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Global well-posedness for two
dimensional semilinear wave equations
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ABSTRACT. We consider the initial value problem (IVP) for certain semilinear
wave equations in two dimensions. It is shown that global well-posedness holds
in spaces of lower regularity than that suggested by the energy space iII x L;.
The technique to be used is adapted from a general scheme originally intro-
duced by J. Bourgain to establish global well posedness of the cubic nonlinear
Schriidinger equation.
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1. Introduction

We consider the initial value problem (IVP) for the semi linear wave equation

{

~2 A I Ik-1Vt U - UxU = - U U,

U(O, x) = j(x),
·Ut(O, x) = g(x),

(1.1 )

where k > 3.
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Our purpose in this paper is to establish the global well-posedness of this IVP
in spaces of lower regularity than that dictated by the respective conservation
law

(1.2)

and that, in addition with the existent local theory, guarantee global well-
posedness of this IVP in the energy space.

The notion of local well-posedness for IVP (1.1) in a function space X in-
cludes local existence, uniqueness, continuous dependence upon the data, and
persistence; i.e., that for Uo EX, the corresponding solution describes a con-
tinuous curve in X. The global well-posedness requires, in addition, that the
notion above holds for every time interval. In this regard we have the following
local well-posedness result.

Theorem 1.1. Let s E (s(k), 1] with s(k) given by

{

3k-7

s(k)= 4(k-1)'
k-3
k - i '

if 3 ~ k ~ 5,
(1.3)

if k ~ 5.

Then IVP (1.1) is locally well-posed in HS(JE.2) x HS
-
i(JE.2). Furthermore, the

time T of existence of the solution depends on the size of the initial data; i.e.,
T = T(llfIIH'(1R2), IlgIIH'-1(1R2))',

The proof of this theorem is carried out in [8], where three distinguished
cases are considered: the conformal case k = 5 and the superconformal and
subconformal cases k > 5 and k < 5, respectively. It is worth mentioning that
this result is sharp in the sense that for initial data with lower regularity than
that in (1.3), IVP (1.1) is ill posed (see [7], [8]). Notice that in the conformal
and superconformal cases, the required regularity for the initial data to obtain
local well posedness is the one suggested by the scaling argument: if u(x, t)
solves IVP (1.1) then A~u(Ax, At) also solves the equation in (1.1), and there
is invariance of the HS x n»> norm of the initial data exactly for s = ~=~.

It follows from this theorem and from the conservation law in (1.2) that IVP
(1.1) is globally well-posed in Hi nL~+l x L2.

Our main result can now be stated:

Theorem 1.2. Let s E (s(k), 1] with s(k) given by

{

k - 2

s(k)= k-1'
k-1
"t::

if 3 ~ k ~ 5,
(1.4)

if k > 5.
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Then, for any (uo,ud E j[8(JR2) nL~+l x HS
-
1(JR2) IVP (1.1) has a unique

global solution u(t). For a given time interval [0, T], u can be expressed as

u(t) = atW(t)uo + W(t)U1 + let), (1.5)

with I more regular than the initial data, more precisely, let) E H1 (JR2) and
satisfies the polynomial growth condition

sup III(t)IIJil ::; c T(k-d.~h·~+,
tE[O,T]

(1.6)

and Wet) is defined below.

We restrict our attention to two dimensions, but the same problem can be
studied in other dimensions as well. In fact, Kenig, Ponce and Vega [5] obtain
similar results for the three dimensional case, but a much more restrictive range
for the nonlinearity has to be imposed, namely, 2 ::; k < 5. This is a required
condition in the local theory for such IVP's in three dimensions.

Our proof follows ideas recently introduced by Bourgain [1], where he ob-
tained that the IVP associated with the two dimensional cubic Schr6dinger is
globally well-posed in Sobolev spaces of indexes in between those where the
conservation laws hold. He also applied it for the PBVP for the Klein-Gordon
equation (see [2]). This method has been extensively applied to many other
equations as well] see [3], [4], [5]).

The sketch of the proof is the following: we split the initial data following
the ideas in [1], that is, uo(x) = UO,l + UO,2and U1(x) = U1,1 + U1,2, where
(UO,1,U1,1) E H1nL~+1 x L~ and (UO,2,U1,2) E HsnL~+l x Hs-1. Then we
consider IVP (1.1) with data (UO,l' U1,1), for which the global theory allows to
obtain a solution, vet), defined in an interval [0, ~T] with ~T an appropriate
time. Next, we consider an IVP with variable coefficients for z(t) = u(t) - vet)
whose solution, z(t), is also defined in [0, ~T] and can additionally be expressed,
via Duhamel's principle, as z(t) = yet) + I(t), with let) more regular than
the initial data, more precisely, (\71, atI,!) E L~ x L; x L~+l. Then the
argument is re-applied in the interval [~T, 2~T] having initial data (v(~T) +
I(~T), atv(~T) + atv(~T)) and (y(~T), aty(~T)) for their respective IVP's.
The process is continued until reaching any given time T » 1. Since at each
step the Sobolev norms involved grow, we have to obtain some estimates to
keep the process uniform.

Notations.

• D denotes the homogeneous derivative J-~x.
• Wet) denotes the operator W(t)g = Sin~t) g, which solves the linear

wave equation with initial data (O,g).

• II ·11 denotes the L~ norm.
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• The mixed space-time norm is denoted by

(
fT(f'XJ )q/P )l/q

Ilfllq.L~ = J
o

J -00 If(x, t)IP dx dt .

In case that T = 00, we will use II·IIL~L~·
• The letter c denotes a constant that may change from line to line.

2. Proof of Theorem 1.2
Before we proceed with the proof of our main result, we state some Strichartz
estimates for solutions of the linear wave IVP in two dimensions given by

{
a;u - D.xu = 0,

u(O, x) = uo(x),

t E IR, x E JR2
,

Ut(O, x) = Ul (x).
(2.1)

Theorem 2.1. Let (}E [0,3/4), "y E JR. Then, for any pair offunctions (I, g) E
H'(JR2) x H,-1(1R2), the solution ofIVP (2.1) satisfies

(2.2)

The proof of this estimate and of its versions in higher dimensions can be found
in [9].

Let us start with the proof of our Theorem 1.2. We split the initial data
("ao, Ul) E H8 nL~+l x H8-1 following the scheme in [1], that is,

and

where N is a large number to be chosen later.

From this splitting it follows that

for p 2 s, (2.5)

and
for 0 ~ p ~ s. (2.6)
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As we already pointed out, for initial data UO,I,UI,I, IVP (1.1) has a unique
global solution in fII nL~+I x L2. Moreover, this solution is expressed via
Duhamel's principle in the integral form

vet) = o,W(t)UO,1 + W(t)Ul,l - lot Wet - t')(lvlk-lv)(t') dt', (2.7)

and it satisfies the conservation law (1.2), which in terms of the size of the
initial data yields the estimate

(2.8)

Next, we consider the IVP with variable coefficients given by

{

8;z - ~xz = -Iz + ~lk-I(Z + v) + Ivlk-Iv,

z(O, x) = UO,2(X) E HS
,

Zt(O,x) = VI,2(X) E tr»,

with the initial data satisfying

IIDPuO,211, IIDp-IUI,211 :::;cNP-s

(2.9)

for 0:::; p :::;s,

and its integral version

z(t) = 8tW(t)UO,1 + W(t)UI,1 - lot Wet - t')F(t') dt', (2.10)

where
F = -Iz + vlk-l(z + v) + Ivlk-1v. (2.11)

We will obtain the following estimates for the size of the solution of IVP (2.9)
in terms of the size of the initial data. The local well posedness of IVP (2.9)
easily follows from these estimates and the contraction principle applied to the
integral equation (2.10). For the sake of simplicity, the details are omitted.

First, we consider the conformal and sub conformal cases 3 :::;k :::;5. Let us
define

m4)' = IIDl' zIILA'TL; + IIzIlL~;L~/(3-4~),

. h 3k-6 < <WIt 4k-3 _ "Y _ s.
From Strichartz estimate (2.2) and (2.5) we obtain

IIzIIL3h L6/(3-4'Y) :::; c(IIDl'uo,211 + IIDl'-lUl,211) + c rtlT

IIDl'-l (F(t'))11 dt'
~T • Jo

:::; cNl'-S + C lot IIDl'-1 F(t')11 dt' (2.13)

s cNl'-S + cIIFIIL~TL;/(2-'Y).

(2.12)
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In order to estimate the last term in (2.13), we observe that from (2.11) it is
enough to estimate the terms F1 = Izlk and Fk = Izllvlk-1.

For F1 we have

IlFrllLI L2/(2--.,):S Ilz/l~k L2k/(2--.,)
l:!..T z 6.T z

6-3k--.,(3-4k) 3k-6+-.,(3-3k)
:S ellDl'zllLk L; IlzllLk L~/(3-4-")

6.T z 6.T z

6-3.--.,(3-4.) 3k-6+-.,(3-3k)
:S e~T3-k+I'(k-l) IIDI' zllL'X>Li IlzIIL3hL;/(3-4-.,)

aT Z t:i.T a:

(2.14)

and similarly for Fk,

IlFk IILI L 2/(2--.,) :S IlzVk-11l£l L2/(2--.,)
t::J.T Z L:t.T :I:

:S e~TllzllL'X> L2/(I--.,) Ilvllk:,l 2(k-l)
£>T z t.£>TLz

k-3 k+l
:S e~TIIDI' zIIL~TL; IIDvIIL~TL; IlvIIL~TL~k+I)
:S e~TN(k-3h(I-') N1-Sl!lzllll' :S e~TN(k-I~I-') Illzlh.

(2.15)

We remark that in order to incorporate the appropriate time space in (2.14),
the above given restriction on k is needed.

The estimate for IIDl'zllL'''' L2 is exactly the same as in (2.13). Hence, it£>T z

follows from (2.13), (2.14) and (2.15) and from the choice of ~T that for any
( 3k-6 )'Y E 4k-3' S ,

(2.16)

It is also important to estimate the L; norm of the solution ofIVP (2.9). Thus,
from (2.6) and Sovolev's inequality,

IlzIIL~TL; :S IluD,211+ Ilul,211+ /ID-1 FIIL~TL; :S eN-s + eIIFIIL~TL~' (2.17)

To estimate F1 we apply (2.16) and a Gagliardo-Nirenberg type inequality, to
obtain that

IIFIIILI £1 :S ~TllzkllLoo £I :S e~TllzI11°o £kt:i.T z t:i.T Z t:i.T z

I k-2 ~ k
:S e~T(llz/lioo p/IDk=T zlIL~ L2)

t:i.T z t:i.T z

:S e~TllzllLoo L211DI' zIILk:} L2
.t::J.T Z AT :z::

:S e~TllzIIL6TL; Illzlll~-l
:S eN- (k-I)2(1-') N(k-l)(l'-s) IlzIIL~TL;

(k-3) (k-1)
:S eN 2 - 2 s /IzIIL~TL;,

(2.18)
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where 'Y = ~=i· Since N is large and the exponent is negative, this part can
be absorbed into the left hand side of (2.17).

In a similar manner, we have for Fk

IlFkIIL~TL~ ::; Ilzvk-lIIL~TL~ ::; t1T IlzIIL~TL~llvll~:,lL2(k-l)
t:>.T Z

k-3 !:.±..!.
::; et1T IIzilLoo L~ IIDvIIL~ L211v11L~ Lk+1

t:>.T t:>.T Z t:>.T Z (2.19)
::;esr N(k-SS(l-S) Nl-sllzIIL~TL~

(k-l)(l-s)< et1T N 2 IlzIIL~TL~'

and therefore, from the choice of t1T, this term can also be absorbed into the
left hand side of (2.17). Summing up, we have the estimate

IlzIIL~TL~ ::; eN-so (2.20)

Now it comes the nontrivial part of showing that the integral part I(t) =
J~W(t - t')F(t') dt' in (2.10) is more regular than the initial data. More
precisely, OtI(t) and \1I(t) live in L;, whereas the initial data are merely in
tt- x iIs

-
1 with s < 1. Furthermore, the estimates in (2.16) and (2.20) will

allow to measure the size of this piece of the solution of the IVP (2.9). In fact,
Minkowski's inequality yields

-
II(Ot!, \1I)(t)ll£2 < IIFIIL' £2.

~ - 6T :t
(2.21)

For F1 we have
k k 5-k kIIFIIIL' L2::; liz IlL' £2::; IlzlI1> £2k::; t1T 4 IlzIIL4k/(k-1)L2k

a,T :r: AT :r: l:1.T Z aT:t

5-k k 5-3k k
::; t1T-4 IlzIIL'3hL6/(3-4~) ::; t1T-4-lllzlll"

t:>.T Z

where we have chosen 'Y = 3~k3.
Then, the choice of t1T and (2.16) give

(2.22)

(5-k)(k-l)(1-s) kek-3 )
IIFIIIL~TL~ ::; eN B N' 4"k-

S

(k-l)(k+l) _ "-(k2+2k+5) k-l _ (k+l) S
::;eN B B ::;eN2 2.

The last inequality holds since s > tf.
For Fk we use the Sobolev and a Gagliardo-Nirenberg type inequalities, and

the estimates in (2.8), (2.16) and (2.20).

IlFkllLI £2::; IlzVk-111LI £2::; t1TllzllLoo L2/(1-2<) Ilvllk-
1

(k-I)/<
Li.T :r: t:J.T Z AT :r: L~TL:r:

< et1TIID2e zIIL~TL; IIDvll~:l~~k+l)ellvIIL(k~lL)ek+1
t:>.T Z t:>.T Z (2.24)

< eN- (k-I~'-s) N2e-s N(k-l-(k+l)E)(l-s) N2(1-s)e

(2.23)

< eN (k~1) - (kil) s+e(2-(k-l)(1-s)),
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where e is a small positive number to be chosen.

In order to apply the scheme roughly described in the introduction, we shall
also need an estimate on the growth of the L~+l norm of the integral part let)
at time t:::..T. We apply Sovolev's inequality to obtain

rf),T sin D(t:::..T - t')
1I1(t:::..T)IIL~+1 ~ J

o
II D FIIL:+1 dt'

< e rf),T IIDh+ sin D(t:::..T - t') FIIL2dt'
Jo D'

< e If),T liD-itt FIIL~dt' ~ eliD-itt FIIL1.TL~'

(2.25)

and for F1, Sovolev's inequality and the estimates in (2.16) with 'Y = i(:~~l
yield

liD-itt F11IL' £2 ~ liD-itt IzlkllLl £2 ~ t:::..TllzllL
k

00 L2k(k+l)/(k+3)
aT z 4T Z aT Z

< et:::..TIID'Y zlli~TL~ ~ et:::..T~lzW~

< eN- k;' (l-s) Nh-s)k (2.26)

k-l( ) (k2_3 )k< eN--2- l-s N k(k+l)-s

k2-5 ll.! k-l (k+1)< eN 2("li+1J - 2 S ~ eN -2- - 2 S.

The estimates in (2.8) and (2.16) yield for Fk that

liD-itt FkllL' L2 < liD-itt (lzllvlk-1)IIL' L2
t:J..T :r - .o.T z

< ellzvk-11lL' L 2(k+')/(k+3)
AT •

< et:::..TllzIIL~TL~ IIvk-lIlL~TL:+I

< et:::..TllzllLoo £2l1vllk-
1 k2 ,AT. L~TL.-

< et:::..TllzIIL~TL~ IIDvlll~:L~ IIvIlL~TL:+l

< eN- k;' (1-s) N-S N{1-s)(k-2) Nitt{1-s)

(2.27)

Estimates (2.21)-(2.27) certainly prove our claim that the integral part in (2.10)
is more regular than the initial data, and furthermore, that in the interval
[0, t:::..T] it grows like

II(Otl, V'I)(t:::..T)1I + III(t:::..T)II~, ~ eN(k;1) -~S+E(2-(k-l)(1-S». (2.28)
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For higher powers of k we slightly modify the m· II norm in (2.12) and consider

14y = liD" zllLoo L2 + IID"-o zIlL3/sL6/(3-4S)
~T z ~T Z I

(2.29)

where, > Z=i and ()= 3 - 3, + 3y6.

Once again, Strichartz's estimate yields

We proceed as in (2.13)-(2.15) to obtain that
(2.30)

(2.31)

and

IlFkllLl L2/(2-~) s IlzVk-11lLl L2/(2-~)
~T Z l:J.T Z

< cilTllzllLoo L2/(1-~) IIvilLoo L2(k-l)
l:J.T Z l:J.T z

k-3 k+l

< cilTIlD" zllLoo L2I1DvIlL~ L211vll-2
(k+l)

l:J.T Z l:J.T z LATLz

< -sr N- (k-l~l-.) Illz!I".

(2.32)

From (2.30)-(2.32), we get

IID"-O zllL3h L6/(3-4~) ~
AT Z

cN"-S + cilT3-3kS mzm~ + cilTN-(k-ll,P-') IIlzlll", (2.33)

and therefore, from the choice of ilT it follows that

(2.34)

fortE (Z=i,s).
The estimates for the L'fTL; norms found in (2.17)-(2.20) for the subcon-

formal and conformal cases are the same for the superconformal case, and
therefore

(2.35)
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The same also holds in the analysis of the smoothing property of the integral
part I(t) of the solution of the IVP (2.9), for all the estimates except those in
(2.22) and (2.23), that require low values of k. For values of k > 5, we can give
the following estimate, that demands additional regularity of the initial data
in the statement of Theorem 1.2 in the superconformal case:

IfFlIIL1.TL; < IlzkIIL1.TL; ::; ~TllzI12~TL;k

::; c~TIID~ zI12~TL; ::; c~Tlllzlll~
k-l (1 ) (k-l)k k-l (k+l)::; cN--2- -s N -;;--s ::; CN-2---2-s,

(2.36)

where s > "Y = k-,;l.
With these estimates at hand, we obtain the same growth condition as in

(2.28):

II(ih!, \7 I)(~T)II + III(~T)II~r~, ::; CN(k;') - (kt') s+£(2-(k-l)(1-s». (2.37)

The closing argument that allows to yield the solution in the interval [0, T] for
any T » 1, is based in an iterative process along with the growth condition
(2.37) .

In the interval [0, ~T], we have that the solution of IVP (1.1) is given by

u(t) = v(t) + z(t)
= v(t) + I(t) + OtW(t)UO,2 + W(t)Ul,2,

(2.38)

where I(t) = - J; W(t - t')(F)(t')dt', with F as in (2.11).

Next, we solve the IVP (1.1) in the interval [~T, 2~T] with initial data
(v(~T) + I(~T), Otv(~T) + OtI(~T)) E iIInL~+l x L;, which makes sense
because the smoothing effect that takes place in the integral part I(t). With
this solution at hand, we consider IVP (2.9) with initial data

(2.39)

This iterative procedure is continued until any given time T » 1 is reached.
In order to accomplish this goal we have to be sure that the process can be
carried out uniformly, that is , that the growth condition in (2.8) should hold
at all the steps up to reaching time T. It is here where estimate (2.37) turns
out to be essential.

To reach time T, the number of iterations is

T
~T'

(2.40)
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For the problem with initial data in the energy space there is some growth of
~

the initial data in the 11(8t·, \7·)11 + 11·11 ~+l-norm during each iteration, comingL,
from the integral part I(t) and measured in (2.28). Since we want to keep (2.9)
uniform, the following estimate should hold:

~N(k;l) - (kt') s+e(2-(k-l)(1-s)) < cNl-s.
~T - ,

and plugging into (2.39) the size of ~T, we have to check that

TNk;1(1-s)N(k;1)_(kt')s+e(2-(k-l)(1-s)) :s cNl-s.

(2.41)

(2.42)

Inequality (2.42) holds provided s > ~=i,e is sufficiently small and N = N(T)

is sufficiently large. We remark however, that (2.36) imposes an additional
restriction on s for the superconformal case, namely, s > k-,;l. This completes
the proof of Theorem 1.2. ~
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