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RESUMEN. Se proporcionan algunas desigualdades tipo Griiss para la integral
de Riemann-Stieltjes de integrandos de valores continuos complejos definidos
sobre el circulo unitario complejo C(0,1) y varias subclases de integradores
son dados. Aplicaciones naturales para funciones de operadores unitarios en
espacios de Hilbert son proporcionadas.
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1. Introduction

In [4], in order to extend the Griiss inequality to Riemann-Stieltjes integral,
the author introduced the following Cebysev functional:

b
T(fg0) = s | f(0a0)dutt) -

1 b 1 b
m/@ f(t)du(t) x m/@ g(t) du(t), (1)
where f, g are continuous on [a,b] and u is of bounded variation on [a,b] with
u(b) # u(a).
The following result that provides sharp bounds for the Cebysev functional
defined above was obtained in [4].

Theorem 1.1. Let f : [a,b] = R, g : [a,b] — C be continuous functions on
[a,b] and u : [a,b] = C with u(a) # u(b). Assume also that there exists the real
constants v, I' such that

v < f(t) <T for each t € [a,b]. (2)
a) If u is of bounded variation on [a,b], then we have the inequality:

1T (f,g;0)]
b

V), 3)

X g

o~ oy, o0

where \/Z(u) denotes the total variation of w in [a,b]. The constant 3 is
sharp, in the sense that it cannot be replaced by a smaller quantity.

b) If u : [a,b] — R is monotonic nondecreasing on [a,b], then one has the
iequality:

T (f, g;u)|

1 I'—~ b
<2Xu<b>—u<a>/a

The constant % is sharp.

b
@ J, o

g(t) du(t). (4)

¢) Assume that f,g are Riemann integrable functions on [a,b] and f satisfies
the condition (2). If u: [a,b] — C is Lipschitzian with the constant L, then
we have the inequality

IT(f,g;:u

)|
1. LC=v) [
=3 |u<b>—u<a>|/a

1

b
o) = o . 9 du(s)| e 6)

Volumen 49, Nimero 1, Afio 2015



“v49nla04-Dragomir” — 2015/6/30 — 10:01 — page 79 — #3

GRUSS TYPE INEQUALITIES FOR COMPLEX FUNCTIONS 79

The constant L is best possible in (5).

For some recent inequalities for Riemann-Stieltjes integral see [1]- [2], [3]-[5]
and [8].

For continuous functions f,g : C(0,1) — C, where C(0,1) is the unit circle
from C centered in 0 and w : [a,b] C [0,27] — C is a function of bounded
variation on [a,b] with u(a) # u(b), we can define the following functional as
well:

b
71&(6) iu(a) /a f(eit)g(eit) du(t) —

1 ' it 1 ’ et du
m/ﬂ fle )du(t)u(b)fu(a)/a g(e") du(t). (6)

In this paper we establish some bounds for the magnitude of S¢ (f, g;u,a, b)
when the integrands f,g : C(0,1) — C satisfy some Holder’s type conditions on
the circle C(0, 1) while the integrator u is of bounded variation.

SC(fvg;uvavb) =

It is also shown that this functional can be naturally connected with con-
tinuous functions of unitary operators on Hilbert spaces to obtain some Griiss
type inequalities for two functions of such operators.

We recall here some basic facts on unitary operators and spectral families
that will be used in the sequel.

We say that the bounded linear operator U : H — H on the Hilbert space
H is unitary iff U* = U~

It is well known that (see for instance [7, p. 275-p. 276]), if U is a uni-
tary operator, then there exists a family of projections {Ex}, cl0.2x> Called the
spectral family of U with the following properties:

a) Ex<E, for 0< A< pu<2m

b) Ep =0 and Es: =1p (the identity operator on H);

c) Exto = E\ for 0< )\ < 2m;

d) U= fOQTr e* dEy, where the integral is of Riemann-Stieltjes type.

Moreover, if {F ,\} A€[0,27] is a family of projections satisfying the require-
ments a)-d) above for the operator U, then F) = E) for all A € [0, 27].

Also, for every continuous complex valued function f : C(0,1) — C on the
complex unit circle C(0,1), we have

() = /0 " F(e?) dBy (7)

Revista Colombiana de Matemadticas
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where the integral is taken in the Riemann-Stieltjes sense.

In particular, we have the equalities

Oz = [ 1) dlBray) 0
and
L@l = [P dlmal = [ dEaa). o)

for any z,y € H.

Examples of such functions of unitary operators are

2
exp(U) = /0 exp (e”‘) dE)

and )
U" = / ein)\ dEA
0

for n an integer.

We can also define the trigonometric functions for a unitary operator U by:
27 ) 27 .
sin(U) = / sin (e“\) dE) and cos(U) = / cos (e“) dE)
0 0
and the hyperbolic functions by
2m ) 2T )
sinh(U) = / sinh (e”‘) dE) and cosh(U) = / cosh (e”‘) dE)
0 0
where

sinh(z) == [exp z+exp(—2)], z€C.

N =

[eXpZ—exp(—z)} and cosh(z) =

DO =

2. Inequalities for Riemann-Stieltjes Integral

We say that the complex function f : C(0,1) — C satisfies an H-r-Hélder’s
type condition on the circle C(0,1), where H > 0 and r € (0, 1] are given, if

|f(2) = f(w)] < H|z —w|" (10)

for any w,z € C(0,1). If r = 1 and L = H then we call it of L-Lipschitz type.

Consider the power function f : C {0} — C, f(z) = z™ where m is
a nonzero integer. Then, obviously, for any z,w belonging to the unit circle
C(0,1) we have the inequality

[£(2) = f(w)] < [mllz - w]

Volumen 49, Nimero 1, Afio 2015
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which shows that f is Lipschitzian with constant L = |m/| on the circle C(0, 1).

For a # +1,0 real numbers, consider the function f : C(0,1) — C, f.(2) =

1
1=+ Observe that

[Fal2) = Falw)| = % (11)
for any z,w € C(0,1). If z = € with ¢ € [0,27], then we have
11 —az|> =1—2aRe(Z) +a?z|*> =1 — 2acost + a?
>1—2la| +a* = (1 - |a])®.
Therefore,
! < ! and L < ! (12)
[T —az| = |1—al| [T —aw| = [1—laf|
for any z,w € C(0,1).
Utilizing (11) and (12) we deduce
|fa(z) = fa(w)] € ———5 |2 — w| (13)

(II)

for any z,w € C(0,1), showing that the function f, is Lipschitzian with constant

La=1 lilz|)2 on the circle C(0,1).

For other examples of Lipschitzian functions that can be constructed for
power series on Banach algebras, see [6].

The following result holds:

Theorem 2.1. Assume that f : C(0,1) — C is of H-r-Holder’s type and
g:C(0,1) — C is of K-q-Holder’s type. If u : [a,b] C [0,27] — C is a function
of bounded variation with u(a) # u(b), then

b
1
Se(f,g;u,a,b)| < HK By 4(a,b) | ——— \/(u (14
| | o)) | L —aay Y )
where
r+q—1 : s—t rha
Bealat) =2, [ain () )

Proof. We have the following identity
1

——— X

2[u(b) — u(a)]

[ ([ e st oty = ste] anco a0
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It is known that if p : [¢,d] — C is a continuous function and v : [¢,d] — C

is of bounded variation, then the Riemann-Stieltjes integral fcd p(t) du(t) exists
and the following inequality holds

d d
[ oo < was (o] Vo (17)
Applying this property twice, we have
|SC(fag;ua a, b)|
1

2‘u(b) — u(a)’2 .

1 (f -l

1

<— X
2[u(b) — u(a)| (18)
b ) _ ) ) b
| [ ) = 5] o) ot ] Vo
1

IN

2|u(b) — u(a)|’ .

56 = 6] o) - o] | Vi) )

Utilizing the properties of f and g we have

‘ 1) = 1) [9(e) = a(e™)] ‘ < HE|e® — e[ (19)

max
(t,s)€[a,b]?

for any s,t € [a, b].

Since

|eis _ eit’2 _ ‘eis|2 — 9Re (ei(sft)) + ‘eit|2

-t
=2 —2cos(s — t) = 4sin? (s )

2
sin st
2

for any ¢, s € R, then

n T+q
B T
’ezs _ ezt| _ 2r+q

(20)

for any t,s € R.
Utilizing (18) and (20) we deduce the desired result (14). vf
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Remark 2.2. If b = 27 and a = 0 then obviously there are s, ¢ € [0, 27] such
that s —t = 7w showing that

. <s — t> r+a
max sin =1.
(s,t)€[0,27]2 2
In this situation we have
27 2
Se(f.g,0,2m)| <2 0K | —— 2 \@w)| . @)
|u(2m) — u(0)] 0

Moreover, if f and g are Lipschitzian with constants L and N, respectively the
inequality (21) becomes

27 2
1
Sc(f, 9:u,0,2m)| < 2LN |u(%)_u(o)’\(]/(u)] . (22)

Remark 2.3. For intervals smaller than 7, i.e. 0 < b — a < 7 then for all
t,s € [a,b] C [0,27] we have 1|t — s| < 2(b—a) < Z. Since the function sin is

s

increasing on [07 5], then we have successively that

—t 1 b—
sin (2 = sin max —|t—s|| =sin 29, (23)
2 (t,s)€[a,b]? 2 2

In this case we get the inequality

max
(t,5)€[a,b]?

b 2
|Sc(f, 9;u,a,b)| < HK B, 4(a,b) l|u(b)—1u(a)‘ \a/(U)] (24)

i b—a
in
2

Moreover, if f and g are Lipschitzian with constants L and N, respectively
then

where
r4q

B, 4(a,b) = 2"t1"1 (25)

B(a,b) = By1(a,b) = 2sin? (" ; “)

and the inequality (24) becomes

We also have:

Revista Colombiana de Matemadticas



“v49nla04-Dragomir” — 2015/6/30 — 10:01 — page 84 — #8 GF

—®
84 SILVESTRU SEVER DRAGOMIR
Theorem 2.4. Assume that f : C(0,1) — C is of H-r-Hélder’s type and
g : C(0,1) — C is of K-qg-Hélder’s type. If u : [a,b] C [0,27] — C is a M-
Lipschitzian function with u(a) # u(b), then
M?’HK
|SC(fvg;u7aa b)| < 2p+q717201714(a7b) (27)
|u(b) — u(a)]
where
b b s—t r+q
Crq(a,b) = / / sin ( 5 ) dsdt
a a ) (28)
< b—gq)tat?
S r e rary Y
Proof. Tt is well known that if p : [a,b] — C is a Riemann integrable function
and v : [a,b] — C is Lipschitzian with the constant M > 0, then the Riemann-
Stieltjes integral f; p(t) dv(t) exists and the following inequality holds:
b b
[ soaso|<a [Cpo)a (29)
Utilizing this property and the identity (16) we have
‘SC(fag;uaavbM
1
= —2 X
2|u(b) — u(a)]
/ (/ [f(e’t) - f(e”)} [g(e”) - g(e”)] du(s)> du(t)
M
<———5 X
2|u(b) — u(a)] (30)
/ / [f(e”) — f(e“)} [g(ezt) — g(e’s)} du(s)|dt
a a
M2
<———5 X
2|u(b) — u(a)]
/ / (1) = 1(e)] [o(e") — a(c)] | ds
Utilizing the properties of f and g we have
76 = 69 ote) o) < e
Volumen 49, Nimero 1, Afio 2015
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for any s,t € [a,b], which implies that

/ab /ab [f(eit) - f(eis)] [g(e”) — g(eis)} ‘ ds dt

boph o b b
SEH(/‘/|€s—éﬂrq¢dt:T*Uﬂ(/i/

Utilizing the well known inequality

r+q
ds dt.

sin L_t
2

|sinz| < |z|, for any z € R

we have

[f

r+q
dsdt

sin s—t
2

b
|s —t|" 9 ds dt

¢ b
/ (t—s)"19ds+ / (s —t)"+4 ds} dt
a t

IN
o
jr>—~
=}
Q\@
T

I
[N}
3
I~
i}
m\
b=l
| — |

B 1 /b (t _ a)r+q+1 4 (b _ t)r+q+1 it
2r+a J, r+q+1
- 2(b — a)r+q+2
S 2+ g+ D) g +2)
1

_ b_ar+q+2
2r+q—1(r+q+1)(r+q+2)( )

and the bound in (28) is proved. v

The case of Lipschitzian integrators is of importance and can be stated as
follows:

Corollary 2.5. Assume that u : [a,b] C [0,27] — C 4s a M-Lipschitzian
function with u(a) # w(d). If f and g are Lipschitzian with constants L and N,
respectively then

|Se(f, g, a,b)| < |u(i§‘4jfj(i)|2 Kb - a>2 i (b - a)} (31)

Revista Colombiana de Matemadticas
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Proof. We have to calculate

b b s—1
Ci1(a,b) :/ / sin? () dsdt
a a 2
bopbq _
:/ / 1 —cos(s —t) ds dt
a a 2
1

:Z[w—af-:lbhmw—w)—mma—w}ﬁ.

Since ,
/ sin(b—t)dt =1 — cos(b — a)
and
b
/ sin(a — t) dt = cos(b—a) —1
then
1 2
Ci1(a,b) = B [(b —a)® —2(1 — cos(b— a))]
L e o fb—a
—2{(1) a)® — 4sin ( 5 )}
2
=|(57) e (5]
2 2
and the inequality (31) then follows from (27). v

The case of monotonic nondecreasing integrators is as follows:

Theorem 2.6. Assume that f : C(0,1) — C is of H-r-Hélder’s type and
g:C(0,1) — Cis of K-q-Hélder’s type. If u : [a,b] C [0,27] — R is a monotonic
nondecreasing function with u(a) < u(b), then

w1
3 Drq(a,b) (32)

S (f7 ;u7a7b) S—
el a1

where
b b s—t r+q
D, 4(a,b) = / / sin ( 5 ) du(s) du(t)
@ Ja L 2 (33)
< s,gﬁﬁp sin < 5 > [u(b) — u(a)]".

Volumen 49, Nimero 1, Afio 2015
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Proof. Tt is well known that if p : [a,b] — C is a continuous function and
v : [a,b] = R is monotonic nondecreasing on [a, b], then the Riemann-Stieltjes

integral ff p(t) dv(t) exists and the following inequality holds:

b b
[ s < [ o aco. (31)
Utilizing this property and the identity (16) we have
’Sc(f,g;u,a,b)|
1

2[ul) — )]
(L s s

SRR B
" 2[u(b) - u(a)]” (35)
L1 T = )] [ofe) = o(e)] duts) | dute
SRS B
= 2[u(b) — u(a))’
L e = @] o) = ofe)] | dute) dute.

Since
16 = 1] o) —a(e)] | < e -

for any s,t € [a,b], then

[f

du(s) du(t)

[f(eit) _ f(eis)] [g(eit) _g(eis):|
<HK /ab /ab ’eis - eit|r+q du(s) du(t)

b b
—t
:2T+QHK// sin<82>

and the inequality (32) is proved.
The bound (33) for D, 4(a,b) is obvious. o

r+q
du(s) du(t)

The Lipschitzian case is of interest due to many examples that can be
provided as follows:

Revista Colombiana de Matemadticas
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Corollary 2.7. If f and g are Lipschitzian with constants L and N, respec-
tively and u : [a,b] C [0,27] = R is a monotonic nondecreasing function with
u(a) < u(b), then

Se(f,g;u,a,b I E—
1Se(f.g )| < [() a)]

W P /bcossdu @) - ( /a"smsdu@ﬂ. (36)
Proof. We have to calculate
et - //sm< o
/ / 120 =0 us) au)

= (a)) — J(a,b)]

where b
J(a,b) = / / cos(s — t) du(s) du(t).
Since
cos(s —t) = cosscost + sinssint
then
b 2 b 2
J(a,b) = (/ cossdu(s)) + (/ sinsdu(s)) .
Utilizing (32) we deduce the desired result (36). v

Remark 2.8. Utilizing the integration by parts formula for the Riemann-
Stieltjes integral, we have

b b
/ cos sdu(s) = u(b) cosb — u(a) cosa + / u(s)sinsds
and
b b
/ sin s du(s) = u(b) sinb — u(a) sina — / u(s) cos s ds.
a a
If we insert these values in the right hand side of (36) we can get some expres-

sions containing only Riemann integrals. However they are complicated and
will not be presented here.

Volumen 49, Nimero 1, Afio 2015



“v49nla04-Dragomir” — 2015/6/30 — 10:01 — page 89 — #13

GRUSS TYPE INEQUALITIES FOR COMPLEX FUNCTIONS 89

3. Applications for Functions of Unitary Operators
We have the following vector inequality for functions of unitary operators.

Theorem 3.1. Assume that f : C(0,1) — C is of H-r-Hoélder’s type and
g : C(0,1) — C is of K-q-Hélder’s type. If the operator U : H — H on the
Hilbert space H is unitary, then

@ @9 ), y) = (FU)2 5) g )]

2
V<E<->I7y>] <2HHEK || lly* (37)
0

<orti-lgK

for any x,y € H. In particular, if f and g are Lipschitzian with constants L
and N, respectively then

@ (FO)gW)2.y) = (FW)z.y){g(V).y)|

2
<oLN \/<E(.)x,y>] <2LN|alPy]?  (38)
0

for any x,y € H.

Proof. For given x,y € H, define the function u(\) = <E>\x,y>, A € [0,27].
We will show that u is of bounded variation and

V) =\ (Eeyz.)) < llz]llyll (39)

It is well known that, if P is a nonnegative selfadjoint operator on H, i.e.,
(Px,z) > 0 for any « € H, then, the following inequality is a generalization of
the Schwarz inequality in H:

[(Pz,y)|* < (Pa,a)(Py,y), (40)

for any =,y € H.

Now, if d: 0=ty <t1 < -+ <tph_1 < t, = 2w is an arbitrary partition
of the interval [0,27], then we have by Schwarz’s inequality for nonnegative
operators (40)) that

C ((Eyz.y)) = sup { ni

v 2 <(Eti+1 - Eti)$,y>‘}
< sup { TS [<(Eti+l ~ Ey,)z, x>1/2<(Etm — E,)y, y>1/1 } = 1. (41)

d | i=o

Revista Colombiana de Matemadticas
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By the Cauchy-Buniakovski-Schwarz inequality for sequences of real numbers
we also have that

I < sup { [g <(Eti+1 — Bz, x>] 2 [Tf <(En+1 — E,)v, y>] 1/2}

- 27 1/2 2;: 1/2
< \/(<E<.>w7x>>] \/(<E<->y,y>)] = [/l (42)

for any z,y € H.

Now, from the inequality (21) we have
27 ) )

‘((Ezﬂfc,w - <on,y>)/ f(e")g(e") d{Ew,y) —
0

/:ﬂf(e“)d@tm,w /Ozﬂg(eit)d<Etx’y>

2T 2
<t | \/ (<E(.)x,y>)] (43)
0
for any x,y € H. The proof is complete. o

Remark 3.2. If U : H — H is an unitary operator on the Hilbert space H,
then for any integers m,n we have from (38) the power inequalities

(2, y) (U™ "2, y) — (U, y) (U, )|
27

2
< 2|mn| \/<E<-)x,y>] < 2lmal|z|?[lyll*  (44)
0

for any z,y € H. In particular, we have

2w

\/<E<-)fc7y>] <2fz|?llyl*  (45)

0

‘(x,y)<U2x,y> - <Ux,y>2‘ <2

and
2

(2.9 — (U )z, Uy) | < 2 \/<E(.>x,y>] <2elPlyl?  (40)
0

for any z,y € H.
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For a # £1,0 real numbers, consider the function f : C(0,1) — C, fo(2) =

1_1az. This function is Lipschitzian with the constant L, = (1_|a¢|1|)2 on the circle

C(0,1). Now, if we take a,b # £1,0 and use the inequality (38) then we have

’(x,y><(1H —aU) "1y — bU) ", y) —

<(1H — aU)*lz,y><(1H — bU)*lx, y>’

2Aalpl [V :
= = JaD2(1 = Jol)? Y<@ﬁ%W]

< TPl @)

for any x,y € H. In particular, we have

‘{x,y)«lH — aU)_Qx,y> — <(1H — aU)_lx,y>2‘

2|a‘2 2T 2
<Tapr| Y o)
< tmllelPl? s)

for any x,y € H.

Theorem 3.3. If f and g are Lipschitzian with constants L and N, respectively
and U : H — H s an unitary operator on the Hilbert space H, then

2l2(f@)g@)z, ) = (FW)z,2)g(U)a, )|
< sz[||gc||4 — (Re(U)a, )’ — <1m(U)x,m>2]

_ LN[||$H4 - \<Ux,a:>ﬂ (49)

for any x € H, where

and Im(U) =

Revista Colombiana de Matemadticas
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Proof. From the inequality (36) we have

2m ) )
‘((ngx,@ — (Eyz, ) /0 f(e®)g(e™) d{Ewx, ) —

/0 7 ) d{Eu ) /0 7 o) (B )

((EQW:U,@ — (on,w>)2 —

(/027r costd<Etx,:lf)>2 - </027r sintd(Etx,x>>2] (50)

< LN

for any z,y € H.

Since
Re (e") =cost  and Im (&) = sint,

then we have from the representation (7) that

(/0% costd(Etx,:c)>2 = (Re(U)z,z)°

2

27
(/ sint d(E;x, CE>> = <Im(U)x,m>2
0
and due to the fact that

[(Uz,2)|* = [{[Re(U) + i Im(U)]z, z)|”
= [(Re(U)wz,z) + i<Im(U)x,x>‘2 = <Re(U)x,x>2 + (Im(U)z, x>2

we deduce from (50) the desired inequality (49). v

Remark 3.4. If U : H — H is an unitary operator on the Hilbert space H,
then for any integers m,n we have from (49) the power inequalities

22U, @) = (U @) (U, a)| < fmn[[la]* - [W.2)]*]  (51)
for any x € H. In particular, we have for n =m = 1
[I2l/2(U%2, ) = (Uz,2)?| < flall* — |(Uz.2)[* (52)
for any x € H. If we take n = 1 and m = —n and take into account that
(U a2y = (U w,2) = (,U") = {Una,z)
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for any = € H, then we get from (51) that
4 n 2 2 4 2
0 < lol* = (U, 2)|” < 2 [llel* — |V, ) 7] (53)

for any « € H. Now, if we take a,b # +1,0 and use the inequality (49), then
we get
[2l2((1 = aU) = (1 = bU) ')

((1—alU) 'z, z){((1- bU)_lx,x>‘
2|a||b]
~ (1l (= o))

for any x € H. In particular, we have

[lzl* = Uz, 2)*]  (54)

[2l2((1 = aU) 22,2) = (1 - al) ', 2)"|
< %[”W ~ Uz, 2)"] (55)

(1= lal)

for any z € H.
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