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ABsTRACT. In this article we consider the Sobolev orthogonal polynomials as-
sociated to the Jacobi’s measure on [—1, 1]. It is proven that for the class of
monic Jacobi-Sobolev orthogonal polynomials, the smallest closed interval that
contains its real zeros is [—v/1+ 2C, V1 + 2C] with C a constant explicitly
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Jacobi-Sobolev orthogonal polynomials and the sequence of monic Jacobi or-
thogonal polynomials under certain restrictions.
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1. Introduction

Let P be the linear space of all the polynomials with real coefficients. Given
A > 0 let us define a inner product on P as

1

(D, a)s = / p(2)q(z)du(z) + A / PO @), paek ()

1 =
77
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By the Gram-Schmidt’s method there is an unique sequence of monic or-
thogonal polynomials associated with that product such that there is a repre-
sentative for each degree. We will denote the corresponding monic orthogonal
polynomial of degree n by Qﬁf"ﬁ). The sequence {Qsla’ﬁ )}n is called the monic
Jacobi-Sobolev orthogonal polynomials relative to the inner product (1).

Sobolev orthogonal polynomials have been a subject of increasing interest,
but only recently an important advance in the study of its asymptotic proper-
ties for a sufficiently general class has taken place. In this connection, we refer
to [5] and [6], in which the asymptotic properties of Sobolev polynomials are
studied in the continuous case. Particularly, in [5] there is an extensive study of
the properties of Gegenbauer-Sobolev polynomials and in [6] the asymptotic be-
havior of Gegenbauer-Sobolev polynomials and the asymptotic behavior of the
zeros and norms of these polynomials is studied. Another important reference
is [8], where it is proved that multiplication operator is bounded under certain
assumptions and a characterization for the boundedness of the multiplication
operator in terms of admissible measures is obtained.

2. Preliminary results

As usual, throughout the paper, N;R and C denote respectively the natural,
real and complex numbers. We denote by supp(u) the support of the measure
. P, denotes the set of polynomials with real coefficients and degree less than
or equal to n.
Definition 2.1. The operator multiplication by x, M, is defined on the space
P as

M, (p) = zp, for all p € P.
Definition 2.2. We will say that a family {P,}»>0 is a sequence of standard
orthogonal polynomials if the multiplication operator M, is symmetric with
respect to the inner product (-, -) to which that sequence is associated, i.e.,
M, is the self-adjoint operator,

(Mz(p), q) = (p , Mz(q)),
for any p,q € P.

Definition 2.3. The Jacobi polynomials {Pn(a’ﬂ )},,20, are defined as the or-
thogonal polynomials with respect to the Jacobi inner product

1
9w = / - p(e)a(e)u (@), @)

where w(®f)(z)=(1-z2)*(1+z)?, o8> -1

The monic Jacobi polynomials, {13,(1"’[’ )}nzo, are those polynomials whose lead-
ing coefficient is 1 and they are orthogonal with respect to the Jacobi inner
product (-, - ),.



ORTHOGONAL POLYNOMIALS OF JACOBI-SOBOLEV 79

Let us denote by
1
my = / zkw("'m(x)d:c,
-1

the moments of the measure du(z) = w(*P)dz.

Definition 2.4. For each a > 0 and n € N, the Pochhammer symbol (a), is
defined as

(@)n=ala+1)---(a+(n-1))
and by convention (a)o = 1.

Let us mention first some properties of the Jacobi orthogonal polynomials
that will be needed in what follows.

Theorem 2.1. The Jacobi orthogonal polynomials have the following explicit
expression:

Pled) (z) = 'Z< )(n+ﬁ+a+1)k(a+k+1)n_k(mgl)k,

2"Fn+a+pB+1) (n+a
PlB) (1) = (3)
() '2n+a+p3+1) n )’
2"ni(n+a+pB+1) n+p
(C!,ﬂ) e = (— n
e ) '2n+a+p3+1) n )
Furthermore, g
e = B

_ gatptisan Lot at DT+ B+ Yln+atf+1) ()
F2n+a+pB+2)'2n+a+3+1)

The sequence of monic Jacobi orthogonal polynomials is associated to a stan-
dard inner product and then

(P, PP, 2(8 - a) (5)
B2 @n+a+B)n+a+B+2)

The quotient of the norms of two Jacobi consecutive orthogonal polynomials
satisfies

kﬁ:"‘” i ”f’r(la'ﬂ) 12 _ dn(n+a)(n+ B)(n+a+B)
KO T pled)2 T 2n+a+B+1)(2n+a+p)22n+a+f-1)

(6)

Finally,

nll.néo k(" B -1 (7)

Proof. For the proof of these results, we refer the reader to [9], Chap 4. ]
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Theorem 2.2. The sequence {P,sa’ﬁ )}nZO of monic Jacobi orthogonal poly-
nomials satisfies the following three term recurrence relations for n > 1:

E5P @) = (2 - MoP) PEA) — AP ED (), (®)

where,
[2 — a2
Cn+a+p)(2n+a+pG+2)
(@) _ 4n(n + a)(n+ B)(n+ a+ B)
= GntatBrD2nta+pf2@rntatB-1)

)‘(a,ﬁ)

Proof. The relation (8) is an immediate consequence of the fact that the se-
quence of monic Jacobi orthogonal polynomials is a sequence of standard or-
thogonal polynomials with respect to the Jacobi inner product (2). o

The Jacobi orthogonal polynomials corresponding to different parameters
(a, B) are related by the differentiation process.

Proposition 2.1. For1 <n<n

” (n+B+a+1)y (atn,
Dn(fﬁ,ﬂnx)>=: . 1 pletnbtn) gy, 9)
where D" (-) denotes the n-th derivative with respect to the variable x.
For 1 < n < n, the monic Jacobi orthogonal polynomials }3,(,"’[1 ) satisfies
!
n ( pla.B) _ ™ platnptn)
D" (BP(@)) = P ™ ). (10)

Proof. (9) is immediate by induction on 7 if we use the explicit representation
of P{*A)(z).

(10) follows from (9) and the relation

'2n+a+p+1)
2T (n+a+pB+1) "

p(a A(z) = pr(layﬂ)(x)_ ™

The following recurrence formulas allow us to relate different families of monic
Jacobi orthogonal polynomials.

Proposition 2.2. Forn >2 and 1<n<n,
P(a B)(z) a+n ﬂ+n)(x)

+3° 60 (n, 0, B) PR ) — 60 (n, 0, HPEIH ), (D

k=1
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where the coefficients 5,(:)(11,, a, ), i =1,2 are given by

2n(a — f)
2n+a+pB+2k—-2)(2n+a+B+2k)’

6,(c1)(n, a,B) =

6P (n,a,p) =
mn-1)n+a+k-1)(n+8+k-1)
Cn+a+B+2k—1)2n+a+B+2k—-2°2n+a+f+2k—-3)
Additionally,

' 0, ifi=1
lim 6 (n,a,B) = (12)
i hiif 4i=2
for k=1,2,...,n.

Proof. By induction on the order of differentiation. For n = 1, we know, by
Theorem 2.2, that

P3Dle) = (2~ Xo2) BEA ) - BLD(a).

Differentiating both sides of the equation and applying (10) we have

PO(z) = PEP40() + 60 (n, 0 )BT (@)

_~6§2)(n a’ ,3) (0+1,,B+1)( )’
with
2n(a — 8)
2n+a+pB)2n+a+p+2)’
4n(n = 1)(n + a)(n + )

2n+a+B+1)(2n+a+B)2(2n+a+8-1)"

6§1)(n, a,f) =

6§2)(n a,f3) =

Let us suppose now that the proposition is true for 0 < k < 7. By the recurrence
relation,

BB (2) = (& = Antn) P (2) = Ynin PG (2). (13)

Differentiating (7 + 1) times both sides of (13) and applying the induction
hypothesis we obtain the result. o

In what follows, we will need the asymptotic behavior of the monic Jacobi
orthogonal polynomials so, let us state it next (for the proofs see [3] or [9]).

Theorem 2.3. The monic Jacobi orthogonal polynomials have the following
asymptotic behavior:

ap@E@)™V? (VT T+ VT D

(x2 —1)1/4 (z —1)o/2(z + 1)8/2

Plf)(z) =2~ (1+0(1)),  (14)



82 H. PIJEIRA, Y. QUINTANA, W. URBINA

vl

P(O ﬂ)( )
a‘ﬂ
B (P£+1)( )) 1 (1 +0(1))
- O y
nP*P(z)  VaT-1
uniformly on compact subsets of C \ [—1, 1], where

(o) = Bt vt \/2:':"’—1 ,

®(z)(1 +o(1)), (15)

(16)

3. Related definitions and results for monic Jacobi-Sobolev
orthogonal polynomials

Let us define a inner product on P by
1

@ a)s = / P()a(e)du(z) + A / P (@)d (@)du(z), (17)

1
where du(z) = (1 —z)%(1 + z)?dz «a,8 > —1, and A > 0. We will call it
Jacobi-Sobolev inner product.

We will denote the sequence of monic orthogonal polynomials with respect to

the inner product ( -, - )s by {Qﬁla’ﬂ )}nZO and call it the monic Jacobi-Sobolev
orthogonal polynomials sequence. Let us denote by

K = Q5. (18)
the square of the Sobolev norm of the polynomial QS{”ﬁ ),

It is easy to verify (see definition 3.3) that
Q@) = B =1,
(a—p)
(a+B+2)
For n > 1, B{*” )(z) # Q(()a’ﬂ )(ac) due to the presence of the second summand
n (17).
Now writing

Q@) = AP (2) =z +

n—1
Q*P)(z) = z™ + Z binz', bin€R,
i=0
the orthogonality condition implies the following system of equations:
(z",27)s + bp-1a(z”" L, 29)s + -+
+ bl,n<.’L‘,:L‘j)s + b0,n<1 ,.’Ej)s =0, 0< ] <n-1. (19)



ORTHOGONAL POLYNOMIALS OF JACOBI-SOBOLEV 83

If we put c; ; = (z*, 27)g, then (19) can be written in terms of the moments
m; associated to the Jacobi’s inner product
cio = (2, 1)s =my, i 20,
Co,j = (1, xj>s = myj, ] 2 O> (20)
Cij = Miyj + 1AM 2, 1+ > 2.

Applying Cramér’s rule, we obtain the following expression for the monic or-
thogonal polynomial:

€0,0 C1,0 e Cn,0

Co,1 Ci,1 SR Cn,1
Con-1 Cipn-1 °"°° Cpn-1

1 T % oie xn

Q(a,ﬂ)(z) -
n
€0,0 C1,0 i Cn—-1,0
Co,1 C1,1 s Cn—-1,1
Con-1 Cin-1 *°° Cpn-1n-1

Using (20), this last equality can be expressed in terms of the moments associ-
ated to the Jacobi inner product as follows:

QrI(e) =

i m e My,

ﬂx“" 1";1+m0 ﬂ':Tt‘-+nmn_1
m.:\_l _17:1\_1 + (n — 1)mn_2 o m—z;:—:-l + n(n = 1)m2n—3 (21)

1 2 et "

s~ m ‘o Mp—1

m m2 4 my Za +(n—1)m,—2

m,:\_l ma 4 (n—1)mp_g - T_ﬁ;‘.‘_—l +(n— 1)2m2n_4

Observe that each coefficient of st"ﬂ ) is a rational function in A, whose nu-
merator and denominator have degree n — 1. This property allows us to treat
the polynomial Qﬁ{"ﬁ ) as a function of two variables; that is,

QP (z) = QP)(z, N),

whenever n > 0. Now, taking A — oo, we obtain
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Definition 3.1. The limit polynomial with respect to A associated to the
sequence of monic orthogonal polynomials {Qsla’ﬂ )}nZO is given by

RSQ’B)(Q") = Q(()"’ﬁ)(x) = Péa’ﬁ)(z) =1,

ROB) () = 0@ (z) = p@B) gy = g 4 (2= F)
1 () =Q1 " (2) 1 (z)== atB+2
and for n > 2:
REA(z) = lim Q{(z, )
A—00
mo my i my,
0 my s NMp—1
0 (n—1)mp_2 -+ n(n=1)me,—3
mo my 4l 5 Mp—1
0 mo oo (m=1)mp_o
0 (n—1)mp—o -+ (n— 1)2m2n_4

Observe that R'®” is a monic polynomial of degree n and independent of A.
The polynomials { Ri™P )} satisfies the following properties:

Theorem 3.1. For n > 2, we have:

1
/ R{P) (2)w(*P)(z)dz = 0. (22)
—
For0<k<n-2
! \
/ D' (R )(z)) o (a)dz = 0. (23)
|

For 1 <n<n,
D" (RS P(2)) =n(n—1)(n=2)--- (n =0+ DPT7D()

. (24)
= (n —n + 1), Pt 1A (),

Proof. Since (Q\™?, 1) =0, n > 2, then

1
/ QP (z2)w*P (z)dx = 0.

-1
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Now, let us call fa(z) = &“'ﬂ’(z,)\); then fy =5 R{P) as A — oo. Using
the Lebesgue’s dominated convergence theorem, we get

1
[ 1@ - ReP@)] w2 @de — 0, a5 2 - oo,
1
and therefore

1 1
lim/ Qfl"’ﬁ)(z,/\)w("’ﬂ)(x)dz=/ R(P) (2)w*P)(z)dz,
-1 -1

A—o00
so we get (22).
Since for 0 < k <n — 2,
QA k41 ¢ =,
then,
1
/ D' (Q(z)) a*w ) (a)de = ~

1

1
Ak +1)

1
[ Qo @i @),
-1

and taking~ A — 00, we get

1
lim/ DYQ™P) (z,)))zFw ™) (z)dx
=1

A—o00

1 1
=— lim ——— / QA (z)z*+1w( @A) (1)dx = 0.

Therefore,
1
Alim D! (Qsl“'ﬁ)(m, )\)) k(@B (z)dx = 0. (25)
—oo J_1

Now, if we put gx(z) = D! (Qsla‘ﬁ)(:r, /\)) z* then gy =5 D! (Rsf"a)(x)) as
A — 00. Again, Lebesgue’s dominated convergence theorem, give us

1
[ Jos@) -2t (RED @) 2w @)dr — 0, A= o
=]
Therefore
1 1
Alim / o (Qﬁf"m(x, )\)) zFw(@P) (z)dx = / P (Rsla’ﬁ)(x)) %P (2)dz;
—oo /g -1

and using (25) , we obtain (23).

To verify (24) we use induction on 7. For n = 1, as a consequence of (23)
we have

D! (R () = cP(z),

with ¢ a constant. Then comparing the leading coefficients of both polynomials,
is clear that n = c. Therefore

D ( R (2)) = PP (o).



86 H. PIJEIRA, Y. QUINTANA, W. URBINA

Let us suppose that the proposition is true for 1 < s < 7, that is,
D* (R(2)) = (n— s+ 1), BT TPV (), 5=1,00 9.
Then for s=n+1
D (R (@) = (n—n+1), D' (B4 (2))

= e e P L) o

Corollary 3.1. For all a,8 > —1 and n > 3, the polynomial R,({’“’BH)
is the monic Jacobi polynomial of degree n, 13,(1"’5), associated to the weight
w@B)(z) = (1 — 2)*(1 + z)P.

Proof. Using (24) with n = 1, we have
D' (RE*174D(2)) = nPET (@) = D (PE(2)) 5

thus,
Dl (Rsla+1,ﬂ+l)($) nd ﬁéa'ﬁ)(x)) =0.

Then R (z) — PP (z) = C, for some constant C and therefore
1 1
/ (R%a+1,ﬁ+1)(z) _ }37(10,6)(1,)) WOHLBHY) (1) = C/ w@HLAHD) (3) gy
] -1
But by (23) (Theorem 3.1),

1
/ RUHLB+D) () (@4 LB+D) ()4 — 0
-1

therefore

1 1
- [ Benauerisi@s — ¢ [ wesmigs,
_ -1

1

Using Proposition 2.2,

1 1
C/lw("‘“’ﬁ“)(x)dx: —/I(P,go‘“’ﬁ""l)(x)+5§1)(n,a,ﬂ) P,(;ﬁl’ﬂﬂ)(x)

=67 (n,, ) P23 (@) )P (z)dz = 0,
hence C = 0 and thus
R+ (@) = Po)a),

whenever n > 3. o
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Theorem 3.2. For o, 3>0, n>3 and z ¢ [-1, 1],

a,ﬁ)
(z) . 1
nllvoo P(a,ﬁ)( ) 1= 4(9(2))2’ (26)
where
N v
¥(z) = ﬂ__zf___l_

Proof. For each n > 3, by Corollary 3.1 and Proposition 2.2, we can write

R () m BP@ o P22 (@)
g~ =146 (n,0,8) L - 6] (n, 0, ) Trrm—; (27)
P (a) ZC) P (z)

now using this and Theorem 2.3, we get the result. o]

Theorem 3.3. For o,3 > 0, n > 3 and ) sufficiently large, there are two
sequences of real numbers {d,(\)} and {d’n()\ } such that

R (z) = Q) (2) + dn_1(NQD (@) — d'na(NQ(z).  (28)

apB) .

Proof. Since we can express to the polynomial Rn in terms of the monic

Jacobi-Sobolev polynomials, i.e.,

n—1 =
RED(@) = QP(@) + Y o (NQ™ (a), (29)
i=0
by orthogonality, we have
Rl@h) Q(aﬂ)>s

(n) ( n y &y y
a; (A = %= Oy s =1L,
Q1%

Now, for each 7, 0 <i1<n-—1,
(REP), Qg = (RED), Q1PN + (B, D Q1)) eal
= (R, Q1P

On the other hand, using Corollary 3.1 and Proposition 2.2 one can get that
for n>3

(R D,Qi s =
(P + 61 (m, 00 BB = 817 (0,0 )25, Q1)
p(B)

(31)

By orthogonality of Pp
(Rﬁi”ﬂ)’anm)S =0 “i=0,.. 0 ~3;

but
(RP, Qs = 6 (n,a, B)|IPLD 12
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and

(R, Qs = 87 (n, 0 BIBZDE ~ 67 (m, @, B2, QD)

that is,
(0, if i=0,....,n—3
82 (n,a,B)II1 B |12 T
() = 4 ey 0 M i=n-2

&V (a2 5P (n,0,8) (B QD)
k 15713 Q=D

Putting d,_1(A) = a™,(A) and d'n_s()) = —a{™,()), we obtain (28).

,ifi=n-—1.

o

The limit polynomial also allows us to study the behavior of the norm of the

Jacobi-Sobolev polynomials, as we will see in the following theorem:

Theorem 3.4. Forall a,3>0, n >3, k\*® defined as in (4) and KR

defined as in (18), we have

2
k8 4+ an2k(®P) < K@) < plah) | [(5§1>(n, o ﬂ)) P )\n2] k(D)

2
+ (6P n,0,8) k2D
furthermore,

(a,ﬂ)

NS k(a,ﬂ) Tk

Proof. By the well known extremal property of the Jacobi norm,
kLA = inf{(p, p)., : deg(p) = n, p monic};

therefore,
KB > kP 4 an2kD),

On the other hand,
2
a, p(a, 1 pla,
IR = 1B + | (60 (n,9)” + 37| 1P
2
2 H(a,
+ (67 (n,0,8)) 1BD)2.

Using the extremal property of K i ) we get

2
K0 < IREO G = k) + [(6&”(n, a.8) + /\nz] K

+ (60m,0,8)) K,

(32)

(33)

(35)
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therefore, from (34) and (35) we obtain (32). Dividing (32) by n2k*® we
obtain

k(a,ﬁ) K(aaﬂ)
2ol TAS —
n kn—l n kn—l
(o, 8) (1) (2) (a,8)
S (61 (r:;a,m) - (61 (n,a,ﬁ)) o

n2k(™Y) n @B

n—1

Taking limit as n — oo in the previous chain of inequalities and using (6) and
(7), we obtain (33).

In what follows we will relate the Jacobi-Sobolev polynomials with the Ja-
cobi polynomials using the previous results. The purpose of this study is to

establish a comparison criterion by the limit between the sequences {QS{”ﬁ )}n

and {}5,(1"’?)}"; for a,3 > 0 and A sufficiently large when we are outside of the
support of the measure of orthogonality, that is to say, we want to determine
the limit

lim ——————(avﬁ)(x)
n—o00 P yﬁ)(z)f’

for z ¢ [-1, 1].

In the first place, the following technical results is needed.

Theorem 3.5. For o,8 > 0, n > 3 and ) sufficiently large, there are two
sequences of real numbers {d,(\)} and {d',()\)} such that

Qe (x) = B (@) + 81" (n, 0, ) P,27 (2) — 67 (m, 0, B) P25 ()

(36)
— dn (N (@) + d'n-2 (VRS (2).
Furthermore,
nan;o d,(\) =0. (38)

Proof. By Corollary (3.1), Proposition 2.2 and Theorem 3.3, it is deduced that
if n>3, a, >0 and A is sufficiently large

PP () + 8 (n, 0, )PP (@) - 87 (n, o, B) Py27) (2) =
QD (@) + dn1 NQY (@) - d'n—2(NQIE (@),
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and from this (36) is obtained. Now, since

- |2 (ﬂvﬂ)" (2) k(ﬂ»ﬁ)
dn2() =87 (m . B) gy 5 =8 (M) 25
1Rz K, 23

k(ﬂyﬂ) k(a,ﬂ)
= 6(2)(71 a, ) ( = I
ﬂ) Kr(l_yg)

by (14) we have d’,,_2(A\) >0 for a,3 >0 and n > 3. Using Theorem 3.4 we
have
k,(f:g) + A(n 2)2k(avﬁ) < K(a’ﬁ)’

therefore
k(ayﬁ) 1
d'n2() < 82 (n,a,B)
1 ( kf,"ﬁf) An — 2)2

and, since

keey 1 (2) 1

nh_)rgo k("’g) =% hm 6" (n,a, ) and nlin;o CEPE =0,

we get

lim d',_2()) = 0.
In a similar way, we will prove that lim,_,o d,—1(A\) =0. As

5 (n, 0, AIBZDNZ 65 (n, 0, 8PS, QD)

dn_1 (’\) —

B B ’
Q1% 1513
5(a,B)d 2
the sequence of positive terms { ”F%(ni)%} is bounded and
7T n

lim 6%1)(n,a,ﬁ) =0
n—oo
then, our problem reduces to demonstrate that

i O e BB, QD)
1m = Vu.
e Q=112

By (36), we have
QY (@) = PP (@) + 6" (n — 1,0, 8) P\ () - 6 (n — 1,0, B) P24 ()
— dn_s(NQI2R (@) + d'n-s(NQ2E (@)
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Then, by the orthogonality of P(i’ﬁ), we get
(B¢ (a,ﬁ) Q(a,ﬂ))

2
52 (n, a, B) o T
1QR21 1%
(a ﬂ) (39)
) (1) kn
52 (n, . 8) [6°(n - 1,0, 8) = dus (V)] —555-
Kn—l
But then, applying the Cauchy-Schwarz inequality we have
(a ﬁ) (e, 8)
PSR | 1o [Pz, Qi)
jdn—2(W)| < |6 (n — 1,0, )| T2 + |6 :
1= =) ||Q£,;§)||s
291 <[00~ 1,0, | LBELLE 150 1 09| IS D)
n— R - 1 y & a, 1 - 4, &y -
Q513 1Q%P1s
pleB)2
On the other hand, the sequence of positive terms {H} is uniformly
n—1 n>3
bounded since
' kL) 1
n—2 (41)

<
KA = An-1)?
and

lim 6 (n,, B)dn_2(A) =0 = lim 82 (n, 0,88 (n - 1,0, ).

n— oo

From (40) and (41) it follows that the sequence {d, } is also uniformly bounded.
Therefore
6 (n, @, B)(Pr25”, Q)
nteoo @0) 12

1Qn21" I

=0;
thus

lim d,_1()\) =0. ]
n—0o0

By the previous result we can obtain the relative asymptotic behavior of
{Qﬁf"ﬁ )} with respect to {P,ﬁa‘ﬂ )} g
n n

Theorem 3.6. For a, B > 0, we have

(a,8)
Q@) _ 1
nl-l-»n;o P(a 6)( ) ks 4(@(:,;))2’ (42)

uniformly on compact subsets of C X\ [—1, 1], where ®(z) = ’—ﬂé’—?ﬂ
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Proof. From the relation (36) we have

QA (z) + d1(NQYD (2) — d'n—2(NQD (2) =
B () + 6 (n, 0, B) B2 (2) - 67 (n, 0, B P2 (a).

Dividing by P(“’ﬁ ) both members of the previous equality and putting

o) 5(c ) 5(e8)
(z) P (), Pr ()
Ya(z) == 2= an(@) = dn(N) =Gz~ (@) = dn(N) 255, —
T APy BEPEpe STy PeD(ay
P(a B) (z) (a,ﬂ) (z)
Bu(@) =1+ 61" (n, o ) = R )—6‘2’( , ,m;@,ﬁ
we get
Yo (z) + an—1(2)Yn-1(z) — &' n—2(z)Yn—2(z) = Bn(z), (43)

n > 3. The sequence {Y,}, is a sequence of analytic functions on C\[-1, 1],
with Yy =Y; = Y, = 1. Therefore,

[Yo(z)] = |Bn(z) — an-1(z)Yn-1(z) + &' n—2()Yn-2(2)|,
< 1Ba(@)] + lan—1(2)| [Yn-1(2)] + |&/n—2(2)| [Ya-2(2)| . (44)

Using (17), (37) and (38), we deduce that there exist ng,n; € N, such that

1
lan(2)| < 7, n 2o, (45)
1
l'n(@)| < 7, n2m. (46)
On the other hand,
’ﬂ)(:l:) P(a’ﬂ)(.’l:)
1Bu(@)] = |1+ 60 (n, 0, 5) 2L D) _ 5, g gy T2 1)
( »ﬂ)( ) Pr(la ﬁ)(x)
BB (g
. 1+|6§1)(n,a,ﬂ)| P(a‘ﬂ)z ; (47)
ﬁ(a,ﬂ)(z) (a ﬁ)( )
+ 62 (n, @, B)| | 22 ;
‘1 ( )| pr(:vf)(w) Pr(;a’ﬂ)(it)

Using (40), Proposition 2.2 and the inequality |®(z)| > 3, for z ¢ [-1, 1], we
deduce that there exists M > 0 y ng € N, such that

|Bn(z)| < M, n2mns. (48)
Taking n3 = ma.x{no,nl,ng} and using (45), (46) and (48) in (44), one gets

[Yn (z)|< (IYo-1(2)| + [Yn2(2)]) + M, n 2 ns. (49)
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Let us prove now that the sequence {Y,}, is uniformly bounded. For this
consider the auxiliary sequence

{ |Yﬂ(z)| , n< ng,

% (Zn__l(l') + Zn_g((l?)) + M, n>ns.

Zn(z) =

For m > n3 fixed,

Qr41 ar 1
Zm-}—r(x) = ?Zm(il?) s —2—;Zm_1(x) +2M (1 = 2_r> , = 1, 2, e (50)
where the increasing sequence of positive terms {a,},, satisfies the following
recurrence relation:

20,-1+a, =ar4; forall r>2,

with a; = az = 1. Taking limit in (50), as 7 — 0o, we obtain that the sequence
{Zn}n is uniformly bounded for n sufficiently large. Now, 0 < |Ya(z)| <
Zn(z), for all n € N, therefore {Y,}, is uniformly bounded. Finally, taking
limit as n — oo in (43), using the Proposition 3.2, (37) and (38), we obtain

(,8) pled)
lim ;‘a—m@ =1- lim 6 (n,a,B) Jg-g)(m) —l-— .
n—oo Pn. ’ (.'L') n— oo Pna, (.’L‘) 4(@(1.))

Corollary 3.2. Under the conditions of the previous theorem, the asymprotic
behavior of the monic Jacobi-Sobolev orthogonal polynomials is

QW)(z) =
g-a—f-2 [4 (®(x)"+E - (@(z))"-%] (Va=1+vz+1)***
@ -1)(@z-1)%(+1)7

(1+0(1)),
(51)

uniformly on compact subsets of C \ [—1, 1], where ®(z) = @
Proof. Theorems 2.3 and 3.6 give the result immediately. o

Let us recall the results on the distribution of the zeros of the family of
orthogonal polynomials {P,} with respect to a measure v, (see (3] and [9]).

Theorem 3.7. i) The zeros of the orthogonal polynomial P, are real, simple
and contained in the convex hull of support of the measure v.

ii) The zeros T, < -+ < Tnn of P, separate those of P, more precisely,

Tnt1k < Tnk < Tntrk+r (K=1,...,n).
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iii) The zeros of the orthogonal polynomials form a dense set in the support of
the measure v; that is, for any subinterval I in supp(v) such that |, ;adv(z) >0
and n sufficiently large, all polynomials P,, has at least a zero in I. Moreover,

nliTxr;;{z : Py(z) = 0} = supp(v).

The study of the zeros of the Jacobi-Sobolev polynomials has been carried
out in the following particular cases:

(1) a =B =0. In this case P. Althammer [1] demonstrates that Legendre-
Sobolev polynomials of degree n possess exactly n real zeros in the
interval [—1, 1].

(2) a=p=0a -1, o > -1 E. A Cohen [2] shows that the zeros of
the Legendre polynomials of degree n — 1 separate the zeros of the
Legendre-Sobolev polynomial of degree n, when A > %

(3) In his study on coherent couples of measures and zeros of orthogo-
nal polynomials type Sobolev, H. G. Meijer studies the zeros of the
Gegenbauer-Sobolev polynomials when ) is sufficiently large, (see [7]).
Following him, we will also use the fact that for a,3 > 0, A sufficiently
large and n > 3, the zeros of the polynomial QS{”E ) behave as the ze-
ros of the limit polynomial Rﬁ,a’ﬁ). The following theorems are devoted
to establishing results on the distribution of zeros of Jacobi-Sobolev or-
thogonal polynomials.

Theorem 3.8. For o, > 0, A sufficiently large and n > 3, the n-th monic
Jacobi-Sobolev orthogonal polynomial Qsla‘ﬂ ), has n different real zeros that

are intertwined with the zeros of the polynomial 13,(,""1'[3 ~V and at least n— 2
of them are contained in the interval [-1, 1].

Proof. If o, 3> 0 and n > 3, by definition
REA(z) = Jim Q0(z, ).
By Corollary 3.1 we have
R(z) = P90 a);

then Theorem 3.7 shows that R™® has only real, simple zeros and they are
contained in the interval [—1, 1]. Therefore, for A sufficiently large, the zeros

of ng’*ﬂ ) are real and intertwined with those of 13,(10"3 ),

We denote by z,;, (1 <j<n) the zeros of R™P). As

D' (R(2)) = nPi (@),
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the critical points of Rsla’ﬁ ) are the zeros of }3,(1‘1‘{’ ). Given the zeros of
P71 such that

Tn-11<ZTp-12<:' < ZTp-1,n-1,
then, the polynomial Rsla’ﬂ) is monotone in each open interval of the form
(xn—'l,ly zn—l,?.)» (xn—1,2, xn—l,3)a ceey (xn—l,n-—la 00)7

so that each one of the zeros of Rsla’ﬂ ) is contained in each one of these intervals.
This fact makes us conclude that at least n — 2 zeros of Q,({”ﬁ ) are in the
interval [—1, 1] and there is a pair of zeros (not necessarily symmetrical) that
can be outside of the interval [—1, 1], depending on the sign of Rsl“'ﬁ )(1) and
R{™P(=1). Furthermore, since for each z € (~1, 1)

Ve>037>0: |Q¥(x,)\) — R*P(z)| < ¢, whenever A > 7,

these n — 2 zeros of the n-th Jacobi-Sobolev polynomial are distributed with

respect to the zeros of the polynomial 15,(1‘:1’5 D in the following way

Tn-1k < Ynk < Tn-1,k+1, k= L...,n— 2. m

In Section 2 the multiplication operator by z, M, : P — P, was introduce.
Now we will use the fact that this operator is bounded on P to find a compact
set in the real line that contains the zeros of the Jacobi-Sobolev orthogonal
polynomials.

Theorem 3.9. There is a positive constant C, such that if z¢ is a real zero
of Qﬁ,a’ﬁ ) and n > 1 then |zo| < v/1+2C. Therefore, all the zeros of the

(@B) are in the interval

[-vV1+2C,V1+2C).

polynomial Q

\8)

Proof. Let zg a zero of Q$,° . Hence, there exists p € P,_, such that

Q(z) = (z — zo)p(x).

Considering the Sobolev norm of the polynomial zp we have

lzplE = Q%1% + llzopll%;
thus
lzol llplls < llzplls

and therefore
lzplls _ Mz (p)ils

To| < =
2ol < olls = Tolls




96 H. PIJEIRA, Y. QUINTANA, W. URBINA

So, it is enough to show that M, : P — P is bounded. Now by definition of
Sobolev inner product we have

lzpll§ = llzpllZ + M (zp)'lI3
< llapllZ, + 2Mllzp'lIZ + 2Pl
< llzpll§ + 2Xllzp'I5 + 2AlIpll2.-
Taking C; = max{|z| : —1 <z < 1} and C> = max{1, A} we get
lzpliE < CallpliE + 2AlP'12 + 2MpllZ < (1 +2C)lpl5- i

4. Concluding remarks and observations

In a natural way arises the consideration of the inner product of Jacobi-Sobolev
that involves derivatives of order higher than one,

ZAk [ # @@ dw—kz;wk (),d®(2),

where m € Z, is fixed and the (m + 1)-uple of real numbers (Xo,... Am)
satisfies
Mo=1;0 X 040 kb= L a5 T
Let us denote the monic orthogonal polynomials corresponding to this Sobolev
product by
Q("’B) vEL. S

Notice that for each v = 1,...,m, the coefficients of stf,’,ﬁ ) are rational func-

tions in A in which the degrees of the numerator and denominator coincide.
Thus,
Qﬁl‘f,;ﬁ)(x) 5 Qﬁff,’,ﬁ)(x,/\,,), v =dy. [0,

Therefore, we can also define for each v = 1,...,m, and n > 3 the limit
polynomial associated,

RGP () = | lim QP (z,\),

n,v

From our results, we can formulate the following open questions:

1. Can we determine the asymptotlc behavior of the polynomials Q("’[j ?

2. How are the zeros of Qn,,, distributed in the complex plane?
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