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Multiplicative Relaxation with respect
to Thompson’s Metric

Relajamiento multiplicativo con respecto a la métrica de Thompson
GERD HERZzZOG

Karlsruhe Institute of Technology, Karlsruhe, Germany

ABsTrRACT. We give a condition so that certain mixed monotone mappings on
function spaces have a contractive multiplicative relaxation with respect to
Thompson’s metric. The corresponding fixed point theorem can be applied to
special types of integral equations, for example.
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REsUMEN. Damos una condicién para que ciertas aplicaciones monétonas mix-
tas sobre espacios de funciones tengan una relajacién multiplicativa con re-
specto a las métricas de Thompson. El correspondiente teorema de punto fijo
puede ser aplicado a tipos especiales de ecuaciones integrales, por ejemplo.

Palabras y frases clave. Metrica de Thompson, aplicacién mixta monotona, pun-
tos fijos, contraccion, relajacién.

1. Introduction

In [3] Guo considered conditions for mixed monotone mappings leading to con-
tractions on cones with respect to Thompson’s metric. Guo’s result was gen-
eralized in several directions, see [2], [4, Ch.3.3], [5], [6, Th.3.8], [7], and the
references given there. In this note we consider a multiplicative relaxation for
mixed monotone mappings on certain function spaces. The additive relaxation
method, also known as Krasnoselskij iteration, is a well known method for
nonexpansive and one-sided Lipschitz continuous functions in Banach spaces
[1, Ch.3].

Let X # & be a set, and let [°°(X,R) denote the Banach algebra of all
bounded functions v : X — R, endowed with the supremum norm ||-||. Moreover
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let E be a closed subalgebra of {*°(X,R) which contains at least one function
uo : X — R such that inf,cx ug(z) > 0. If X is a metric space, an admissible
subalgebra of {*°(X,R) would be the space E = Cp(X,R) of all continuous and
bounded functions on X, for example.

We consider E as ordered by the cone

K = {ueE:u(w)EO(xeX)}, u<v:i<e= v—ucekK.
The cone K has nonempty interior K°, since

uoe{uEE: infu(x)>0}:K°,

reX

and we set u K v:<= v—u € K°.
We consider K° as metric space endowed with the Thompson metric

d:K°x K° =R,  d(u,v)=sup|log (Zg;)‘ = || log(u/v)]|-

reX

We have
0<u<v = |ul| <,

thus K is a normal cone, and [8] Lemma 3] proves that (K°,d) is a complete
metric space. Now consider a function ¢ : (0,00) x K° — K° and

frK® = (0,00, f(u)(z) = g(u(z),u)(2). (1)

We are interested in fixed points of f, and we will give a mixed monotonicity
condition such that a suitable relaxation of f of the form

U (f(u))l/(q+1)(u)q/(q+1)’ ¢>0

is a contraction with respect to the Thompson’s metric, whereas f itself is not
contractive, in general.

2. A Fixed Point Theorem
We consider the following conditions for g : (0,00) x K° — K° and f defined

by :
Vue K°: 0<s<t = g(tu)
Vi e (0,00): 0<u<v = g(tu)

(s,u),
(t,v),

0 (2)
t (3)
,00) X K° VaEl:g(at,u)Zﬁg(t,u), (4)
(5)
(6)

<g
<g
dg > 0 V(t,u) € (0
Ip>0V(tu) € (0,00) Xx K°Va>1: g(t,au) < aPg(t,u),

f(K°)CE.
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Theorem 2.1. Let g : (0,00) x K° — K° and [ satisfy — @ for some
p € (0,1) and some ¢ > 0, and let F: K° — (0,00)X be defined by

F(u)(z) = (f(u)(x))l/(tﬁ-l) (u(l,))fI/(Q+1)'

Then f(K°) C K° and F(K°) C K°. Moreover F is a contraction with respect
to d with contraction constant (p + q)/(1 + q), and F and f have the same
unique fized point in K°.

Proof. First note that
u € K°, (ue K° r>0),
since E is a Banach algebra. Let u € K° and ¢ = sup,¢ y u(z). We have
Fu)(@) = g(u(@),u) (2) 2@ glo,u)(@) (v € X).

Thus f(u) € K° since f(u) € E and g(o,u) € K°, and so F(u) € K°.
Now, let u,v € K°, fix x € X and first assume that v(z) < u(x). Then

u(y)

o = sup >1 and u < av.

yeX U(y)

We have
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Next, we have
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144 g(v(x),v) () (o))"
(9@ ) (@)
2@ 3 1g<g<v<x>,v><x> <u<x>>q)

Yy
Nk bg(d@)
1+Qy€X uy)
—p+qd(u71})
1+gq

Summing up we have

bg(?wxw>|<p+qﬂmv)
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By interchanging u and v we see that holds in case that u(z) < v(x), as
well. Since z € X was arbitrary we get

log (F(“)(x)>‘ < P90, 0,

d(F(u), F(v)) = sup

veX F)(x) )|~ 144

and
p+q

— < 1.
1+gq

According to Banach’s Fixed Point Theorem F' has a unique fixed point
w € K°, which is the unique fixed point of f, since

Flu)=u < (f)" " = @)=/ = fu)=u. &

3. Example

Let X = [0,1] and E = C([0,1],R), let k : [0,1] x [0, 1] — (0, 00) be continuous,
and let n € N and ay, ..., a, € K with

n
0< Y a.
k=0
We look for continuous positive solutions of the integral equation

/0 B, &) Val©) de = 3 an(r) (u(a)) . (8)
k=0
By setting g : (0,00) x K° — K°,

g(t,u)(z) = W/o k(z,&)\/u(€) d§

we find that v € K° is a solution of if and only if
fw)() = g(u(z),u)(z) =u(x)  (z€[0,1]).

Moreover g and f satisfy (2)-(6) with p = 1/2 and ¢ = n/2. Thus f has a
unique fixed point in K° and

wes F(u) = (f(w)?/ D/ 42

is a contraction with respect to d and with contraction constant

1+n
24n
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For example the case n =2, k=1, ag = a1 =0, as = 1 leads to
1 1
f@) = —— [ Va@de,
(u(z))” Jo

which is not a contraction with respect to d, since the successive approximations
starting with u(z) = y(x € [0,1]) diverge in (K°,d) if v € (0,00) \ {1}.
Figure [I| shows the numerically computed positive solution of
1
/ exp(x&)v/u(€) d§ = (sin(Qﬁx))Qu(x)?’ + (cos(Qﬂx))Qu(x)4
0

by iteration of F'.

1.2 T T
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FIGURE 1

References

[1] V. Berinde, Iterative Approximation of Fized Points, Springer, 2007.

[2] Y. Z. Chen, Thompson’s Metric and Mized Monotone Operators, J. Math.
Anal. Appl. 177 (1993), 31-37.

[3] D. Guo, Fized Points of Mized Monotone Operators With Applications,
Appl. Anal. 31 (1988), 215-224.

Volumen 48, Niimero 2, Afio 2014



MULTIPLICATIVE RELAXATION WITH RESPECT TO THOMPSON’S METRIC 217

[4] D. Guo, Y. J. Cho, and J. Zhu, Partial Ordering Methods in Nonlinear
Problems, Nova Science Publishers, 2004.

[5] C.Y.Huang, Fized Point Theorems for a Class of Positive Mized Monotone
Operators, Math. Nachr. 285 (2012), 659-669.

[6] D. H. Hyers, G. Isac, and T. M. Rassias, Topics in Nonlinear Analysis and
Applications, World Scientific, 1997.

[7] M. D. Rus, The Method of Monotone Iterations for Mixed Monotone Oper-
ators, Ph.D. Thesis Summary, Babes-Bolyai University, Romania, 2010.

[8] A.C. Thompson, On Certain Contraction Mappings in a Partially Ordered
Vector Space, Proc. Am. Math. Soc. 14 (1963), 438—443.

(Recibido en febrero de 2014. Aceptado en agosto de 2014)

KARLSRUHE INSTITUTE OF TECHNOLOGY (KIT)
INSTITUTE FOR ANALYSIS

KAISERSTR. 89-93

76133 KARLSRUHE, GERMANY

e-mail: gerd.herzog2@kit.edu

Revista Colombiana de Matemadticas



Esta pagina aparece intencionalmente en blanco



	Introduction
	A Fixed Point Theorem
	Example

