The increment of x is defined by

Ax(s,t,w) = x(s + As, t + At,w) — x(s + As, t,w)

In particular we can take T'= S

3.2. Theorem. If we define b(s,t,w) = °x(s,t,w) for (s,t) = (s,t), then
b(s,t,w) is a Brownian sheet. That is:
(a) For every (s,t) € [0,1]2, b(s,t,w) has normal distribution with zero
mean and variance st.
(b) b has independent increments; that is, if R and R’ are disjoint rectan-
gles in [0, 1)2, then b(R,w) and b(R',w) are independent, where

b(((s,t), (&', t)],w) = b(s',t',w) — b(s,t',w) — b(s, ¢, w) + b(s,*, w)

for a rectangle R = ((s, t), (s',t)].
(c) b is continuous as a function of (s,t) for almost all w.

The proof is similar to that of the one parameter case. See [9)].

Remark 3. From Definition 3.1 it follows easily that x is nonanticipanting. And
from Theorem 3.2, we can see that x(s,t) is an internal strong martingale.

3.3. Definition. Let X be an internal stochastic process. We say that X is
an increasing process if

(1) X is adapted and SD?.

(2) X(s,0) =0=X(0,2).

(3) For each rectangle R = ((s,1), (', )], (s,t),(s/,¢') € T?, X(R) > 0.

3.4. Definition. We say that M is an internal SL2-At-martingale if M is a
At-martingale with respect to some At € T, At ~ 0, and for all (s,t) € T?,
OE(M(§,§)2) < 00.

Throughout this paper, all martingales are supposed to vanish on the axis.

3.5. Definition. Given two hyperfinite stochastic processes X,Y : T?xQ —
*R, the stochastic integral of X with respect to Y is the stochastic process
J XdY defined by
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(/XdY) stw)= Y  X(@&,t,wAY(,t,w),

(8 t)<(s)
AX(s,t,w) = X(s+At, t+At,w)— X (s+At, t,w)— X (s, t+At, w)+ X (s, t,w)
is the two dimensional increment of a stochastic process X.

Given an internal SL2-At-martingale M we define a new stochastic process
(M), called the quadratic variation, by

M)st)= Y. E(AM*,1)Bw.)-

(¢/,t)<(s,t)

From the definition it follows easily that (M) is an internal submartingale.
Theorem 2.11 also holds for submartingales, since in the proof we only use
property F'4 and the upcrossing lemma. Then, (M) is SD?. By Theorem 2.6,
there exists an S-dense set 7" C T such that (M)|(rr)2xq is SD?J.

Let us now see that M? — (M) is a weak martingale. Let R = ((s,t), (s',1')]
be a rectangle in 72. Then

E((M? - (M))(R)|B(y) = E (M*(R)|B(a) —

([ Y - Y + Y |E@MEbBen) Bu)

(a,0)& (s’ ,t") (a,0)K(s',t) (a,0)K(s,t) (a,0)K(s,D)

=E([M*®)- Y E(AM*0b)Bes)||Beo)
(s1)<(a,b)<(s",t))

B @mug)s. . Xy FAMEP0w)

=E(M®)-[ Y AMab)|[Beg) =0,
(8:)<(a,b)K(g",t)

as follows from
> AM?(a,b) = M?(R).
(8,1)<(a,b)k(s",t')

Process (M) is also the unique increasing process such that M? — (M) is an
internal weak-At-martingale. Moreover as M2 — (M) is an internal weak mar-
tingale, we know from the representation in [17] that

1) 2
Mgy — (M)p = MGy + M),
where M) is an internal 1-martingale and M(?) is an internal 2-martingale.
Then
E((M)) = E(M?) - E(MY) - E(M®) = E(M?),
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and since M vanishes on the axis, then

EM{)) =F (BE(M$))Bo)) =F (E(M((;)le(o,ﬁ)) =E(M{),) =0.
The same holds for M(?). As a consequence we have that if M is a SL% — At-
martingale, (M) is square S-integrable.

By Theorem 2.2, st(M) is also a square integrable larcmartingale, so that
st({M)) vanishes on the axis, is ++ - continuous, and for any rectangle R C
[0,1)2 we have st({M))(R) > 0. Furthermore, M? — (M) is a At-weak martin-
gale. Then st(M? — (M)) = st(M)? — st({(M)) is a weak larcmartingale, and
finally we have st((M)) = (st(M)) a.s.

Generalizing the theory in Chapter IV of [1], we now define internal mea-
sures.

Let M be an internal SL? — At- martingale. We define an internal measure

vy on T? x Q by
vm({(s,t,w)}) = E (AM(s,1)*|B(o,p) - P({w})
It follows that vps (T2 x Q) = E((M)(1,1)). If M = x, the Anderson Brownian
motion (see [2]), then
vy (((8,1), (/1)) x A) = (5" = s)(t' —t) - P(A)
for A € B(,4). So, we have that v, = A? x P, where P is the internal measure
on 2 and A is the internal counting measure on 7'.

3.6. Definition. Let M be an internal SL? — At-martingale. We say that
a stochastic process X is in SL?(M) if it is nonanticipanting, 2-S-integrable
with respect to vy, and such that

/ X2%dvy < 0.
T2xQ

Remark 4. Suppresing w for shortness of notation, note that

I mxzduﬁz[ » xﬂ'(g,z)F(AM@,g?ws(g,g)(w)} . P(w)

we (s, (1,1)

=E( b X2(§,£)F(AM(§,E)2I93@,Q))

(s,0)<(1,1)

_T ( Z X2(§,£)A(M)(§’§)) =E(/T2 X2d(M)) 5

(8,0)<(1,1)
If M is an internal SL2-At-martingale, M is SD?J, and therefore vy, is ab-
solutely continuous with respect to P (that is to say, if L(P)(C) = 0 then
L(vp)(C x T?) = 0).



LIFTING THEOREMS FOR TWO PARAMETER MARTINGALES 63

3.7. Proposition. If M is an internal SL?-At-martingale and X € SL*(M),
then [ XdM is an internal SL*-At-martingale. If M is an SL?-At- local mar-
tingale and X € SL?*(M), then [ XdM is an internal SL*-At-local martingale.

Proof. The second assertion is a consequence of the first. Assume that M
is an internal SL?-At-martingale and X € SL?(M). Then M is an internal
At-martingale if and only if M is an internal 1-At-martingale and an internal
2-At-martingale. Now, according to the comments after Definition 4.3.2. and
Proposition 4.4.4 in [1], [ XdM is an internal 1-At-martingale and an internal
2-At-martingale. Thus, [ XdM is an internal At-martingale. Furthermore

B((fxaw) o0rc1) =B (( fxar)
4 AN F(A (/XdM)z(g,g)laB(g,Q))

(s,)k(1,1)

Il
&

Y E(X*e,)AM(s,)*|B(p)
(s:£)<(1,1)

=E| ¥} X"’(g,L)F(AM(§,£)2|93(5,Q))

(s:2)k(1,1)

=E(/ X%(M)) =/ X2%dvp < o0.
T2 T2xQ

Then, [ XdM is an internal SL2-At-martingale. ¥
It follows from Proposition 3.7 that [ XdM is SD?. Thus, st([XdM)
makes sense.

Now we define a measure which is similar to the Doléan measure (see [1]).
Given a square integrable larcmartingale N, we define a measure vy on the o-
algebra of predictable sets (the class of sets ((s, t), (s',t')] x B, where B € F(, 1))
by

vn(((ss), (sl’t,)] XxB)=E (IBE (Nz((s’ t), (slatl)]ls(s,t))) )
UN((S, 0) X B) = 0,
VN((O,t) X B) =),
Let z be a simple stochastic process. There exist real numbers a; and disjoint

rectangles R;, 1 <i < mn, R; = ((si,t:), (s},t)], ¢ # 1, Ry = {(0,0)}, such that
= [0,1]? and

ol Z a"I((Gi,te),(sQ,tg)]xA,-,
=]
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where A; € F(s, +,)- From the definition of the stochastic integral we then have

that ’
(A dia .’L'dN) ('U)) = Za,’IAi(w)N(R‘.)_

i=1

3.8. Definition. Let = be a simple stochastic process. We say that z €
L%(vy), if [22%dvy < 0.

Remark 5. Let z = Y-, ailr,x 4, be a simple stochastic process, where A; €
F(sits) and R; = ((si,t:), (s}, t;)]. Then

()

= i a?E(Ia,N(R;)?) +2 ZaiajE(IA‘. I4,N(R;)N(R;))

i=1 i<j

= Y RE(IaN(R)?)
=1

= 3 a2B (Ia BV ({50 ), (4 ) Bcoa)) = [ 2.
=1
As in the one parameter case, we see that the mapping z — [ zdN acting on
simple functions is an isometry. Since simple functions are dense in L%(vy), we
can extend the mapping ¢ — [ zdN to an isometry from L?(vx) into L?(P).
We still denote this extension by f[0,1]’ zdN. If z € L%*(vy), we can see [zdN
as a process by defining

( / sz> o, ) ( /[0 ,1]2 1[0,(,,0]sz) (w)

for all (s,t) € [0, 1]2.

Since z — [ zdN is given as an L? limit, the stochastic integral is defined
up to equivalences. The above definition extends, as in the one parameter case,
the Ito integral. We have replaced the measure A\? x P by vy, restricting at
the same time the class of integrands from adapted to predictable processes.
In the case of the Ito integral, if X is an internal, nonanticipanting and square
S-integrable stochastic process with respect to A2 x P, then, for all (s, t) € T2,
the stochastic integral f[(0,0),(s, o) Xdx is finite.

Now, given z € L?(vg(ar)), we want to show that there is Y € SL?(var)

such that
/ zd(st(M)) = st ( / YdM) :

First we give some important preliminary results.
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3.9. Proposition. Given an internal SL? — At- martingale M, let m =
st(M) be its standard part. Then.v,, is the restriction of L(vp) o St™! to the
predictable sets, where St = st x st x id : T x T x @ — [0,1] x [0,1] x Q.

Proof. Let B € §,, where z € [0,1]2. Just observe that for each z € T?, z ~
2z, 2 > z, there exists an internal set A € B, such that L(P)(AAB) = 0. The
rest of the proof follows an argument entirely similar to that in the proof of
the one parameter case. For more details, see [14]. &

4. Lifting theorems

4.1. Definition. Let M be an internal SL? — At-martingale and z : [0,1]% x
Q) — R be a predictable process in L?(vy,). A 2-lifting of x with respect to M
is an adapted process X : T? x Q@ — *R in SL%(M) such that °X({s,t,w) =
z(%s,°t,w) for L(vp)-a.a.

4.2. Theorem. Let M be an internal SL? — At-martingale and m = st(M).
If z € L?(vy,), then z has a 2-lifting X with respect to M which is in SL*(M).

Proof. By 4.3.9 in (1], z has an adapted lifting X. We now show that we can
choose X € SL?(M). For each n € N, let z,, be the truncation of z, that is

z, lz| < n,
Ty = n, x>n,

-n, < —n.

If X, is the corresponding truncation of X, we see that X, is an adapted lifting
of z,,. From Remark 5 and Proposition 3.9, we have that

°/X;‘:dVM = /"XZdL(uM) = /mﬁdum.

Then, since [ 2dvy, — [ z2dv,, we can find n € *N\Nsuch that ° [ X2dvy =
[ 2?dv,,. Finally, by Proposition A3.9 in the Appendix of [14], we have that
X, € SL?(vp). Thus, X,, is a 2-lifting of  with the required property.

4.3. Proposition. Let M be an internal SL?-At-martingale and m = st(M).
Let z € L*(vy). If X and Y are 2-liftings of x, then there is a set Q' of
Loeb measure one such that for all w € ' and all (s,t) € (T)? (T' = {kAt :
kAt € T} U {1}),

0 (/XdM) (s,t,w) =° (/Y4M> (s,t,w).
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Proof. By Doob’s inequality and Remark 1

# (5 ([ ) - ([ vov) o))
<4E ( ( (X - Y)dM) 2) =4E ( / (X - Y)2d(M)>
(T)2

=4 / (X =Y)%dvy =~ 0,
(T")2xQ

where we have taken into account that X — Y € SL?(vys) and is infinitesimal
a.e. Thus, the assertion follows. &

From Proposition 4.3 we see that the standard part of the integral does not
depend on the lifting.

4.4. Theorem. Let M be an internal SL? — At- martingale and assume
z € L?(vy,), where m = st(M). Then z has a 2-lifting X € SL*(M) and

/ zdin = / zd(st(M)) = st ( / XdM) :

Proof. Suppose first that z = Y- ail(z, »/)x B, is a simple stochastic process,
where B; € § ., for each i and 2;, 2] € [0,1]2. We can choose 2;, 2} € T?, z; ~ 2
and z; ~ z; such that °M(z;) = st(M)(z;) as., °M(2}) = st(M)(2}) as.
and such that there are 4; € B, with L(P)(4;AB;) =0, = 1,2,... ,n.
Define an internal stochastic process by

n
X ZaiI(z..-ali]XA"

i=1

From Theorem 4.2, we see that X is a 2-lifting of z and that we have
n n
st ([ XaM) =S ala Mz ) = Y aila Mz 2]
i=1 i=1

n
= ailpst(M)(z,2)] = / zd(st(M)).
i=1
This prove the assertion when z is simple. For the general case, the proof is
similar to that of the one parameter case (see [14], Theorem 2.4.13). M

Remark 6. From the definition of the integral we have for a simple internal
stochastic process z = 371, a:l((s, 1,).(s}.£)]x 4; that

=i

(/XdM) (s,t) = gaiImM((ﬁvh)’(ﬁ:’ﬁ)] nR(g&))'
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4.5. Definition. Given m : Q x [0,1]2> — R, a strong larcmartingale with
respect to the filtration (3).e(o,1)2, we say that M is an internal strong SL*-
At-martingale lifting of m if M is an internal strong SL? — At-martingale with
respect to B, ) and st(M)(s,t) = m(%s,°t) a.s.

Suppose T' = S. It follows directly from the definition of x that whenever
(g,t) < (s,t), we have

E(x(s,t) — x(&,¥)IB(o 1)) = E(x(s,8) — x(¢',¢)) =0.

Thus, x is a martingale.

On the other hand, if (¢',') < (s,¢), x((¢/,¢'),(s,8)]) is independent of
*%(g,y) = %(21,1) \Y %(1,9, so that E(X((g’,f), (_S_, E)])I‘%(_s_’,y)) = (0. Thus X is
a strong martingale. Furthermore

Y Xst,w)-P({w}) = ) (At)(A) - P({w}) = (At)* - P(4) ~ 0

w€EA weEA

whenever P(A) & 0, and thus x is an internal SL2-At strong martingale.

If M is an internal SL? — At-martingale (respectively, a strong martingale)
then, by Proposition 3.7, [ XdM also is an internal SL2-At- martingale (re-
spectively, a strong martingale).

We are now able to establish the first lifting theorem for strong martingales.

4.6. Theorem. Given a strong square integrable larcmartingale m, there exist
an internal strong SL? — At-martingale M such that st(M)(s,t) = m(°s,°t).

Proof. From the Wong and Zakai representation Theorem in [12], we have that
for a square integrable strong martingale m there exists a stochastic process x
in L%(vp), b being the Brownian motion, such that

m(s,t) = / zdb a.s.
Ra,t)

where I, 4 is the rectangle ((0,0), (s,¢)]. Now, the standard part of the hy-
perfinite random walk x is a standard Brownian motion b and x is an inter-
nal SL2-strong martingale. Therefore for such z there is an internal 2-lifting

X € SL*(x) such that
/:z:db:"/de,

and then we have that the process M = [ Xdy is a strong SL2%-At-martingale
and is an internal lifting of m = [zdb. &
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4.7. Definition. Given an i- larcmartingale m : Q x [0,1]2 — R with re-
spect to the filtration (3.).ep,12, ¢ = 1,2, we say that M is an internal i-At-
martingale lifting of m if M is an internal i-SL? — A¢-martingale with respect
to By, for i = 1,2, and st(M)(s,t) = m(°s,°t) as.

4.8. Theorem. Let z : Q x [0,1]2 — R be an 1-larcmartingale with respect
to §(s,r)- Then, it has a 1-At-martingale lifting X with respect By ).

Proof. The filtration {§(s) : (s,t) € [0,1]?} satisfies F4. So, we have
27(8, t) = E(x(]-’t)ls(a,t)) o E(I(l, t)ls(s,l))'

Now, from Theorem 2.2.2 in [14], there exists an SD?J lifting Y of = that is
S-integrable for some p > 1. Define X (s,t) = E(Y(1,£)|B(s,1))- Then X is an
internal 1-martingale.

Let s, € T be a sequence such that 0 < °s, —s < 1/n and °s,,; < °s,.
For t € T we have

lim °X(s0,8) = Jm Ea(l,Dlo(Be, o))

h = B(L,°DB ) = @1, °0[30m)
= B(e(1,)l8(0n)) = 2(s,) = 5(X)(s,1),

for all t ~ t. The second equality being a consequence of the reverse martingale
theorem (see [3]).

By definition, X is S- integrable. We must show that X is SD?J for some
At ~ 0, At € T. Clearly X is an internal 1-martingale. Thus, for fixed
t € T, X(s,t) is a one parameter internal martingale with respect to s, and so
is SD with respect to s and therefore limo,, °X (s,t) exists and is equal to
st(X)(s,t). Let t = m/n, 1 < m < n. From the definition of T', we can find
p, €T, p, ~1/n, 1/n<p, <2/n, and m/n mmp_, 1 <m < n. We can
extend the sequence {gﬂ} to a sequence in *N such that for some v, € *N\ N
andallusva,wehaveue*N\Nand_p_uzO, eyeT. To each n we
associate the set {0,p ,2p ,...,(n—1)p_}. For each m there exist ez, € T
and n, € N such that 1/(n +n,) < %}, < 1/n and

°X (s +e,mp,) — z(°s,m/n)| < 1/n,

foralle € T, 0 < % < %7,. Let &, = min{e§,e},... ,en}. We have

P({w: sup [|°X(s+e,mp, ) —z(°s,m/n)| > 1/n}> < 1/n,

0<%e<’%n
eeT

for all m = 1,2,...,n. By the permanence principle (given any internal set of
objects {R,, : 7 € *N}, and an internal set S such that R, € S for every n € N,
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there is an 1o € *N ~ N such that R, € S for every n < 7o), for each n € N
there is an infinitesimal §,, € T’ such that

F({w : sup |X(s+e,mp )—Y(s,mp )| > 1/n}> < 1/n.
dn<e<en = i

We can extend the sequence §,, to *N, and so we find v; € *N ~\ N such that
vy < V,. Let § = max,<,, 8, ~0. Then § € T and

F({w : sup |X(s+e,mp, ) Y(s,mp )| > 0}) ~ 0,
§<e<ey, i
€T

so that

P<{w: sup [°X(s+e, mp) Y(s m/_)u1)|>0})=0

§<e<ey,
eeT

forall m=1,2,...,v1. Let T ={0,p, ,2p, ,-x1p, ;- ., }U{1} and s = k/n,
1 < k < n. Then, there exists 7, ~ l/n, 17,. € T’ and nn > 1/n, such that
°X(k17,,,m£yl) zz(k/n,"(m&’l)) as. forallm=1,2,.

For all n, 1/n <, < 2/n, and

?({w ax X (kne, mp,,) =Y (b, mp, ¥k 1/n}) <1/n.

The set of n’s such that 1/n <7, < 2/n and
P({w : max X (ka, mp,,) —~ Y (knn,mp, )| > 1/n}) <1/n

contains N. Thus by the permanence principle, we find 3 € *N \ N such that
ng~0, ng >0,n €T and

'F({w ; lxél,g-%cﬁlX(knﬂ,mg,,l) — Y (kng,mp, )| > l/ﬁ}) < 1/B,

for allm =1,2,...,11. Let ng =ap, . Then mp,, = Z7g. Let b= 7', so that

Ny = {w: max [X(kng,bng) - — Y (kng, mg)| > 0},

is a P- null set . Now take XI(T”)’sz where T” = {knﬂ 1 kng < 1} u {1}.
Then, since Y is SD2J, also X |(rm2xq is SD*J. ]
An analogous result holds for 2- martingales (2-local martingales).
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4.9. Definition. Given a weak larcmartingale m : Q x [0,1]> — R with
respect to the filtration (F.).e[0,1)2, We say that M is an internal weak At-
martingale lifting of m, if M is an internal weak SL? — At-martingale with
respect to B,y and st(M)(s,t) = m(°s,°t) a.s.

4.10. Theorem. Let z : 2 x [0,1]2 — R be a weak larcmartingale with
respect to (st Then z has a weak At-martingale lifting X with respect

B(st)-

Proof. We know that a weak martingale z can be represented as z = m; +ma,
where m; is a 1-martingale and m; is a 2-martingale (see[17]). So, by Theorem
2.4.15 there exist an internal 1-At-martingale lifting M; of m; and an internal
2-At-martingale lifting My of my . Then, M; + M; is an internal weak At-
martingale lifting of z.
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