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ABSTRACT. By using some generalized Riemann integrals instead of ordinary
sums and multiplication systems of Banach spaces instead of Banach spaces, we
establish some natural generalizations of the most basic facts on Schauder bases
so that Hamel bases, and some other important unconditional bases, could also
be included.
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Introduction

By using some generalized Riemann integrals [11] instead of ordinary sums and
multiplication systems of Banach spaces [14] instead of Banach spaces, we shall
establish some natural generalizations of the following basic facts on Schauder
bases [4], [8].
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30 I. KOVACS & A. SZAZ

Definition 1. Let Z be a Banach space over K = R or C. Then a sequence
i = (pn) in Z is called a Schauder basis for Z if for each z € Z there exists
a unique sequence 2 = (Z,) in K such that

o0
2= Z Dy
n=1
Remark 1. If f and p are sequences in K and Z, respectively, then we define

Sul(fsp) = fimi
i=1

o0
for all m € N. Thus, Y fap, = lim S,(f, ) whenever this limit exists.

n=1

Theorem 1. If p is a Schauder basis for Z, and moreover
L,={feK": (Sa(f,n) converges},

and

|f’u = sup 'Sn(fa.u)l
neN

for all f € L, then L, is a linear space over K and | |, is a complete norm
on L,, such that the mapping z + % is a continuous linear injection of Z onto
L, such that |z| < |Z|, forall z € Z.

Definition 2. If p is a Schauder basis for Z, then the number

Cy = sup |2|u

lz|=1

is called the basis constant of p. Moreover, for each n € N, the function Py,

defined by
Pyn (2) = Sn(2, 1)

for all z € Z is called the nth u-projection of Z.

Theorem 2. If yu is a Schauder basis for Z, then P,, is a continuous linear
map of Z into itself for all n € N such that

Cp = sup || Pyn|
neN

and
P;Ln:P,unoPpm= umoPpn

for all n,m € N with n <m.
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Remark 2. Note that

|Panl] = sup |Fn(2)

for all n € N.

Theorem 3. If y is a sequence in Z, then p is a Schauder basis for Z if and
only if the following three conditions hold :

(1) pn #0 forall ne€N;

(2) the linear hull of {u,},, is dense in Z;

(3) there exists a nonnegative number C' such that

|Sn(f, )| < C|Sm(f, 1)

for all n,m € N, with n <m, and for all f e K.

In order to keep this paper as self-contained as possible, the necessary pre-
requisites concerning the generalized Riemann integrals of [ 11 | will be briefly
laid out in the subsequent preparatory sections. However, a familiarity with
some basic facts on nets [ 5 ] will be assumed.

1. Integration systems

Definition 1.1. An ordered pair (£2,S) consisting of a set 2 and a family S
of subsets of 2 will now be called a pre-measurable space.

Remark 1.2. The family S may usually be assumed to be a semi-ring or a
ring in Q [1].

However, for a preliminary consideration, the reader may assume that S is
the family of all finite subsets of €).

Definition 1.3. If (2, S) is a pre-measurable space, then a family
N= ((Uou Ta))ael'"

where I is a directed set, 04 = (04i)icr, and 7o = (Tai)ier, are finite families
in S and €, respectively, will be called a defining net for integration over (€2, S).

Remark 1.4. To define powerful defining nets for integration, we must usually
assume that 2 is equipped with a generalized uniformity which is compatible,
in a certain sense, with the family S [ 12 ].

However, for a preliminary consideration, the reader may assume that 91 is
one of the most important particular cases of the following simple defining net
for integration which will actually define summation.



32 I. KOVACS & A. SZAZ

Example 1.5. Let € be a set and S be the family of all finite subsets of (2.
Suppose that (A, )aer is a net in S and, for each a € ' define

0o = ({1})ica, and Ta = (1)ica, -

Then N = ((0a, Ta))aeI‘ is a defining net for integration over ({2, S).

Remark 1.6. Note that I" may, in particular, be S directed by set inclusion.
And A, may, in particular, be « for all a €T.

Moreover, if in particular @ = N (2 = Z) and T = N, then we may
naturally take A, = {i}%; (Ao ={i}{x_,) forall a€T.
Definition 1.7. An ordered triple (X, Y, Z) of Banach spaces over K, together
with a bilinear map (z,y) — zy from X X Y into Z such that

lzy| < |z||y]

forall x € X and y €Y, will be called a multiplication system with respect
to the above bilinear map.

Remark 1.8. Multiplication systems of Banach spaces play an important role
in advanced calculus [ 6, pp. 135, 372 and 455].

However, for a preliminary consideration, the reader may assume (X,Y, Z)
= (K, Z,Z) with the usual multiplication by scalars.

Definition 1.9. An ordered triple ((Q, S), M, (X,Y, Z)), consisting of a pre-
measurable space (92, S), a defining net for integration

N = (((Oai)iela s (Tai)iel, ))aEF
over (£2,S) and a multiplication system (X, Y, Z) of Banach spaces over K, will
be called an integration system.

Remark 1.10. The above notations will be kept fixed throughout in the se-
quel. They contain all the fixed data necessary for our subsequent integration
process.

2. Net integrals

Definition 2.1. A function f from €2 into X will be called an integrand and
the family of all integrands will be denoted by F(€2, X). Moreover, a function
w from S into Y will be called an integrator. And the family of all integrators
will be denoted by M(S,Y).

Remark 2.2. Note that the families (€2, X) and M(S,Y’) are vector spaces
over K under the usual pointwise operations.
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Definition 2.3. If fe F(Q,X) pe M(S,Y) and
Sa(fi) = Y f(Tai)(0ai)

i€ln
for all « € T' , then the limit

/Qfdu = Lig} Sa(f, 1),

whenever it exists, will be called the D-integral of f with respect to p. More-
over, if the above integral exists then we shall say that f is M-integrable with
respect to p and the family of all such functions f will be denoted by £, (€2, X).

Remark 2.4. Note that under the notations of Example 1.5, we simply have
fdp=1lim » f(i)u({i})
A acl iéVA;a
forall feF(Q,X) and pe M(S,Y) with fe L,.

Theorem 2.5. If f, g€ F(Q,X) and p,v € M(S,Y) such that f,g € L,
and f € L,, and moreover )\ € K | then

(1) /Q(f+g)du=/ﬂfdu+/ggdu;
2) /Q fd(p+v) = /Q fdu+ /Q gdv;
® [0pin=x [ fau= [ raon)

Sketch of the proof. Note that the approximating sums S, (f, ) are bilinear
functions of f and pu. Therefore, by the continuity of the linear operations in
Z, the above assertions are also true.

From Theorem 2.5, we can immediately get the following corollary.

Corollary 2.6. If p € M(S,Y), then L£,(Q, X) is a linear subspace of
F(Q,X).

Moreover, in addition to Theorem 2.5, we can also easily establish the following
remark.

Remark 2.7. If fe F(Q,K) and pe€ M(S,Y) such that f € L,, then
(1) /(fx)d,u = z/ fdu = / fd(zp), forallze X.
Q Q Q
Moreover, if f € F(2,X) and p € M(S,K) such that f e L,, then

(2) /Q(fy)d,u: (/Qfd,u>y=/ﬂfd(uy), forall y €Y.
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3. The supremum p-norm

Definition 3.1. If f e F(2,X) and p € M(S,Y), then the extended real

number

|f],, =22¥|Sa(fﬁﬂ)l

will be called the supremum pg-norm of f with respect to the net 1.

Theorem 3.2. The above p-norm | |, is an extended valued seminorm on
F(,X) such that
[ sl <11,
for all fe L£,(Q,X).
Proof. By the corresponding definitions, it is clear that

M1, = sup|Sa(\fs )] = sup|A[[Sa(f, )] < AIS],

forall A€ K and f € F(,X). Hence, by writing 1/X in place of A, and Af
in place of f, we can see that the corresponding equality is also true. Moreover,
we can also easily see that

If+9],= sgplSa(f +g,1)|
< sgp(|50(f7 w| + ISa(g,u)D < |f], +lal,

for all f,g € F(Q,X). Therefore, | |, is an extended valued seminorm.

On the other hand, it is clear that
’/Qfdu’ = [lim Sa(f, )| = lim|Sa(f, )| < |£],

forall fe L£,(Q,X).
Remark 3.3. Note that if g€ M(S,Y), then we also have

I[fz|. = |z|[fl.

for all fe F(Q,K) and z € X.
Moreover, it is also worth noticing that if f € F(€, X), then the function
| | defined by
luls = £l

for all pe M(S,Y) is also an extended valued seminorm.

From Theorem 3.2, we can get at once the following corollary.
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Corollary 3.4. The family
F,X)={f e F(Q,X): |flu<+oo}

forms a closed linear subspace of the space F(§2, X).
In addition to this corollary, we can also prove the following result.

Theorem 3.5. The family £, (2, X) forms a closed linear subspace of the
space F(Q, X).

Proof. Note that if (f,) is a sequence in £,(2,X) and f € F(2,X) , then
we have

(@)Isa(ﬂﬂ) _Sﬂ(fhu')i

< (@)Qsa(f,u) a(Fns )| + |Sa(frs 1) = Sa(frr )]
+ [S5(fn ) = S5(£.)])

< (@Jsa(fnu) a(frs 1t ’+ hm \S (frs i) — Sﬂ(fmﬂ)l
+ (l;rg)lSﬁ(fm u) — S5(f, )|

= 2Tm|Sa(fa, 1) — Salf. 1)

= 2@"9&(]"" - f,,u)| S 21fn - f|p

for all n € N. Hence, if li711n | fn — flu =0, it follows that

(g%)‘sa(f7/"‘) i SB(fH)‘ =

Therefore, (Sa( f, u)) is a Cauchy net in Z. And thus, by the completeness
of Z , we have f e L£,(Q,X).

Now, combining Theorem 3.5 and Corollary 3.4, we can also state

Corollary 3.6. The family
L3 (Q,X) = L,(2, X) N Fu(2, X)

forms a closed linear subspace of the space F(€2, X).

Remark 3.7. Note that if in particular ' = N with its natural order, then
we simply have L7 (2, X) = L£,(©, X).
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4. Admissible integrators

Definition 4.1. An integrator p € M(S,Y) will be called M-admissible if
there exists a nonnegative ¢ € F(2,R) such that

|F®)] < c(t)]f],,

forall te€Q and fe F(Q,X).

Remark 4.2. If in addition to the notations of Example 1.5 for each t € 2
there exist ay, 3 € I' such that {t} = A, \ Ag,, and moreover |zy| = |z||y|
forall z€ X and y€Y ,then each pe€ M(S,Y), with p({t})#0 for all
t € Q , is M-admissible.

In this case, we have

|£@®)] = [n({th)]| 7 [ F©Ou{})]
— {7 S fomtin - f(i)u({i})’

€A, i€Ag,
= |u({tD)] ™" |Sa, (£ ) = S, ()]
< [N~ ([Sae (F )| +1S5. (£ )2l {ED| 51,

forall te Q and fe€ F(Q,X).

The importance of admissible integrators is apparent from the following
theorem.

Theorem 4.3. If y€ M(S,Y) is an M-admissible, then the y-norm | |, is a
complete extended valued norm on F(2, X).

Proof. If f € F(Q,X) such that |f|, =0, then by the above definition we
have

|f@®)] <c@®)|fl.=0

for all t € 2, and hence f = 0. Therefore, by Theorem 3.2, | |, is an extended
valued norm.

On the other, if (f,) is a Cauchy sequence in F (2, X), then for each € >0
there exists an n, such that

|[fn— fmlu <& forall n,m>n,.
Hence, by Definition 4.1, it follows that

[fn(t) = fm ()] < |(Fn = fm) ()] < ()| fr = fmlu < c(t)e
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for all t € Q and n,m > n,. Therefore, (f,(t)) is a Cauchy sequence in
X for all t € Q. Thus, by the completeness of X, we may define a function

f e F(Q,X) such that
f(t) = lim £,.(t)

for all t € Q. Now, since
i Sa(fo, ) = lim  _ fo(ai)u(0ai)
i€ly

_ Zf (Tai) (0ai) ) = Salf, 1),

i€l,

we can also state that
|Salfa = fo0)] = Bm|Sa(fa — fims )| < |for — fnl, <
forall @« €T and n > n,, and hence |f, — f|, < e forall n > n,. Therefore,

liTrlnlfn—f|M:0.

From Theorem 4.3, by Corollaries 3.6 and 3.4, we can get at once the fol-
lowing corollary.

Corollary 4.4. If p € M(S,Y) is N-admissible, then L7, (2, X) and F,(Q, X)
are Banach spaces.

Remark 4.5. The supremum p-norm | |, could throughout be replaced by
the limit superior p-norm

7], = T Sa(/ )]

:/Qfdu

for all f € £,(2,X), the limit superior y-norm | [} cannot, in general, be an
extended valued norm.

However, since we have

5. Generalized bases

will be called an IM-basis
X,Y,Z) if for each z € Z
(82, )) such that

Definition 5.1. An integrator p € M(S,Y)
(resp. M*-basis) for the multiplication system (
there exists a unique 2 € £,(2, X) (resp. z2ecLlr

Z.= / Zdp.
Q
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Remark 5.2. Note that if 9 is as in Example 1.5 and (X,Y,Z) is as in
Remark 1.8, then by Remark 2.4 the above definition already gives a substantial
generalization of the notions of the Schauder and the Hamel bases of Z.

Simple applications of Definition 5.1 and Theorem 2.5 yield the following
Lemma 5.3. An integrator p € M(S,Y) is an N-basis (resp. M*-basis) for
(X,Y, Z) if and only if

(1) foreach z € Z there exists f € L,(Q,X) (resp.f € E;(Q,X)) such
that z = [, fdu;

(2) Jofdn = 0 implies f = 0 for all f € L,(Q,X) (resp.
feL(QX)).

Moreover, by using Theorems 2.5 and 3.2 we can also easily verify the following
Theorem 5.4. If p is an M-basis (resp. M*-basis) for (X,Y, Z) then the map-
ping z + % is a linear injection of Z onto L£,(, X) (resp. .C;(Q,X)) such
that |z| < |Z|, for all z € Z.
Sketch of the proof. To prove that Z= L, (2, X), note that if f e £,(Q,X),
then z = [, fdu is in Z. Therefore, we also have z = [, Zdu. And hence, by
the uniqueness property of Z, it follows that f =2 € 4
Remark 5.5. In the sequel, an 1-basis or D*-basis p will usually be said to
have a property P if it has this property as an integrator.
Note that if p is an admissible 91-basis or Mt*-basis for (X,Y, Z), then by
Definition 4.1 we also have |2(t)| < c(t)|2|, forall z€ Z and te Q.
Moreover, in the latter particular case, we can also easily prove the next
important
Theorem 5.6. If p is an admissible *-basis for (X,Y,Z), then there exists
a nonnegative number C such that |z, < C|z| for all z € Z.
Proof. In this case, by Corollary 4.4, £, (22, X ) is also a Banach space. More-
over, by Theorem 5.4, the mapping Z +— z is a continuous linear injection of

L% (2, X) onto Z. Therefore, by Banach’s isomorphism theorem [ 3, p. 68 ],
the inverse linear mapping z +— Z is also continuous. And thus, the assertion

of the theorem is also true.

Remark 5.7. Note that if 4 is as in Theorem 5.6, then by Remark 5.5 not only
the ‘Fourier-transform’ z — Z, but also the ‘coefficient functionals’ z — 2(t)
are continuous.

Definition 5.8. If p is a D-basis or an M*-basis for (X,Y, Z), then the ex-

tended real number

C, = sup |2|,
lzl=1

will be called the basis constant of p.

By Theorems 5.4 and 5.6, we evidently have the following
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Theorem 5.9. If u is an admissible M*-basis for (X,Y, Z), then |Z|, < Cy|z|
for all z € Z. Moreover 1 < C,, < +o0.

Sketch of the proof. To prove that 1 < C),, note that |z| < |2[, < Cy|z| for
all z € Z. Moreover, since Z # {0}, there exists a z € Z such that |z| # 0.
Therefore, the required inequality is also true.

Definition 5.10. If p is an M-basis or M*-basis for (X,Y, Z), then for each
a € T the function P,, defined by

Pua(z) = Sa(2, p)

for all z € Z will be called the ath u-projection of Z.

Theorem 5.11. If is an admissible M*-basis for (X,Y, Z), then P,, is a con-
tinuous linear map of Z into itself for all a € I' such that

Cu = sup || Puall-
a€el’

Sketch of the proof. To prove the latter equality, note that under the notation

WPl = IS‘ll_pl|Plta(z)‘

we have

Cy = sup |Z|, = sup sup’S zZ, p)|

|2]=1 |2|=1 a€D
= sup sup|P,m z)| = sup sup| a(2)| = sup || Pua|l-
|z]=1a€ a€l |z|=1 ael

Remark 5.12. Later we shall see that, under some natural conditions on pu
and M, the p-projections P,, are also idempotent.

6. Regular integrators

Definition 6.1. An integrator pu € M(S,Y) will be called finitely additive

: #( U Ak) = Z p(Ak)

keK keK

for any finite disjoint family (Ax)rex in S with [Jycx Ax € S. And the family
of all such integrators p will be denoted by M,(S.Y).
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Remark 6.2. Note that the family M,(S,Y) forms a linear subspace of
M(S,Y).
Definition 6.3. An integrator u € M(S,Y) will be called M-regular if

n(A) = /Q Xadp

for all A € §. And the family of all such integrators p will be denoted by
M, (S8,Y).
Remark 6.4. Note that by the corresponding definitions we have

/Qx,,duil!ig > wl0ai)

Tai€A
forall AeS with x, € L,.
Simple applications of the above definitions and Theorem 2.5 give
Theorem 6.5. The family M, (S,Y) forms a linear subspace of M,(S,Y).

Sketch of the proof. Note that if p € M, (S,Y) and (Ak)kex is as in
Definition 6.1, then

u(kg{AO :/QXkEK"*'d”
_ / (Z XAk)d,u = /Qx,,kd# = 3 u(Ay).

keK keEK keEK

Therefore, p € M,(S,Y) is also true.
Remark 6.6. In this respect, it is also worth mentioning that under the no-
tations Example 1.5 the following assertions are equivalent:

(1) Q= lim A,; (2) M, (S,Y)=M,(S,Y).

a€el
To prove the implication (2) = (1), note that if y € Y and u(A) = card(A)y
for all A € S, then we have pu € M,(S,Y). Therefore, if the assertion (2)
holds, then we also have p € M (S,Y). Hence, in particular, it follows that
for each t € 2 we have
y = n({t}) = /medu =lim ) x,, (Du{i}) = limx,, (t)y.
iEAa
Therefore, if y # 0, then there exists an « € I' such that for each 8 > a we
have
ly = xa, ®)y] < |y],

and hence t € Ag. Consequently, ¢ € lim_ A,, and thus the assertion (1) also
holds.

The importance of regular integrators is apparent from the following theo-
rem.
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Theorem 6.7. If p € M (S,Y), and moreover (Ax)ker and (zx)kek are
finite families in S and X, respectively, then

/Q(kEZK xAk:vk> dp = keZKwku(Ak)~

Proof. By Theorem 2.5 and Remark 2.7, we evidently have

3 wep(Ar) =) Ik/QXAkdu

keK keEK
= g /XAkxkd/‘l’__/(E XAkf'?k)d/L-
keK 7S 2 \kek

Remark 6.8. To establish a certain converse to Theorem 6.7, note that if
€ M(S,Y) suchthat [,x,zdp=zu(A) forall A€S and z¢€ X, and
there exists a finite family (zx)rex in X such that |y| < >, x [zxy| for all
y € Y, then we can also state that p is l-regular.

Definition 6.9. If f € F(Q,X) , then the function

fa= Z Xooi f (Tai)

i€l,

will be called the ath 9-trace of f.
Now, as an immediate consequence of Theorem 6.7, we can also state

Corollary 6.10. If u€ M, (S,Y), then

Sa(f,n) = /Qfadu

forall a €T and fe F(Q,X).

7. Normal integrators
Definition 7.1. An integrator p € M(S,Y) will be called S-finite if
lXA |IL < 400

for all A € S. And the family of all such integrators p will be denoted by
M*(S,Y).
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Remark 7.2. Note that by the corresponding definitions we have

Z (0ai)

Tai€A

al, =

forall A€ S.
Theorem 7.3. The family M*(S,Y) forms a linear subspace of M(S,Y).
Sketch of the proof. Recall that, by Remark 3.3, the function | |4 defined by

lula = |ulx,

for all pu € M(S,Y) is an extended valued seminorm for every A € S.
Definition 7.4. An integrand f € F(Q, X) will be called S-simple if

it Bl P

keK

for some finite families (Ax)kex and (zx)rex in S and X, respectively. And
the family of all such integrands f will be denoted by Fs(Q2, X).

Remark 7.5. Note that the family Fs(£2, X) is a linear subspace of F(£2, X).

The importance of S-finite integrators is apparent from the following theo-
rem.

Theorem 7.6. If € M(S,Y), then the following assertions are equivalent:
(1) pe M*(S.Y); (2) Fs(Q,X) C Fu(, X).
Sketch of the proof. Recall that, by Remark 3.3, we have

IXA‘I.'# = leXA |H

forall AeS and z € X.

Therefore, if (Ax)rex and (zx)kek are finite families in S and X, respecti-
vely, and the assertion (1) holds, then by Theorem 3.2 we also have

Z XAk-fk

kEK

< Z!XAkxkl# = Z|$k‘|XAk|u < +00.
B keK keK

Consequently, the function ), oz x 4, Tk Isin Fy (€2, X), and thus the assertion
(2) also holds.
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Definition 7.7. An integrator p € M(S,Y) will be called M-normal if it is
MN-regular and S-finite. And the family of all such integrators p will be denoted
by M3 (S,Y).

Remark 7.8. Note that thus we have
M;(S, Y)=M,(S,Y)nM*(S,Y).

Therefore, M7 (S,Y) is also a linear subspace of M(S,Y).
Now, as a useful consequence of Theorems 6.7 and 7.6, we can also state

Theorem 7.9. If i is a regular M-basis or a normal M*-basis for (X,Y,Z),
and moreover (Ay)rek and (zx)rek are finite families in S and X, respectively,

then
A
(Z xk#(Ak)) = D X, T
keK

keK

Proof. If p€ M, (S,Y), then by Theorem 6.7 we have

> zeu(Ar) = / (Z xAk,wk)d;L

kEK 2 \rer

While, if p € M (S,Y), then in addition to the above equality, by Theorem
7.6, we also have

> X, Tk € L5(2,X).
keK

Therefore, by Definition 5.1, the required assertion is also true.

Corollary 7.10. If i is a regular M-basis or a normal M*-basis for (X,Y, Z),
then

fazSa(f».uf)A
forall a €T and fe F(,X).

Proof. By the corresponding definitions and Theorem 7.9, we evidently have

o= ¥ e ) = (3 Faiduton)) = Sl

1€la i€l

forall a el and fe F(QX).
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8. Stable defining nets

Definition 8.1. The defining net 9 will be called lower stable if for each
a €l and i€ I, thereexists a unique j € I, such that 7,; € 04;, and for
this j we have 74 = 7.

Moreover, the defining net 91 will be called upper stable if for each a € T’
and i € I, there exists a unique j € I, such that 7,; € 04, and for this j
we have 04 = 04;.

Remark 8.2. Note that if in particular 7,; € 0o; foralla € I' and i € I,,
and the family (04:)icr, is disjoint for all « € T, then the defining net 91 is
already both lower and upper stable.

Definition 8.3. The defining net 9 will be called lower superstable if for each
a,f €T, with a <, and for each ¢ € I, there exists a unique j € Iz such
that 7.; € 0g;, and for this j we have 7,; = 73;.

Moreover, the defining net 9 will be called upper superstable if for each
a,B el with a < f3, and for each i € I, there exists a unique j € Ig such
that 7g; € 044, and for this j we have o4; = 0s;.

Remark 8.4. Note that the defining net 91 given in Example 1.5 is lower or
upper superstable if and only if the net (Aq)aer is nondecreasing.

The appropriateness of the above definitions is apparent from the following
theorem.

Theorem 8.5. If u € M(S,Y) and the defining net N is lower or upper

stable, then
Sa(fs ) = Sa(fa,p)
forall a €T and f € F(Q,X).
Moreover, if the defining net M is lower, resp. upper superstable, then
Sa(f, 1) = Sa(f3, 1), resp. Sa(fn) = Sp(fas 1)
for all o, €T, with o < f3, and for all f € F(,X).

Proof. If a,f €T are such that for each i € I, there exists a unique j € I
such that 7,; € og;, and for this j we have 7,; = 73;, then it is clear that

fﬁ M Zfﬁ Taz Uaz)

1€l
=) ( 2 Koy (Tai)f(Tﬂj)> w(oai)
i€ls “j€lg

Z( > f(%’))#(ffai)

1€ly “Tai€0gj

= Z f(Tai).u(Uai) = Sa(f“u’)

t€l,
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for all f e F(Q,X).

While if a,3 €T such that for each i € I, there exists a unique j € Iz
such that 75; € 04, and for this j we have o0, = 03;, then it is clear that

fom Zfa Tﬂ] N(aﬁJ)

Jels

T Z <Z Xoai (785) f Taz)) (985)
jE€Ig “i€l,

= % 1) (| X Xews i)
€1, Jj€Elg

=¥ ) 3 stow)
i€l, TB; €E0ai

= Z f Tcn Uaz = Sa(f»ﬂ)
1€ly

for all f e F(Q,X).

Corollary 8.6. If y is a regular M-basis or a normal M*-basis for (X,Y, Z)
and the defining net M is lower or upper stable, then

Sa(f, 1) = Pua (Sa(f, 1))

forall « €T and f € F(2, X). Moreover, if the defining net N is lower, resp.
upper superstable, then

Sa(fnuf) =P;m(Sﬁ(fa/‘))) resp. Sa(fon) = ( o(f, ))

for all a €T, with a < f3, and for all f € F(Q2,X).

Sketch of the proof. If the defining net N is, for instance, lower superstable, by
Theorem 8.5 and Corollary 7.10, we have

Sa(f, 1) = Sa(fa, 1) = Sa(S(f, )", 1) = Pua(Sp(f, 1))

for all a €T, with a < g, and for all f e F(Q,X).
Corollary 8.7. If y is a regular N-basis or a normal M*-basis for (X,Y, Z)
and the defining net N is lower or upper stable, then

Puo =Pia0Pyuu

for all a € T'. Moreover, if the defining net I is lower, resp. upper superstable,
then
Pio = Pyg 0 Pyg, resp. Pua=PgoP,,
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forall « € T with o < .

Sketch of the proof. If the defining net I is, for instance, lower superstable, by
the corresponding definitions and Corollary 8.6, we have

P;m(z) =8,(2,pn) = Pua (Sg(é,p,)) = Pua (Pnﬂ(z))

for all a €T, with a < g, and for all z € Z.

Remark 8.8. Note that if p € M(S,Y) and the defining net 91 is upper
superstable, then by Theorem 8.5 we also have

&mm=4nw

forall a €l and f e F(Q, X).

9. Characterization of admissible normal 91*-bases

The importance of superstable defining nets is apparent from the following two
theorems which give a natural generalization of Theorem 3.

Theorem 9.1. If p is an admissible normal M*-basis for (X,Y,Z) and the
defining net N is lower superstable, then the following two assertions hold:

(1) Theset {Sa(f,p): a€l, fe CL(Q,X)} is dense in Z;
2) |Sa(fim)| < Cyu|Ss(f.p)| forall a €T, with a < 3, and for all
feF,X).

Proof. By Definitions 5.1 and 2.3, it is clear that the assertion (1) holds. More-
over, by using Corollary 8.6 and Theorem 5.11, we can easily see that

Isa(fv.u)| = IPua(Sﬁ(fvﬂ'))l % ]IP#QH|Sg(f,u)| < CM"Sﬁ(fv /‘)'

for all a €T, with a </, and for all f e F(Q2,X).

Remark 9.2. By the above theorem, an admissible normal 9t*-basis p for
(X,Y, Z) may be called monotone if C, = 1.

Theorem 9.3. If p € M} (S,Y) is MN-admissible and the defining net N is
upper superstable, then p is an admissible normal M*-basis for (X,Y, Z) if the
following two conditions hold:

(1) Theset {Sa(f,p): a€l, feF(Q,X)} isdensein Z;
(2) There exists a nonnegative number C such that

|Sa(fa N)l < ClSﬂ(f, .U')l

for all a € T', with o < 3, and for all f € L},(©2, X).
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Proof. If z € Z, then by condition (1) there exist sequences (c,) and (f,) in
I' and F(£2, X)) respectively, such that

2 = lim S, (fo, ).
Since the integrator p is Dt-normal, by theorems 6.7 and 7.6, we have

fran = (fn)a. € E;(va)

for all n € N. Moreover, if m,n € N, then by condition (2) and Theorem 8.5,
it is clear that

|Sa(frmcm — Frans #)] < C|Ss(fmam — Frans B)|
= C|Ss(fmam> ) = S(fran 1)
= C|Sa,. (fm: 1) = San(fr: )]
forall a,8 €l with a,, < and «a, < 3. Hence, it follows that

| fman = franl,, < C|Sap (Fms 1) = Sa, (Fas ).

Therefore, (fna, ) is a a Cauchy sequence in £} (S,Y). Thus, by Corollary 4.4,
there exists an f € £;(S,Y) such that

hrrzn ‘fnan —flﬂ =0.

Hence, by Corollary 6.10 and Theorem 3.2, it is clear that
z =lim Sy, (fn, ) = lim / fna, dp = / fdpu.

Now, by Lemma 5.3, it remains to show only that if h € £;(,X) is such
that [, hdu =0, then h = 0. For this, note that by condition (2) we have
|S<1(ha .u)| < Cng(h,,U)l

for all a € I', with a < 3. Therefore,
Sa(t )] < Clim |85, 10] = | [ hate| =0,
Q

and hence S, (h,u) =0 for all « € I'. Thus, in particular, we have |h[, = 0.
Hence, since the integrator p is now Dt-admissible, it is clear that h = 0.

Now, as an immediate consequence of Theorems 9.1 and 9.3, we can also
state
Corollary 9.4. If pe€ M (S,Y) is N-admissible and the defining net N is
both lower and upper superstable, then the conditions (1) and (2) of Theorem
9.3 imply the assertions (1) and (2) of Theorem 9.1.
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