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1. Introduction

Two centuries ago, around 1880, C. Jordan introduced the notion of a function
of bounded variation in [§] and established the relation between those functions
and monotonic ones when he was studying convergence of Fourier series. Later
on the concept of bounded variation was generalized in various directions by
many mathematicians, such as F. Riesz, N. Wiener, R. E. Love, H. Ursell, L.
C. Young, W. Orlicz, J. Musielak, L. Tonelli, L. Cesari, R. Caccioppoli, E. de
Giorgi, O. Oleinik, E. Conway, J. Smoller, A. Vol'pert, S. Hudjaev, L. Ambro-
sio, G. Dal Maso, among many others. It is noteworthy to mention that many
of these generalizations where motivated by problems in such areas as calculus
of variations, convergence of Fourier series, geometric measure theory, mathe-
matical physics, etc. For many applications of functions of bounded variation
in mathematical physics see, e.g., the monograph [14]. For a thorough expo-
sition regarding bounded variation spaces and related topics, see the recent
monograph [I].

In his 1910 paper [13], F. Riesz defined the concept of bounded p-variation
and proved that, for 1 < p < oo, this class coincides with the class of absolutely
continuous functions with derivative in LP[a,b]. Moreover the p-variation of a
function f on [a,b] is given by

Vp(fv [av b]) = Vp(f) = ||fIHZ£P[a,b]'

In [3] the first and third named authors generalized the concept of bounded
p-variation introducing a strictly increasing continuous function « : [a,b] — R
and considering the bounded p-variation with respect to a. This new concept
was called (p, a)-bounded variation and denoted by BV, «)[a, b].

In this paper we generalize the concept of (p, @)-bounded variation. In order
to do that, we take a ¢-function and then we consider the bounded ¢-variation
with respect to a. We will call this new concept (¢, «)-bounded variation in the
sense of Riesz and denote it by BVZ},@)[a, b]. We will show that BV?¢,O&) [a,b] is
a modular space and this allows us to construct a vector space RBV 4 )a, b]
generated by BV(R@Q) [a, b] and thus define a norm on it, the Nakano-Luxemburg
norm.

After that, we use the embedding RBV (4 )[a,b] — Bla,b] to show that
RBV(4,a)[a,b] is a complete space, without assuming the validity of the
oo1-condition, which is standard to impose in analogous cases. However we will
use the oo;-condition to avoid that RBV 4, o) [a, b] coincide with BV(a, b]. Finally,
we obtain the following result: f € BV'@,’Q) [a,b] if and only if f € a-ACla, b] and
f: o(|f4(t)]) da(t) < 400 which is a generalization of the Medved’ev lemma,
see also [2] for some embedding results in these spaces.
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2. Preliminaries

In this section, we gather definitions and notations that will be used throughout
the paper. Let a be any strictly increasing, continuous function defined on [a, b].
By po we denote the Lebesgue-Stieltjes measure induced by «. For a standard
treatment regarding Lebesgue-Stieltjes measure and integral, see e.g. [6].

Definition 2.1. A function f : [a,b] — R is said to be absolutely continuous
with respect to « if, for every € > 0, there exists some § > 0 such that if
{(aj,bj)}}—; are disjoint open subintervals of [a, b], then

Z‘a —a(a;)| <40 implies Z’f — flay)| <e.

Jj=1

All functions in a-AC[a,b] are bounded and form an algebra of functions
under pointwise defined standard operations.

Definition 2.2. Suppose f and « are real-valued functions defined on the
same open interval I and let g € I. We say that f is a-differentiable at x¢ if

exists
i @) = flao)
=z ax) — axp)
In that case we denote its value by f/ (z¢), which we call the a-derivative of f

at xq.

The following lemma connects the a-AC[a,b] concept with the concept of
a-derivative (for a proof of Lemma see e.g. [0l [l [7, [13]).

Lemma 2.3. If f € a-AC[a,b], then f. exists and is finite uy-a.e. on [a,d].
Moreover, there holds an analogue of the fundamental theorem of calculus for

fea-ACab], ie |f(z) = f(y)l =| [ fo da(t)

Definition 2.4. Let ¢ : [0,00) — [0,00) be a function such that: (i) ¢ is
continuous; (ii) ¢ is strictly increasing; (iil) ¢(0) = 0; and (iv) lim;—, o ¢ () = oo.
Then such a function is known as a ¢-function.

3. Functions of (¢, @)-Bounded Variation

Definition 3.1. Let f be a real-valued function on [a, b] and ¢ be a ¢-function.
Let I={a = <1 < --- < x, = b} be a partition of [a,b]. We consider

) ) (a(z)) — alzj-1))

and
Vi, (f31a,8]) = Vo) (f) = sup .0 (f510),
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where the supremum is taken over all partitions II of [a, b]. V& a)( f) is called
the Riesz (¢, a)-variation of f on [a,b]. If VRG> a)(f) < o0, we say that f is
a function of Riesz (¢, a)-bounded variation. The set of all these functions is

denoted by
BV(¢a)ab {f ab—>R‘V(¢a f<oo}.
Setting ¢(t) = t?(1 < p < o0) we obtain the concept of (p,a)-bounded
variation defined in [3]. Fixing a(t) =, t € [a, ], the quantity V(R¢,a) (f; [a, b])
is known as the Riesz-Medvedev total variation, see [I] for more details.

By B[a,b] we denote the Banach space of bounded functions on [a, b] with
the supremum norm.

Theorem 3.2. Let f : [a,b] = R be a function and ¢ be a ¢-function. If
f € BV ola,b], then f € Bla,b].

Proof. Let x € (a,b). Then taking the division IT = (a < z < b) we get

(
£G) = F@IY (01— o .
o(LOZLO (o) - al@) s M=VE (N <0 ()

In particular, from .
¢( @ > ) <M, Vze|(a+Db)/2,b). (2)
atb

Since « is increasing a( ) < a(z), for all z € [(a+b)/2,b), from which

o<a(“;b> —a(a) < a(z) — ala), Y€ [(a+1b)/2.b). 3)

Since ¢ takes non-negative values, i.e. ¢(t) > 0, V¢t > 0, from and , we

oot
¢,<M> <a<“;b> oz(a)) <M, Vae [(a+b)/2,b)

a(z) — ala)
from which we obtain

¢<|f(x)—f(a)|>§a( M =C1, Vze[(a+b)/2,b). (4)

a(z) — afa) ‘ITH’) — afa)

Since ¢ : [0,00) — [0,00) is bijective (strictly increasing, so injective, con-
tinuous with ¢(0) = 0 and lim;_,o ¢(t) = 0), ¢! : [0,00) — [0,00) is bi-

jective strictly increasing, from we deduce % < ¢ HCy) = Ly,

vz € [(a+b)/2,b) or
|f(z) = fla)] < Ll(a(x) —a(a)), Vr € [(a+b)/2,b).
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Then
|f(@)| < [f(z) = fla)| +[f(a)l
< Li(a(z) — ala)) + f(a) < Li(a(b) — a(a)) +|f(a)] (5)

for all z € [(a +b)/2, b), where the last inequality follows from the fact that «
is increasing.

For the case where x € (a, (a + b)/2] we get

[f(@)] < La(a(b) — aa)) + £ ()], (6)

adapting the previous argument.
From () and (6) it follows that f is bounded on (a,b), hence on [a, b]. o

4. BV?¢,a) [a, b] as a Vector Space

In this section we study some properties of the (¢, a)-variation. Let us consider
V?q5 o (f) as a functional defined on the set of Riesz (¢, a)-bounded variation,

that is VE, ) : BV(y.a[a,b] = [0, +00) with f — V&, (/).

Theorem 4.1. Let ¢ be a ¢-function. Then
(1) Vi) (= 1) = Vi 0 (f) for f € BV ) [a,0);
(2) V?qb’a) is convex if and only if ¢ is convex;
(3) V(R¢’a)(f) = 0 if and only if f is a constant function;

(4) If ¢ is convex and 0 < A < 1, then VF@a)()‘f) < )\V&,Q)(f) for f €
BV(y.a)la.b].

Proof.
(1) Follows directly from the definition of VFdL o ()

(2) Suppose that ¢ is convex. Let f,g € BV'(?@O{) [a,b] and A, p € [0, 1] such that
Atpu=1Let Il ={a=20 <z <--- <z, = b} be a partition of [a,d].
Since ¢ is increasing and convex we have
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a@’a) (A + pg; )
. <!(Af + 1g)(x;) — (Af + pg) (1)
0]

;) — afzj-1)

) (a(zj) — e(z5-1))

= )‘O.Eb,a)(f; ) + NU&,Q) g; 1)
< )‘Vﬁb,a) (f) + MV(R¢,Q) (g)a

which entails st’a)()\f—l—ug) < )\V&,Q)(f)—l—uv;? ) (9),ie. V&’a) is convex

on BVE@Q) [a, b]. Moreover, if f, g € BV(R¢VQ)[a, b] then A\ f+ug € BV(R¢7Q)[a, b]
with A+ p =1 and A\, u € [0, 1]. Conversely, suppose that V&,a) is convex.
Let s,t € [0,00) and define for = € [a, b], the functions f(x) = sa(z), and
g(xz) = ta(z). Let \,p € [0,1] with A+ pu=1.Let Il = {a = 29 < 21 <
-+ <, = b} be a partition of [a, b], then we have

which is true for any partition II of [a, b].

Therefore V?qb’a)(f) = ¢(s)(a(b) — a(a)) and f € BV?@a)[a, b]. In the same
way, we have Vaa)(g) = ¢(t)(a(b) — a(a)) and g € BV(R(b’a)[a, b]. Since
f+9 € BV{yala,b] and V¥, | is convex, we have that A f+xg € BV, o [a, 0]

with A, u € [0, 1] and A4 = 1. On the other hand, observe that V?¢,a)()\f+

1g) = ¢(As+put)(a(b)—a(a)). By hypothesis V&ﬂ)(/\f—hug) < )\V(R¢7a)(f)+

MV(R¢7Q)(g) then ¢p(As+put) < Ap(s)+ug(t) and thus ¢ is convex on [0, +00).

3) If f is constant on [a, b], then VR f) =0, since ¢(0) = 0. Next, suppose
(¢7a)
that V&)a) (f) = 0, then for all partitions II of [a, b], we have U&,a)(f? Im) =

0. Let now IT = {a < t < b} be a partition of [a,b], then
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U(¢,a)(fa ) =

M (67 - M a —ala)) =
((b) (t))((b) (t))+¢<a(t)_a(a))((t) (a)) =0

and hence gb(%)( (t) — a(a)) = 0 and % = 0. Therefore

)
f(t) = f(a) for t € [a,b], that is, f is constant on [a, b].
(4) By (2) and (3) we have V&,a)()‘f) = Vi, a)()\er (1-X)0) < )\V?d) o () +
(1= AV, ) (0) = AV, ) (f)- u

Remark 4.2. In general BV(R@O[) [a,b] is not a vector space.

The following lemma will be useful in what follows.

Lemma 4.3. Let (R,V,4) be a vector space. Let A C V be a symmetric and
convex subset. Let [A] be the vector space generated by A. Then [A] = {v € V|
A >0 such that Mv € A}.

Next, we apply Lemma [4.3] to Theorem to obtain the following.

Corollary 4.4. Let ¢ be a convex ¢-function, then BV(R¢7Q)[a, b] C Bla,b] is a
symmetric and convex set. Moreover {f a, ] = R ‘ A >0 such that Mf €
BV'(?%@) [a,b]} is the vector space generated by Bvﬁb,a) [a,b].

Definition 4.5. Let ¢ be a convex ¢-function. Then

{f:]a,b] > R|3X >0 suchthat Af € BV, a,b]} =
{f:la,b] > R|3A>0 such that V(R¢7a)(Af) < +oo}

is called the vector space of (¢, a)-bounded variation functions in the sense of
Riesz and we denote it by RBV 4 o)[a, b].

We now have that RBV (4 o)[a, b] = [Bv@m [a,b}] C B[a, b].

5. RBV(4,q)la, b] as a Normed Space

Before introducing a norm in the RBV 4 o)[a, b] space, let us show some pre-
liminary results.

Theorem 5.1. Let ¢ be a convex ¢-function and f € RBV (4 q[a,b]. Then
(1) 0 <k <K, then VR, (kf) < VR, (K f);
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(2) limgo VF, ) (Bf) = 0;
(3) {e> 0|V, (f/e) <1} # 2.
Proof.
(1) Let 0 < k < K and II = {a:xo <z << Ty :b} be a partition

of [a,b]. Then |kf(z;) — kf(z;j_1)| < |k f(x;) — k' f(z;-1)|. Since ¢ is
increasing, for j = 1,...,n, we have

|kf(z;) — kf(x;-1)| |k fz;) — K fz-1)]
¢< a(z;) —afzj-1) =9 a(z;) —a(zj-1)

and thus a(¢ )(kf Im) < 0(¢ a)(k:’f; IT), which yields the desired result.

A

(2) Since f € RBV(4q[a,b], there exists X > 0 such that V(¢a (Af)
00. Let 0 < B < A, then by Theorem .(4 we have V&, (Bf) =

VE o (3AF) < §VB, ) (AF) < o0, therefore 0 < Timg o VE, , (8/)
limg_,0 §v§¢,a)(x f)=0.

(3) From part (2) there exists 8 > 0 such that V(¢ o (Bf) <1, which implies
the assertion (3). v

IN

Definition 5.2. Let ¢ be a convex ¢-function. Then
RBV{( oy[a,b] = {f : [a,b] = R | f € RBV(y0)[a,b] and f(a)=0}

is the vector space of functions of bounded Riesz (¢, a)-variation that vanish
at a.

We now define the functional |-\?¢’a RBV(¢Q [a,b] = RT by |f|'(?¢’a) =
inf {e >0: V(¢ w(f/e) < 1}, which is well-defined by Theorem ﬂ(?))

(d> o) defines a norm on RBV(¢ ayla, ], the so-called Nakano-
Luzemburg norm. Before doing that, we need the following result.

Lemma 5.3. Let ¢ be a convex ¢-function and [ € RBV?dW) [a,b]. Then
(1) 1115, 0y # 0 implies VE, | (F/1f1%, ) <1
(2) |f|(¢ o) < k is equivalent to V(¢ o (f/k) <1, k>0;
(3) 0< |f|(¢ o) < 1 implies V(¢ o(f) < |f|?¢,o¢);
(4) {e>0:V8, ) (F/) <1} = (FIF, 0y, +00).
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Proof.

(1) Let k& > |f|(R¢7a) and II ={a =29 <1 < --- < z,, = b} be a partition of
['a,b}. Then ofyy \ (f/k: 1) < VG, o (f/k) < Land ofy,  (F/IFI5; 0T <
hmkﬁmfz dm)( [k;10) < 1 wh1ch gives V(¢a (f/|f|(¢a ) <1

(2) Let [fIf) ) < k- IE|fI}; o) = 0. Then there exists k' such that 0 < &’ <k
and VR w(f/k") < 1. Since 1/k < 1/k" by Theorem 4) we have
(¢ )(f/k:) < V(R¢ o(f/K) <L If0< | f1%.a) < K, then 1/k < 1/|f\(R¢’a)

and again by Theorem H(Zl) and Lemma 1) we obtain Vﬁb}a)(f/k) <

R R
VE o (P11 ) <1
Conversely, V(¢ o (f/k) < 1 implies that k € {e>0: V(¢a (f/e) <1}
which gives that k > \f| (60"

(3) It |f|(¢a) = 0, then for & > 0 we have that V(¢ o (f/k) <1, that is, k €
{e>0: VR olf/e) < 1}. Let 0 < k < 1. Then, by Theorem 4), we

have V?¢,a)(f) = V&’a (k(f/k)) < kva o (f/k) < k; thus V(Rd)’a)(f) =0
and hence the required inequality holds.

Ifo< \f|?¢’a) < 1 by Theorem 4) we have that

VEar (1) = Vi (11 (/111800)) ) < 11V (F/1 1))

which implies T Q)V(R¢ w(f) < Vﬁb,a) (f/|f\'(?¢’a)> < 1 and by (1) we

get V(o) () < 1f g0

4) k€ {e>0:V§ (fle) <1} &V, (f/k) < 1 which, by (2), is
equivalent to |f|(¢’a) < k which is equlvalent tok € <|f|(R¢7a)7 oo). o

Theorem 5.4. Let ¢ be a conver ¢-function. Then |-|(R¢ ) 8 a4 norm on

RBV{;. o[, b]
f

for f € RBV(; ,[a,b].

Proof. We first show the positive definiteness. If f = 0, then \0|'(?¢)a
{e> 0V (9 <1} = 0. 10 IR, = 0, then by Lemma [5.3(3),

0< V(¢a)( ) < |f|(¢7 = 0. Thus Vﬁb o) (f) = 0 and by Theorem (3) we
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conclude that f is a constant function. Then, since f(a) = 0 then necessarily
f=0.
To prove the absolute homogeneity, we first suppose that m # 0. Then

: mf
|mf|'(?¢,a) = inf {E >0: V(RQS,a) <€> < 1}

: f
= |m|inf {5 >0: VR ) (5 <1p=ml[fI% 0

If m = 0 both sides are equal to zero.

We now show the validity of the triangle inequality. Lef f,g € RBV?d)’ wla, bl
If f=0or g =0 then trivially we see that |f + g|(R¢7a) = |f|?¢,a) + |g\?¢7a). If
f # 0 and g # 0, by the convexity of VFWX) we have

VR f+g
PN )+ 19105,
Fib f lgIf
R (6,0) (6,0) g
_V(¢’“)<f|R 10l T T TT o+ Lol 1T
(¢,0) T 19l(p,0) 1 1(g,0) (¢.a) T 19N(p,0) 191(4,0)

R R
f1{,0) R / 191(6.0) R g
T e H19Gay TN\ oy ) W Ry 1900 @ 910

|f||(? ) |g||(? ) 1
— R R R R
[flEsa) T1906.0) 191060 T 1910500

where the last inequality is due to Lemma 1). Thus, by Lemma 2) we
have

f 4 9l8s.0) < 1F 100y + 191050 (7)
In this way we obtain the triangle inequality for f,g € RBV(()(b,a) [a,b]. ™

Remark 5.5. In what follows, we could had appeal to the theory of modular
spaces, see e.g. [I1, Theorem 1.5], but we preferred to use a direct approach.

In the following we are going to define a norm on the space RBV 4 o)[a, b].

Definition 5.6. Let ¢ be a convex ¢-function. We define the functional
R
RBV (sla. bl = B by £+ [£(@)| +|f = f@)%, ..

R .
(¢,0)

Theorem 5.7. Let ¢ be a convex ¢-function. Then \|-H(R¢7a) is a norm on
RBV(¢)OL) [a, b] .
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Proof. To show the positive definiteness we take a function f € RBV 4 o)[a, b]

with ||f||(R¢7a) = 0; then |f(a)| =0 and |f — f(a)‘lzzj o =0 From this we have
f(a) =0 and by Theorem [5.4] we get f — f(a) = 0.

The absolute homogeneity holds, since taking f € RBV (4 o[a,b] and ¢ € R,
R
we have [|cf (18, o) = lef(@)] + |ef — (@5, o) = [l I £ -

The triangular inequality follows from the fact that, if f,g € RBV (4 o)[a, 0]
then

1+ 1) = I+ @] +[(F +9)— (F+ )@,

< 1f(@)] +lg(@)| +|f ~ F@I,.., +1g - 9@}, .,
1y + 0. o

Remark 5.8. If ¢ is a convex ¢-function, then

(1) (RBV?@&) [a,b], (R¢,a)) is a normed space;

(2) (RBV(WI) [a, b], ||-||'F¢ a)> is a normed space.

6. RBV(4,4)[a,b] as a Banach Space

In what follows we are going to prove the completeness of the normed space
constructed in Section [5} First of all we will need the following well-known
result.

Lemma 6.1. Let ¢ be a convex ¢-function defined on [0,00). Then the function
¥ 1 (0,00) = R, defined by x — ¢(x)/x, is non-decreasing.

In what follows, we do not use the ooj-condition as was used in [9] to prove
that, for f € RBV?WI) [a, b], there exists M such that |||l < M|f|(R¢ )

Lemma 6.2. Let ¢ be a convex ¢-function. If f € RBV?(b’u)[a, b], then || flloo <
M|f|(R¢7a) with

— max 1 a(b) — afa)) e [ — L1
M= (a(b)—a(a))qb(m) (o) (@)¢ <a(b)—a(a))

Proof. 1f |f|?¢ a =0 the result is trivial. Next, we assume that |f\(Rq5 ) #£0
and let us consider

f(x)
155,00

>

E:{xe(a,b]:'

Revista Colombiana de Matemadticas



176 RENE ERLIN CASTILLO, HUMBERTO RAFEIRO & EDUARD TROUSSELOT

Let x € E. Then

m < ([F@/1f%0]) / (al@) = al@)),

by Lemma

o

<

@R N /(@I ol
a(z) — ala) a(z) — ala)
then by Lemma 1) we have
f(x)

1
T o or=e)
xr)— Jla R
_ ¢(\ﬂ )aaf;( >|/Ifl<¢,a>> (a(e) - (@) < VE, o (/171 ) 1.

(a(b) — a(a))

—a(a)

From this we obtain
/10,0
(O‘(b) - a(a))gb(m)

|f(@)] <

Let x € (a,b] \ E. Then

<1
‘fl'@,,a) o) —ala)
Next, let us consider
f(x)
' 1 a(z) —Oé(a)¢ ‘fl? @)
a(b) — () a(b) —afa) " | a(z) — afa)
f(@)—=f(a)
1 118 0

~a(b) —ala)” | ax) - ala)

Since z((;g)):gég)) <1, ¢ is convex and ¢(0) = 0.
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By the previous estimate, Lemma 1) and taking into account the fact
that f(a) = 0 and the partition a < & < b of [a, b] we have

f(z)
16,00 1 1

f
a) —ala) | = ab) — ala) Vi (f/|f|?¢’a)) = a(b) —ala)’

from which we obtain

and thus
()] < (a(b) = afa)) 6~ (1/((b) — (@) I£15s.00 (9)

for x ¢ E. By (8) and (9) we have

|f(z)] <
1 1
max () = a@)o™ (g2 a) | Ve
(a(b) a(a))qs(m) a(b) — a(a) (¢:2)
for all z € (a, b].
Let M = max { (a(b)ia(a»;(a(b)ﬁm)) , (a(b)—a(a)) ¢! (m) } Then
we have || fllo < M|f|F, ) for f € RBV(, 4 [a,0]. o4

Theorem 6.3. Let ¢ be a convex ¢-function. Then (RBV(()¢7Q)[Q, b], |-\(R¢7a)) is

a complete space.

Proof. Let {f,}ner be a Cauchy sequence in RBV(()¢7Q) [a,b]. Given & > 0 we
might select ¢’ = eM, and thus there exists n € N such that, for all p,q > N

we have
EI

Vi E.

|fp - fq'?qﬁ,a) <

By Lemma [6.2] we obtain || f, — fglle < €’. This last inequality implies that

{fna}nen is a Cauchy sequence in (B[a,b], ||+||oc) and hence converges to f in

norm oo~ Let us now define f : [a,b] = R by z — lim, o fn(z) if 2 # a
and f(a) = 0. We need to show that
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(1) f € RBV{y ola,b], and

(2) {fn}nen converges to f in norm

R

(¢,0)”
From Lemma 2) we see that V&,a) (@) <1.
Let I ={a=x29 <21 <--- < x, = b} be a partition of [a,b]. Then
R fp_f. _ R fp_limq%oofq.

J<¢>a><e 7H> = %,a)(EvH

— I R fp_fq, ; R fp—fq
= lim U(¢7a) (5’]:[) < lim V(¢,Q) ( <1

q—o0 T g £ -

for all partitions II of [a, b], which yields

R fp_f _ R fp_f,
V(d),a)( - ) = Sll—llpo-(d)’a)( - ,H) S 1.

for p > N. Therefore f, — f € RBV(()QQ) [a,b]. Since RBV?¢’Q)[a,b] is a lin-
ear space, we conclude that the function f € RBV(()QQ) [a, b]. Moreover, since

V(R¢ a)(fp;f) < 1, from Lemma (2)7 we conclude that |f, — f|'(?¢ o <eif
p > N, which means that {f,}nen converges to f in \-|?¢ oy-horm . vf

Theorem 6.4. Let ¢ be a convex ¢-function. Then (RBV(W}) [a,b], ||-||'(?¢,a))

is a complete space.

Proof. Let {f,}nen be a Cauchy sequence in RBV 4 o)[a, b]. Given € > 0, there

exists N € N such that || f, — f[If, ,) < € whenever p,q > N, that is |(fp —

fq)(a)| =+ |(fp _fq) - (fp - fq)(a)@,)a) whenever p,q > N. Let q, = f, — fp(a)y

p € N. Since f € RBV (4 o[a,b] if and only if f — f(a) € RBV(() o la,b] then
g€ RBV?@a)[a,b]. Then |g, —gq|'(?¢’a) < & whenever p,q > N and thus {g, }nen

is a Cauchy sequence in the space <RBV?¢7Q) [a, b], |'|'§¢ a)) which is complete,

R
((z)!a)

On the other hand, since |fp(a) — fq(a)| < € whenever p,q > N, we have
that { fn(a)}n oy s a Cauchy sequence in R and hence converges to a function
Jo € R. Let f = g+ fo, then f € RBV (4 4 [a,b]. Since g and fy are constant
functions they have (¢, a)-bounded variation in the Riesz sense and f(a) =

(g+ fo)(a) =gla)+ fo=f and g = f — f(a). Moreover

1Fn = Pl = [(Fr = D@+ [(Fn = ) = (Fn = H@IG, 0
= [fala) — F(@)] + g0 — g3y o

and therefore converges in norm to a function g € RBV?WX) [a, b].
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Since fn(a) — f(a) and g, — g, we have the result. o

7. RBV(4,q)[a,b] as a Banach Algebra

In their 1987 paper [9] L. Maligranda and W. Orlicz gave a lemma which
supplies a test to check if some function space is a Banach algebras, namely

Lemma 7.1 (Maligranda—Orlicz criterion). Let (X, ||«||) be a Banach space
whose elements are bounded functions and the space is closed under multipli-
cation of functions. Let us assume that feg € X and ||fg|l < |[flloo*llgll +
Ifll+llglloo for any f,g € X. Then the space X equipped with the norm || f|1 =
I flloo + I ]| is @ normed Banach algebra. Also, if X < Bla,b], then the norms
I+]l1 and ||+|| are equivalent. Moreover, if ||fllcc < M| f|| for f € X, then
(X, [I*ll2) is a normed Banach algebra with || f|l2 = 2M||f|, f € X and the
norms ||+]|2 and ||+|| are equivalent.

To begin with, we are going to show that the space RBV 4 ,)[a, ] is closed
under multiplication of functions.

Theorem 7.2. Let ¢ be a conver ¢-function. If f,g € RBV (4 o)[a,b], then
R R
fg € RBV(qb,a)[a’b] and |fg - (fg)(a){(@a) < ||f”00|g - g(a)’w,a) + Hg||00|f -
f@;
($00)

Proof. If f = f(a) = const or g = g(a) = const, the result is obvious. Assume
that f # const and g # const. Since the functions are bounded (see Theorem

we write A1 = [|flloc: A2 = [glloe and A = Mg — g(@)[f, ., + Ao| f
f(a)‘(R¢ oy Let TT= {a =29 <z1 <--- <, = b} be a partition of [a, b]. Since
f €RBV (4 )[a,b] if and only if f — f(a) € RBV{; ,a,b] we have

I(¢,0) A

R (fg— (fg)(a);H)

o () o -t

g Az|f<xj>—f<xj1>!+A1|g<wj>—g<%1>!> o) — al;
§;¢< foule tei (aly) — alz; 1)
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- Xl f = fla)[; o) |f () = fzj-0)
_ Z¢ (¢, J Jj—
j=1 A ‘f f |(¢o¢)( ( ) a<mj*1))
>‘1|9 g(a |(¢ @) ]g z;) — g(@j— 1)’
a(z;) —a(z;—1)
A |g g ‘(¢ o()( ( ) a(xjfl)) ( )

| e f - f e |f(aj) — flzj—)]
) +
Z:: |f = fla !M)( a(z;) — a(zj-1))

Al’g g(a |(¢>a) |g($j) —9(%‘—1)’
¢ o) —afzj-1)
) 7 o@, (atr) a0 | || v

AQ’f fla |<¢a>g f(a) |+
A If - fa)\(w)

Mlg — gl |<¢a>
!g g(a \wa

)\2|f fla | o f
= A (¢ )Vﬁb a) +
|f = f(a) ’(@a)

Mg = 9@ 0 e g
— Ve [T |-
9= 9(a)[y o)

Since f € RBV (¢ o) la,b] if and only if f — f(a) € RBV?WX) [a,b] we have

Wl R
_ el J;<a>\<¢,a v f() .

Mg —g(a ‘(qbav g—g(a)
—— Voo | T x|
A 9= 90y 0
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Since f — f(a) and g — g(a) belong to RBV?@O{) [a,b] and by Lemma (1)
we obtain

)\2’f f d)a) +>\2}g g |(¢o¢)

=1.
- A A

This holds for any partition IT of [a, b], then
R (f9 fo—(fg)@)\ _ & (fa—(f9)(a)
Vig.a) <A> Vi ( 3 = SUPO(5,a) v o)=L

Since V(¢ a)( ) < oo we conclude that fg € RBV(¢’ )[ bl and fg—(fg)(a) €

RBV?(#’Q)[a, b]. By Lemma [5 ( ) we have |fg
A1, A2 and A we obtain

’(¢ ) < A. Replacing

Fg = (F) @[5y o) < fllsclg — g@[F, o) + lllsclf = F@|5 0 &

Corollary 7.3. Let ¢ be a conver ¢-function. If f,g € RBV?@Q) [a,b], then
fg € RBV?@G)[a,b] and

191060y < Nflloclg1Cs.) + N9lloo] £16s.0)-

Theorem 7.4. Let ¢ be a convexr ¢-function. Then

(1) RBV (4,0)la, b] with the norm e lIR = [l+]loo +

(2) RBV (4,0)la,b] with the norm ||+||§ = 2max{1,M}||-||'F¢ o) 15 @ Banach
algebra, where

1

— max o) —ala))o [ — 1
" (a(b)—a(a))¢><a(b) a(a)) (a(t) ~ala))? <a(b)—a(a)>

(8) The norms ||-||?¢ )’ -]} and ||+||] are all equivalent.

Proof. First of all we need to check the hypothesis from Maligranda-Orlicaz

criterion (Lemma [7.1)). By Theorem we know that RBV (4 q[a,b] C Bla,b]
and by Theorem [6.4] we know that (RBV (4 4)[a,b], ||« ||(R¢ a)) is a Banach space
which is closed with respect to function multiplication; moreover
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1F9lfs.e) = [(f9)(@)] + | fg — (f9)(@)]{, )
< 2/f(a)llg(a)| + || flloc®

< 1flloolg(@)] + llglloo] £(@)] + [1flloo]g = 9(a)|, oy +

|(¢a)+||g||00 ‘f f |(d>o¢)

gllo

‘((;504
= Il (lg(@)| + | ~ 9(a ma)+M@0f|+U F@)|[50)
= 11 Fllocllgl cy + gloo £

for f,g € RBV(d) @) [a b]

Then RBV (4 o)[a,b] with the norm || f||} = || f]le + Hf||(¢a , is a Banach
algebra. Moreover, if f(a) # f € RBV (4,q)[a,b], then f — f(a) € RBV?¢7Q)[a, b]
and by Lemma we have that ||f fla || < M|f fla |(¢ yielding
[flloe < max{l, M}IIfIIR y for f € RBV(4,4)[a; b].

From Lemma [7.1| we deduce that RBV (4 q[a,b] with the norm ||f||§ =

2max{1, M}||f||(¢ o is a Banach algebra and the norms ||« ||(¢ o and |+||% are
)

equivalent.

Combining Lemma [7.1] and Theorem [7.4] we have
Corollary 7.5. Let ¢ be a convex ¢-function. Then

(1) RBV((z, ayla, b] with the norm e lIR = [|+]loo +

(2) RBV(¢’Q)[a, b] = 2max{1,M}|-|(R¢7a) where

1
(a(d) = (@) sp75

M = max

)AMM—M®W”<Mmlmw>

is a Banach algebra;

(3) The norms ||-||?¢ )
8. Medved’ev’s Theorem

In what follows, we need to justify why we need to introduce another condi-
tion on the function ¢, the so-called co;-condition. This is done to avoid the
trivialization of the theory as stated in Corollary [8.4]

We first show some auxiliary results.
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Theorem 8.1. Let ¢ be a conver ¢-function. Then RBV (4 [a,b] C Bla,b].
Moreover, we have the following estimate

1
V(£ la, b)) < (a(b) — afa)) + @V&,a) (f)-
Proof. Let Il = {a = 29 < 21 < --- < x, = b} be a partition of [a,b].
Note that 2?21 ‘f xj)—f(zj—1 |= ;l 1%( (xj)—a(z;— 1)) Let
E= {j €{1,2,...,n}: L@l < 1} If j ¢ B, then L=t >

and by Lemma [6.1] we obtain

o(1) ¢(a<w§->fa<r§-71>)
1 = )=l

a(zj)—a(zj_1)

and thus

for j ¢ E. Then

S 14@) = i)

= Z |f ;) 33]—1)‘ + Z EE?; :iizjl ‘ (a(xj) —a(; 1))
JEE j¢E J j—1
N 1 | f()) = flaj-1)) o) — ol
SJEZEU(xJ) f( J—1)|+ ¢(1)%¢< a(z;) — alz;_1 )( (x5) (z; 1))
< a(b) — afa) + ﬁvw () < +oc

We now introduce the concept of ooq-condition.

Definition 8.2. Let ¢ be a convex ¢-function. If lim, % = +4o00, then we
say that ¢ satisfies the ooy -condition.

Theorem 8.3. Let ¢ be a convex ¢-function which does not satisfies the ooy -
condition. Then we have BV[a,b] C RBV 4 o [a, b], with V?q5 w(f) < rV(¢ o (f);

where SUP ¢ (g, 00) P(T) /T =1 < +00.
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Proof. Let f € BV[a,b] and Il = {a = z¢ < x1 < -+ < x, = b} be a partition
of [a,b]. Let us consider

|f(z5)—f(zj-1)l
¢(W) .

[flzi)—flzj—)]  — 7

a(z;)—a(z;-1)

j=12,...,n.

) > (OL(Ij)*O[(l‘j_l)) < T|f($j)*f($j_1)|, ] = 1727 L

and
UF(z;,a)(f;H) < TZ ’f(ﬂ?j) - f(xj—1)‘
j=1
for all partition II of [a, b]. Therefore cf& a)(f; Im < rV'&) a)(f) and V(¢ a)(f) <
rV(f, [a,b]). Consequently, f € RBV 4 o)[a,b]. o

From Theorem [B.1] and [8.3] we deduce the following result.
o(z)

x

Corollary 8.4. Let ¢ be a convex ¢-function such that limg, s =r <

+00. Then RBV (4 «)la,b] = BV[a, b] and

1

VB, () < V(£ 10,8]) < alb) — ala) + =V

—V .
o(1) (6,00 (f)

To avoid this case and the trivialization of the theory, we will impose the
oo1-condition on the ¢ function hereafter.

Theorem 8.5. Let ¢ be a convexr ¢-function which satisfies the co-condition
and f € RBV (4 q)la,b]. Then f is absolutely continuous with respect to a on
[a,b], that is, RBV (4 q)[a,b] C a-AC[a, b].

Proof. Let f € RBV(4.q)la,b]. Given € > 0, let us consider (aj;,b;), j =
1,2,...,n a finite collection of disjoint subintervals contained in [a,b]. Let
m > 0 such that Vﬁﬁ,a)(f) < 5=, Since ¢ satisfy the oo;-condition, there exists
xo € (0,00) such that ¢(x) > ma for x > xg. Next, let us consider the following

setE:{je{1,2 ,n}: MZ%}.H]’EE thenx0<%

and since ¢ satisfies the ooy-condition we have m |fEb 1) f(“’)l < ¢( £ (bs) = f(aj)l)

bj)—a(aj) a(bj)—a(a;)

and thus | f(b;)— f(a;)] < *¢<M> (a(bj) —(a;)). From this inequal-

- m a(bj)—a(a;)

ity we obtain
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5170 = flap)] = X 1100 — Flan)| + X |10) — fla)|

JEE J¢E

IA
3~
g
©
—

Q

W)( a(b) — a(ay) —HEOZ bj) — a(a;))

J¢E

(b)
(bj) — af
—(bj> — f(aj)| —a a; T — Oé a;

I
3~
NgE
<
Y
Q |

R
< gv(a ) + @0 Z - ofay)-

Choose 0 < § < ¢/(2xg). If Z;‘L:1 a(b;) — afa;) < 6, then we have
Z?Zl {f(bj) — f(aj)| <5+z00 <e.

Finally, collecting all of this information we conclude that, given € > 0 there
exists 6 > 0 such that for all finite family of disjoint subintervals {(a], b;) : ] =
1,2,...,n} of [a,0] such that >>" ) a(b;) — a(a;) < &, then Y7, |f
f(a;)| < e, which means that f € a-AC[a, b]. M

The coming result is a generalization of the result due to Medved’ev [10]
which provide us with a characterization of the (¢, @)-bounded variation func-
tions in the sense of Riesz.

Theorem 8.6. Let ¢ be a convex ¢-function which satisfies the ooy -condition.
Let f : [a,b] = R, then:

(1) If f is an a-absolutely continuous function on [a,b] and
b
[ 60720 dsa(a) < o

then we have that f € RBV 4 4)[a,b] and

VR L (f /¢ 1£(@)]) dta(@).

(2) If f € RBV (g4 )la,b] then f is a-absolutely continuous on [a,b] and

b

/ H(114()]) dualz) < VR, . (f):

a
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Proof. (1) Since f € a-ACla, ], by Lemma [2.3]there f/, exists po-a.e. on [a, b).
Let x1, 25 € [a,b] with 21 < 5, then

T f1(2) da(a)
) > (04(552) - 04(931)) =¢ = (04(962) - 04(»’51))

a(za) — a(zy)

T 172()] daa)

a(r2) — afz1)

(a(z2) = afz1))

1) da(z)
o | (ale) - ale)

[ da(a)
T o(|£())) dalz)
o (a(z2) — o))
fda(x)

=/¢(yf;<x>!)da<m>,

where we have used Lemma and the generalized Jensen inequality (see, e.g.
[12, Theorem 1.2.5]).

Now, let Il = {a = 29 < 21 < --+ < x, = b} be an arbitrary partition of
[a,b]. Then

n % b
<> [ ozl date) = [ 6(17:)]) date) <,

and hence

ie., f € RBV(@Q)[Q, b]
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(2) Let f € RBV(4.q)[a,b]. Then, by Theorem f is absolutely continous
with respect to « on [a,b] and thus f! exists uy-a.e. on [a,b]. Let n € N and
II, ={a=x0n < T1n < -+ < Ty, = b} be a partition of [a,b] given by

(b
J;j,n:a—&—] , j=1...,n.
n
Next, let us consider the sequence { f”}n ey With fn ¢ la,b] = R given by

f@rt1,n)—f(@k,n)
folz) = a(Trt1,n)—(Th,n)’
any other reasonable value, if z =05.

if 2pn <2< Tppin;

Claim { f"}n cn converge to fl on those points where f is a-differentiable and
different of z; ,,, i = 0,1,...,n, that is, on

A= {ar € la,b] : f(x) exists} ~ {xm neNji= O,l,...,n}.

Let © € A. Then, for each n € N there exists k € {0,...,n} such that x) , <
T < Zy+1,n- Then

f(@rt1,0) — f@nn)
) = ) — aleen)
f@reim) — f(@) + f(2) = f(@rn)
A(Tht1n) — O‘(xk,n)
(Tpy1,n) — (@) f(@rs1,0) — f(@hn)
(@hr1n) — U@hn) A @hy1n) — (@)
a(z) — a(@en) (@) = fl@rn)

a(@pr1n) = aTpn) () = a(@rn)

Therefore, f,(x) is a convex combination of the points

f(@ry10) = f(Trn) and f(@) = f(zrn)

a(Thi1n) — a(z) a(@) = o(zkn)

When n — oo, then z,, ;, = x and z541,, — x. Since f is a-differentiable at z,
the expressions

f(@rt1.0) — f(2) and
(Tht1,n) — () o(z) = o(@k,n)

go to the a-derivative, i.e. to f/. From this we have that lim,,_, fn(z) = f.(x),
x € A pugae  on  [a,bl. Since ¢ is  continuous, then

limy o0 ¢ ([ fn(2)]) = ¢(limpoe [ fu(2)]) = ¢(|fL(x)]), © € A. Using Fatou’s

lemma, we obtain
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b

b
[ otz da@) = [ 1w o(1, () data)

a

b
< lim inf / o(1u(@)]) da(a)

$1+1 n

—lgg{ng/ (Ifn(@)]) da()

Li,n

_1zrg1£fz¢<‘f x”l“)_f(xix”i’) /da(x)

a(Tit1n) — Tin

Tin

~timinf Z i’ ( [f@in) = f(:ni,n; !) (a(ziean) — aloen)

xl—‘rl n) - a(zi,n
Corollary 8.7. Let ¢ be a conver ¢-function such that satisfies the ocoq-

condition. If f € RBV (4 ola,b], then f is a-absolutely continuous on [a,b]
and

b
/ (1)) daz) = V&, o ().

Corollary 8.8. Let ¢ be a conver ¢-function such that satisfies the ooq-
condition. Then f € RBV (4 q)la,b] if and only if f is a-absolutely continuous

b b
on [a,b] and [ ¢(|fL]) da(z) < co. Moreover [ ¢(|fL]) da(z) = V&)’a)(f).

Corollary 8.9. Let ¢ be a conver ¢-function such that satisfies the ooq-
condition. Let f € RBV? o la, 0], then

|f|?¢,a) = inf{s >0: /l)¢<|f1;5(x)|) da(z) < 1}.

a
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