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AsTrACT. We show the existence and orthogonality of wave operators nat-
urally associated to a compatible Laplacian on a complete manifold with a
corner of codimension 2. In fact, we prove asymptotic completeness i.e. that
the image of these wave operators is equal to the space of absolutely continu-
ous states of the compatible Laplacian. We achieve this last result using time
dependent methods coming from many-body Schrédinger equations.
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RESUMEN. Demostramos la existencia y ortogonalidad de operadores de onda
naturalmente asociados a un Laplaciano compatible sobre una variedad com-
pleta con una esquina de codimensién 2. De hecho, probamos su completitud
asintotica, es decir que la imagen de esos operadores de onda es igual al espacio
de estados absolutamente continuos del Laplaciano compatible. Logramos esto
dltimo usando métodos dependientes del tiempo que provienen del estudio de
operadores de Schrodinger de varios cuerpos.

Palabras y frases clave. Teoria de dispersion cudntica, variedades con esquinas,
operadores de onda, ecuaciones de Schrodinger de varios cuerpos.

1. Introduction

In this paper we use analytic tools to tackle problems of quantum scattering
theory naturally associated to geometric Laplacians, at the same time this
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makes explicit the interactions between the geometry of the manifold and the
quantum dynamics of the Laplacians.

Classical mechanics tells us that the time-asymptotic behavior of n-particles
interacting with a pairwise potential of short range can be described by clusters
whose centers of mass do not “feel” each other. In the papers [22] and [23] it
was proved that a similar phenomenon occurs in quantum mechanics for many-
particle Schrédinger operators with short range potentials. These proofs were
time-dependent and geometric in nature, and they were initially developed in
the papers [7] and [26]. In this article we prove asymptotic completeness for
compatible Laplacians on complete manifolds with corners of codimension 2,
which we abbreviate c.m.w.c.2 through the text, by adapting the proof of [26]
as explained in [11]. Even though the ideas are adapted in a quite direct way, we
believe that this article provides a deeper understanding of the spectral theory
of compatible Laplacians on c¢.m.w.c.2 and of the geometric insight behind the
proof of the results in [7] and [26], since the spectral analysis of Schrédinger
operators and geometric Laplacians are analogous but not exactly the same.

The motivation to study these manifolds is the same as in [3] and [4]: they
work as toy models for understanding singularities as those that appear on
symmetric spaces of rank greater than 0; they are natural examples of com-
plete manifolds whose spectral theory is well known, since they are a natural
geometric generalization of the Cartesian products of complete manifolds with
cylindrical ends. This last class of manifolds is very important in the study
of the index theorems of the seminal paper [1] and we believe that a deeper
understanding of the spectral theory of compatible Laplacians on c.m.w.c.2
(see Section 1.1) will shed light on the nature of the generalization of such
theorems, specifically in order to complete the method applied in [16]. Gener-
alizations of the index theorems of [1] to c.m.w.c.2 were obtained in [10] using
surgery methods, we believe that these formulas are related to our scattering
operator (see (26)). Finally, our work shows a clear analogy between many—
particle Schrodinger operators and the compatible Laplacians on c.m.w.c.2,
this analogy provides a deeper understanding of the geometric nature of the
spectral theory of the former operators.

1.1. Compatible Laplacians on Complete Manifolds with a Corner
of Codimension 2

Following [16], we explain the notions of compact and complete manifolds with
a corner of codimension 2 as is done in [3] and [4]. Let Xy be a compact
oriented Riemannian manifold with boundary M and suppose that there exists
a hypersurface Y of M that divides M in two manifolds with boundary M; and
Mo, i.e. M = M; U Ms and Y = My N M,. Assume also that a neighborhood
of Y in M is diffeomorphic to Y x (—¢,¢). We say that the manifold X, has
a corner of codimension 2 if X is endowed with a Riemannian metric g
that is a product metric on small neighborhoods, M; x (—¢,0] of the M;’s and
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on a small neighborhood Y x (—¢,0]? of the corner Y. If X has a corner of
codimension 2, we say that X, is a compact manifold with a corner of
codimension 2 (see Figure 1).

——— %
My

FI1GURE 1. Compact manifold with a corner of codimension 2.

Example 1.1. Fori = 1,2, let M; be a compact oriented Riemannian manifold
with boundary OM; := Y;. Suppose that on a neighborhood Y; x (—¢,0] of Y;
the Riemannian metric g; of M; is a product metric i.e. g; = gy, + du ® du
where u is the coordinate associated to the interval (—¢,0] in Y; x (—¢,0] and
gy, is a Riemannian metric on Y; independent of u. Then the Cartesian product
M x Ms is a compact manifold with a corner of codimension 2.

Throughout this article we will denote R := [0,00). From the compact
manifold with a corner Xy we construct a complete manifold X. Let Z; =
M; Uy (R4 xY),i=1,2, where the bottom {0} x Y of the half-cylinder R, x Y
is identified with OM; = Y. Then Z; is a complete manifold with cylindrical
end. Let us define the manifolds

W1 = XO UM2 (R+ X Mg) and W2 = XQ UMl (R+ X Ml)

Observe that W, is an n-dimensional manifold with boundary Z; that can be
equipped with a Riemannian metric compatible with the product Riemannian
metric of Ry x My and the Riemannian metric of Xg. Let

X = W1 UZl (R+ X Zl) = W2 U22 (R+ X ZQ),

where we identify {0} x Z; with Z;, the boundary of W;.

Figure 2 is a sketch, in particular the lines that enclose Figure 2 should not
be thought as boundaries.

Let T > 0 be given and set Z; 7 = M; Uy ([07T] X Y), for i = 1,2,
where {0} x Y is identified with Y, the boundary of M;. Z; r is a family of
manifolds with boundary which exhausts Z;. Next we attach to Xy the manifold
[0,T] x My by identifying {0} x M; with M;. The resulting manifold Ws r is a
compact manifold with a corner of codimension 2, whose boundary is the union
of My and Z 7. The manifold X has associated a natural exhaustion given by

X =WarUz., ([0,T] X Zor), T=>0, (1)
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FIGURE 2. Sketch of a complete manifold with a corner of codimension 2.
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FIGURE 3. X7, element of the exhaustion of X.

where we identify Zs p with {0} x Z 1 (see Figure 3).

For each T € [0,00), X has two submanifolds with cylindrical ends, namely
({T} x M;) U ({T'} x [0,00) x Y'), for i = 1,2. Here we are considering that the
T is related with the coordinate u; and the interval [0, c0) with the coordinate
u; for i,j € {1,2}, i # j (see Remark 1.2 below). All these submanifolds are
isometric in the Riemannian sense to Z; and we identify their disjoint union
with the Cartesian product Z; x [0, c0).

Let E be a Hermitian vector bundle over a c.m.w.c.2, X. Let A be a gener-
alized Laplacian acting on C*°(X, E), the sections of the vector bundle E. The
operator A is a compatible Laplacian over X if the following properties are
satisfied:

i) There exists a Hermitian vector bundle E; over Z; such that E|g L xZ, 18
the pullback of F; under the projection 7w : Ry x Z; — Z;, for i = 1,2.
We suppose also that the Hermitian metric of E is the pullback of the
Hermitian metric of E;. On Ry X Z;, we have A = 78‘3—; + Ay, where Ay,

is a compatible Laplacian acting on C*°(Z;, E;).
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ii) There exists a Hermitian vector bundle S over Y such that E |Ri «v is the

pullback of S under the projection 7 : Ri XY — Y. We assume also
that the Hermitian product on E |]Rz~+ <y is the pullback of the Hermitian

. . 2
product on S. Finally we suppose that the operator A restricted to RZ x Y

. o o2 82 . . s .
satisfies A = o2 " oad + Ay, where Ay is a generalized Laplacian acting

on C*(Y,5).

Examples of compatible Laplacians are given by the Laplacian acting on
forms and Laplacians associated to compatible Dirac operators (see [16]), they
satisfy conditions i) and ii) due to the product structure of the Riemannian
metric on the submanifolds Y x R? and Z; x Ry. Since X is a manifold with
bounded geometry and the vector bundle F has bounded Hermitian metric,
the operator A : C°(X, E) C L?(X,E) — L?(X, E) is essentially self-adjoint
(see [21, Corollary 4.2]). Similarly Ay, : C°(Z;, E;) C L*(Z;, E;) — L*(Z;, E;)
is also essentially self-adjoint for ¢ = 1, 2.

Remark 1.2. If j, k € {1,2} and j # k, then we will denote by u; the coor-
dinate in R4 in the cylinder Y x R of the complete manifold with cylindrical
end Zk.

Definition 1.3.

e Let H and H® be the self-adjoint extensions of A : C®(X,E) —
L*(X,E) and Ay, : C*(Z;, E;) — L*(Z;, E;) respectively.

o Let b; be the self-adjoint extension of —% : C°(Ry) — L*(Ry) ob-
tained by imposing Dirichlet boundary conditions at 0.

e Let H; be the self-adjoint operator b; ® Id+Id® H") acting on L* (R} ) ®
L*(Z;, Ey).

e Let H® be the self-adjoint operator associated to the essentially self-
adjoint operator Ay : C*(Y,S) c L*(Y,S) — L3(Y,S) and let Hj be
the self-adjoint operator Hs :== by @ Id® [d+Id @by @ Id+Id® Id® H®)
acting on L?(R;) ® L?(R4) ® L2(Y, S).

e The operators H; are called channel operators for ¢ = 1,2, 3.

The self-adjoint operators H; and Hy have a free channel of dimension 1
(associated to by and be, respectively); the operator Hs has a free channel of
dimension 2 (associated to by ® Id ® Id + Id ® bs ® Id). In some parts of this
text we make an abuse of notation by denoting H, H;, and H®) the Laplacians
acting on distributions and the self-adjoint operators previously defined.

It is known that the compatible Laplacian H*) decomposes the Hilbert
space L?(Zy, E) into the orthogonal H*)-invariant subspaces L2 (Zy, E) and
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L2.(Zi, E) associated to pure point states and absolutely continuous states
(see [9] [13)). We have H®) = HY @ HE on L2(Z4, E) = L2,(Z, E) ®
L2,(Zy,, E) where HY and H) are self-adjoint operators acting on L2, (Zy, E)
and L2 _(Zy, E). We define the self-adjoint operators Hy, ,, == by ® 1 +1® H,(,];)
acting on L? (R+) ® Lf)p(Zk, Ey), for k = 1,2, that together with H will define
important wave-operators in this article. We notice that the operators Hy, pp
and H,()I;) are different operators; to see that we observe that they act in dif-

ferent Hilbert spaces, Hy, p, has only absolutely continuous spectrum and H,(;];)

has only pure point spectrum. Similarly, we define the self-adjoint operators
Hige = ®14+1® HC(LIZ) acting on L? (R+) ® L2,(Zy, Ey). The operators
Hy, qc together with H define important wave—-operators (see Theorem 1.4).

1.2. Main Results

Our first result is

Theorem 1.4.

1) For k = 1,2 the following strong limits exist

Wi(H, H = lim e e Hepw
i( 5 k,pp) t—Foo )
Wi(H, Hyqe) = lim et emHrac
’ t—Foo
Wi(H, Hs) = lim e"He=itHs
t—Foo
Wi (Hy ac, Hz) == lim e/tHracemitHa,
’ t—Foo

2) The images of the operators Wi(H,HLpp), Wi(H,Hgmp) and
Wi (H, H3) are pairwise orthogonal.

We call the operators defined in part 1) of the theorem wave operators.

Definition 1.5. We say that the wave operators, W4.(H, Hy p,p,), W (H, Ha p,p)
and W4 (H, H3), are asymptotically complete if for all 1y € L2 (X, E) there
exists ¢ € Lf,p(Zk,Ek) ® L? (RQ, for k =1,2, and @3 € L*(Y,S) @ L? (Ri)
such that

2
=W (H, Ha)ps + Y Wi (H, Hi pp) - (2)
k=1

Our second result is

Theorem 1.6. The wave operators W (H, Hl,pp), Wy (H, H27pp) and Wy (H, H3)
are asymptotically complete.
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Section 2 provides the first relation between the quantum dynamics of the
compatible Laplacian and the geometry of X; Theorem 1.4 is proved in Sec-
tion 3 using stationary phase methods. We prove Theorem 1.6 in Section 5
based on the methods of [26]. In Appendix A we give a summary of the sta-
tionary phase methods used in Section 3.

1.3. Related Literature

The literature about quantum scattering theory on open manifolds is large.
For that reason we restrict our bibliography to some recent articles on the
subject, where the reader can find references to classic or basic articles, or to
articles that we consider directly related to the topics of this article. Articles on
quantum scattering theory on manifolds with cylindrical ends are [6, 18, 20];
on manifolds asymptotically Euclidean [15]; on SL(3)/SO(3) [14]; on homoge-
neous spaces associated to finite groups on [2]; connections between scattering
theory on compact asymptotically Einstein manifolds and conformal geometry
are studied in [8]; quantum scattering theory on more general open manifolds
can be found in [5, 17]. Relations between the geometry of manifolds with cor-
ners and the quantum dynamics of many—particle Schrodinger operators has
been treated also in [25] but the topics are different to ours, and in particular
the operators studied there are many—particle Schrédinger operators that are
essentially perturbations via potentials of the Laplacian on R™; here we treat
perturbations associated to the geometry and not to a potential. In [16] the
spectral theory of compatible Laplacians on c.m.w.c.2 is studied near 0 under
the hypothesis that the compatible Laplacian on the corner has kernel 0. In
this article we eliminate this hypothesis and study the whole spectrum of the
compatible Laplacians.

2. Ruelle’s Theorem

In this section we formulate Ruelle’s theorem in the context of compatible
Laplacians on complete manifolds with a corner of codimension 2. Our aim
is to give a first relation between the quantum dynamics of the compatible
Laplacian and the geometry of the manifold X.

Let A be a self-adjoint operator acting on a Hilbert space . We denote
H;,,(A) the subspace spanned by all eigenvectors of A, J#(A) = ()1 (A),
Hoc(A), #.(A) will denote the absolutely continuous and singular continuous
subspaces of 77 associated to A.

Theorem 2.1. (cf. [11, page 3452]) Let A be a self-adjoint operator acting on
L?(X, E) and suppose that A satisfies

xix(A—XN)"' s a compact operator, for any compact subset K of X, (3)
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for each xx € C°(X) such that xx =1 restricted to K. Then:

¢ € Hpp(A) Rh_f)noo ||(1 — XR)eiAtsﬁH =0, uniformly in 0 <t < oo.

t
v € Hi(A) & lim t_l/ HnReMS(pW ds =0, for any R < oo,
0

t—o0

where nr is any function in C°(X) that is equal to 1 on Xg, the compact
manifold with a corner of codimension 2 defined in (1).

It follows from classical results in global analysis (see for example [21]) that
the compatible Laplacian H satisfies (3). Then, intuitively, Theorem 2.1 implies
that the continuous states associated to H are moving away of compact sets as
t — 0o. Theorems 1.4 and 1.6 describe in more detail the asymptotic behavior
of this escape.

3. Existence of the Wave Operators

In this section we prove part 1) of Theorem 1.4 using Cook’s criterion as ex-
pressed in the following simple lemma of abstract scattering theory. We will
make use also of stationary phase methods which are summarized in Ap-
pendix A.

Lemma 3.1. [27, page 84] Let B and By be self-adjoint operators acting on
Hilbert spaces 7€ and 4 respectively. Let ¢ : 5 — H be a bounded operator
that takes the domain Dom(By) into the domain Dom(B). Suppose that for
some Dy C Dom(By) N 56, qc(Bo) dense in 7 q.(Bo) and for any f € Dy,

+o0
/ |(B_# — 7 By) exp(FitBy) f|| dt < oo. (4)
0
Then W4 (B, By, 7 ) == s — limy_, o exp(FitB) ¢ exp(FitBy) exists.

We prove first the existence of W (H, Hk,pp)7 for k € {1,2}.
Let {¢k,; }évz"l be an orthonormal collection of L?-eigenfunctions of the op-

erator HI(,/;) that generates Lf)p(Zk, Ey) for k = 1,2. Observe that N7 and Ny
denote the number of L?-eigenvalues of the Laplacians H") and H® (counted
with multiplicity). As pointed out in [3] and [4], the number of L?*-eigenvalues
of a Laplacian on a manifold with a cylindrical end can be 0, finite or in-
finite. Without lost of generality for our computations we will assume that
there are infinite L?-eigenvalues that is Ny = N, = oo. Given a € L?(R,),
a(u) = [;° a(v)sinvdv will denote the sine transform of a. Let k € C*(Ry)
be such that x(u) = 0 for u < 2 and k(u) = 1 for u > 3. Let us define
KL € C""’(Z;C X R+) by kk(zk,ur) = k(ug) for k& = 1,2 and extend it to
C°°(X) by making it 0 on X ~ (Zk X ]R+). We will show that we can apply
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Lemma 3.1 taking ¢ = ki, Bo = Hppp and B = H. It is easy to see that
ki, takes Dom(Hy p,) into Dom(H). Let us denote by .#((0,00)) the set of
C>—functions of [0, 00) whose derivatives decrease faster than any polynomial
and such that all their derivatives at 0 are equal to 0. We take

Dy = {gsok,j :jE€N,ge Z((0,00)) and g€ Cfo((O,oo))}.

Since Y((Opo)) is dense in L? (RQ, it is easy to see that the set Dy is
dense in Dom (Hy,pp).

To prove (4) of Lemma 3.1 observe that for f € Dy

(875 )

9 _.
H Hk :F’LtHk ppr _|_2H I{k)auk :FZtHk,prH.
If f = gow,; € Do, we have
2 weritn g = |-L (e ©)
ou? du? 12 (w )
+
Fitb
We can use Appendix A to see f - Hd > (kg )eT4kg L2<R+) dt < oo. To
estimate - (/{k)agk eTitHrre £ observe that
0 0 - d ;
7 . I’Ltkapp — || = 1ztbk7 7
It B Tl L G

then we can apply again the methods of Appendix A. Finally, Lemma 3.1 proves
the existence of W (H, Hi, pp, m).

Proposition 3.2. Wi (H, Hyy,) exists and Wy (H, Hypp, ki) =
Wi (H, Hypp)-

Proof. Observe that for f = gy ; € Do, we have || (1 — ky)e"Hrw f|| =

ity
1A =£R)e 9| L2, dup _ _
Appendix A implies s — lim;_, o, 5 (1 — Ky )et ke = 0. Ul

Since 1—ky, as a function of u has compact support,

To prove the existence of W(H, H3) and W (H, Hy, 4c) we proceed analo-
gously. Let {¢,}2%, be an orthonormal collection of L?-eigenfunctions of the
operator H®) that generates L? (Y, S). We take as dense sets

Do, g, =

{F90n: f € 7((0.00)),9 € #((0,0)u,) and [ e C((0,0)) |
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and

Do, u,. .. =

{f(zk)g(uk) : f € Dom (Hé?),g €.7((0,00)) and ge CX((0, oo))}

It is easy to see that (5)—(7)) generalize and we can apply Lemma 3.1 to
prove the existence of W (H, Hs, k1k2) and W(H, Hy, 4c, 1). Finally, there are
natural generalizations of Proposition 3.2 that show the existence of W (H, H3)
and W (H, Hiqc)-

The existence of Wy (Hj 4, H3) follows from the existence of W (H,Ei), by +
H (3)) (see [9]) and the following equality

W4m+ﬂ&m+®+H@>:MWMMM®WJ%&@+H@)
4. Orthogonality of the Wave Operators
We prove part 2) of Theorem 1.4.

4.1. Orthogonality of W (H, H; pp) and W (H, Hs 5p)

In this section we prove that for all fy € L2,(Zk, Ex) ® L*(Ry), k = 1,2, the
following equality holds

<Wi(H7H1,pp)f1’Wi(Ha H2,pp)f2>L2(X,E) =0. (8)
‘We observe that

<Wﬂ: (H7 H1,pp)f1, Wy (Hv HZ,pp)f2>L2(X,E)

: itH it H.
:tli%lo@y beefy et 2’ppf?z>L2(X,E),

hence (8) is satisfied as a consequence of the following lemma.
Lemma 4.1. For all fy € Lgp(Zk,Ek) ® Lz(]&_), k=12,

lim <e¥itH1=m’ f1, eﬂtHQ*“’fg> 0.

o0 L3(X.B)
Proof. By continuity of the bilinear form
(fla f2) — <Wi(Ha HL;DP)flv Wi(Ha H2,Pp)f2>L2(X7E)a

it is enough to prove the lemma for the dense set of functions of the form f; =
arpr, where @ € LQ(Zk,Ek) is an L?-eigenfunction of H® with eigenvalue
Vi ar € 7 ((0,00)) and @y, € C°((0,00)).
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In the next computation we use the notation given in definition 1.3 and
explained in Remark 1.2,

<6:FitHl"pp f17 eq:itHZvaf2>L2(X,E) ‘

</ K | otz @) wa) dn

/OOO pa(ur,y) e (al)(ul)dul>‘ drolv). )

where the Hermitian product inside the integrals on the right—-hand side of the
inequality is the Hermitian product of the vector bundle S — Y. It is well
known that there exists C' € R such that ’eiitbk (ar)(ur)| < Ct='/2, for all
t > 1 and for all u;, € Ry (see [19, Corollary, page 41]). Cauchy—Schwartz
applied to the last term of (9) and the fact |¢g(u;,y)| < Ce™ % for some ¢ > 0
(see [13, Lemma 1.36]) finish the proof of the lemma. uf

4.2. Tm (Wi (H, H3)) is orthogonal to Im (Wi (H, Hk,m,))

Without lost of generality we prove the orthogonality of Im (Wi (H, Hg)) and
Im (Wi(H, Hl,pp)). Let ¢ € L%(Y,S), ¢ € Lgp(Zl,El), c € L2(R+,du1) and
a; € L? (R+, dui) for ¢+ = 1,2. It is enough to prove that

<Wi (H7 Hg)(a1a2¢), Wi (H, H17pp) (C¢>>L2(X,E) =0. (10)
We have
‘ <eiitH3 <a1a2¢) ) eiitHlypp (CSD)>L2 (X,E)

() 8 )

< G

L%(Z1,Ey)

Since the wave operator Wy (H(l),bg + H(3)) is complete, we can find ¢ €
L2 .(Zy,Ey) such that

=0.

lim Heﬂ:it(b2+H(3))(a2¢) o e:titH(l)w‘
L2(Z41,E4)

t—o0

This together with (11) imply (10), since L2.(Z1, E1) is orthogonal to L2 (Z1, Ey).

5. Asymptotic Clustering: A Time Dependent Approach

In this section we prove asymptotic completeness (Theorem 1.6) using a time
dependent approach. We follow closely [11], and as in this article our main tools
will be Mourre’s inequality and the Yafaev functions (see Section 5.2) properly
adapted to the context of compatible Laplacians on c.m.w.c.2.
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5.1. Mourre Estimate for Compatible Laplacians

First we state Mourre’s inequality which will be used to prove asymptotic
completeness. It was developed in [4] and used to prove the absence of singular
continuous spectrum of compatible Laplacians on c.m.w.c.2 and also to prove
that the pure point spectrum of these operators accumulates only at thresholds.
Let k € C*(R4) be such that x(u) = 0 for u < 2 and k(u) = 1 for u > 3.
Let us define x € Coo(Zk X R+) by ki (zk,ur) = x(ug) for k = 1,2 and the
function 72 € C*(R2) by 7*(u1,u2) = k(ur)uf + £(u2)u3. The function 72
induces a function on Y x R% by (y,u1,us) — 7?(u1,us2) and this function
extends naturally to X by making it 0 out of Y x Ri, by an abuse of notation
we denote this new function by r2 too. We extend x1 and kg to X similarly by
making them 0 out of Z; x R} and Zs x R, respectively. Let us define the first
order differential operator A by

A =i[H,r?.
We define the set of thresholds of H, 7(H), by

T(H) = opp (H(1)> Uopp (H(Q)) Uopp (H(3)).

Let ¥ := min7(H), such a minimum exists because "), H?) and H®) are
bounded from below (see [13, Satz 1.27]) and hence the three sets on the right
are discrete and with a minimum. For A € R, define the number

o(\) = 0, for A <3
" linf{A—~v:yer(H),y <A}, for A>3

The next theorem is a generalization of Mourre’s inequality to c.m.w.c.2
that was developed in [4].

Theorem 5.1. [4, theorem 5] Given A € R and € > 0, there exist an open
interval I 3 A\, and an H-compact operator K such that

Ey(H)i[H, A Er(H) > (0() - €) E; () + K,

where Er(H) denotes the spectral projection of the operator H on the interval
ICR.

5.2. Graf-Yafaev Functions

Consider the Schrodinger operators Z?Zl (— 867:2 —|—Vi> acting on L? (]R2) where

Ve O™ (RQ), V; depends only of the variable u; and is compactly supported in
this variable. Our Graf-Yafaev functions are constructed in analogy to the Graf—
Yafaev functions associated to these Schrodinger operators following [11, 12]
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and [26]. In this section we will omit some proofs, because we consider that the
analogy is direct once the Graf—Yafaev functions are constructed.

Given € > 0, we take e =1y <eg <lp+e=1¢;, 5 = 2 < g3 < 32 =
5?, ande; = 2¢e <¢g; < 3e:= E;r for i = 1, 2. We call the vectors ¢ := (g1, €2, €3)
e—admissible. From now on we will denote |(u1,u2)| = \/u? + u3.

Let x be the characteristic function of the interval [0,00). The functions

g, ¢@ and ¢ defined below are analogous to the functions m(® in
[26, equation 3.9].

eox (g0 —max { (1 + 81)“1, (14 e2)uz, (1 +¢e3)[ul}),
for (y,ul, Q)EYXR
9O (e,z) = €0, %f z=(w,2)€ [0, 1J€r51] X 21,03
€0, if = (uz,22) € [0, 5% X Za0;
€0, if ze Xo;
0, otherwise.
gV (e 2) =

(1+ sl)ulx((l +&1)u; — max {50, (1+e2)ug, (14+¢3) | (us, u2)|}),
for z=(y,u1,uz) €Y x R%;

(1+e1)uq, for == (z1,u1) € Z1,0 X [li—oel,oo);
0, otherwise.
9P (e, x) =

(1 4+ 62)U2X((1 =+ 52) U2 — mMax {Eo, (1 + 81)U1, (1 =+ 63)‘(’[1,1, UQ)l}),
for x=(y,u1,us) €Y x R%;

(14 e2)ua, for = (z2,u2) € Zo % [%062, oo);
0, otherwise.
9(3) (8’:17) =

(1 + 53)|(u1,u2)|x((1 + 63) |(U1,U,2)| — max {80, (1 + 62)U2, (1 + 51)’(1,1}),
for x=(y,u1,uz) €Y x R%;
0, otherwise.

The functions ¢¥)(z,¢) could be defined more directly in our case, for
example for (y,ui,us) € Y X Rf_, € e—admissible and € small enough,

Revista Colombiana de Matemadticas



“v49nl1a06-Cano” — 2015/6/30 — 10:10 — page 118 — #14

118 LEONARDO A. CANO G.

g(l)(e,y,ul, uz) = (1 + e1)uq if and only if (1 4 &1)u; is greater or equal than
0, (1 +e2)ug and (1 4 3)|(u1,uz)|, and g™ (e, y, u1, uz) = 0 otherwise. How-
ever we used the previous definitions because we would like to point out that
the Graf-Yafaev method could generalize to manifolds with corners of higher
codimension. Let us define the function

(1 +&)uy, for = (z;,u;) € Zjp x Ry;
max {80, (1 + El)ul, (1 + EQ)UQ, (1 + 53)|u|},

xT,e) =
9(z.€) for x = (y,us,us) €Y x R%;
€0, for =€ Xp.
‘We observe that .
g(lL’,&) = Zg(i)($7€)' (12)
i=0

The next functions will be important in the description of the functions g and
()
g+.

Fi(e1,e5) : 1+e3
1\¢1,€3) .= )
V(L +el) = (1+e3)2
14 ¢eo
k =
2(61762) 1+e,
and
1 2 _ (1 2
kg(é‘g,&g) — \/( +52) ( +€3) )

1+e3

The next proposition is a consequence of the following limits: lim,_,q k1 (1, €3) =
00, lime_,0 ka(e1,e2) = 1, and lim,_,0 k3(e2,£3) = 0.

Proposition 5.2. Let € > 0 be small enough and let € = (e1,€2,¢3) be an
e—admissible vector. Then

ki(e1,e3) > ka(e1,e2) > ks(e2,€3).

Proposition 5.2 implies that (1 + e1)u; > max {607 (1 + e2)ug,
(14 e3)|(u1,u2)|} if and only if uy > e and w1 > ki(e1,€3)uz. Reason-
ing in this way we obtain the sketch of the function g(z,e) given in Figure 4.

Let ¢, > 0, p; € C° (R+), supp @; C [E;,eﬂ and fooo wi(e;)de; = 1, for
1 =1,2,3. Let o9 € C (R+) be a real function with support in the interval
(lo,lp + €) for some [y > 0, that satisfies also fooo wo(eg) deg = 1. We regularize
the function ¢(* averaging over the e-compatible vectors e

$9@) = [ 4O I (i(ei) de). (13)

— 00
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B
\\— ) \-(5,. hY
o I a\o"
S \
/ I Z
wj ! “\
N I AN
> 5 &7
@
+ O
S
__ _£o ) e A
U1 = 1+e; \// :
$ — (2
NG (1 +eo)uz = g (e, 2)
N
9

- uy = ki(e1,3)uz
Uy = k:3(52,53)u2

FIGURE 4. Sketch of the Graf-Yafaev function g(z,¢).

Deﬁnition (13) is inspired by [26, definition 3.12]. For i = 0, 1,2, 3, define
fo vi(ei) de;. An easy computation shows that

g (x) = /_00 (14 e1)urepr(e1)Po (14 €1)ur) P (1 + €1 )uquy ' — 1)

@3 ((14e1)ur|(ur,u2)| " — 1) dey, (14)

for = (y,u1,u2) € Y xR% or z = (z1,u1) € Z; x Ry. We observe that
gW(z) =0 on X \ (Z; x Ry). There is a similar formula for ¢ (z). For g®®
and ¢(© we have

9(3)(33) = /(1 —|—53)|u|<p3(53)(1)0((1 +ey |u| (1 +€3 |u| 1).

®2< 1+€3 ul

)dsg, (15)

1= femeon (2 o2 () 0o

for x = (y,u1,uz) €Y x R%.

We define g, the regularization of the function g(z, ), by taking the average
on ¢ of g(z,¢).

(@) = /max fe0, (14 ex)un, (1 4+ e2)us, (1 + e3)[u]}

@0(60)(,01(51)302(52)303(63) dEQ d€1 dEg d€3.
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Let us define py = [eopo(eo)deo and p; = [(1 + &;)pi(e;) de; for i =
1,2,3. We observe that the maximum of the function k; in [2¢, 3¢] x [262, 362}
is attained in (e1,2) = (2¢,3¢?) and its minimum is attained in (gq,22) =
(3¢, 2€?). The maximum of the function ks in [2¢, 3¢] x [2€2,3¢?] is attained in
(e2,€3) = (3€,2€?) and its minimum is obtained in (g1,£2) = (2¢, 3¢). Based
on these observations and Proposition 5.2 we obtain Figure 5, a sketch of the

Yafaev function. The arcs in this figure are part of the circles |(u, ug)| = 1-&#
and | (u1, uz)| = 1455

_ lote
Ui L2
U1 = 15
S
S ug = g2 ()
I\ Hatz = g

@ w1 = k1(26,3¢2)us <

P @ w = k(2
@ uy = k1(36. 262)&2 |F .

I @ u1 = ka(2¢,362)

F1GURE 5. Sketch of the Graf—Yafaev functions.

The next lemma summarize the main properties of g that we will use in
this article.

Lemma 5.3. (cf. [26, page 538]) g satisfies the following properties:
1) g € C*(X) and g(z) is real homogeneous of degree 1 in the sense that:

g(tuy, z1) = tg(u1,21), for 2z € Z1,u; >4; and,
g(tulatUZay) = tg(uhu?vy)? for (y7u17u2) €Y x [4700)27

fort>0.
2) g(x) > 1 forx e X \ Xy4.
3) g(x) is convex in the sense that for (y,u1,u2) and (y,vi,v2) ¥ x R :
9((y, t(ur, uz) + s(vi,v2)) < sg((y, ur,u2)) + tg(y, v1,va),
fors,t€0,1],s+t=1.
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4) The functions g9 ’s are related to g by the equality g(z) = Z?:o g (x).

Proof. (14), (15) and (16) prove that the functions g(* are smooth. 4) follows
from (12) and these results imply that g is smooth and it is convex because it
is the integral of the maximum of convex functions. The other properties follow
from direct calculations. uf

Definition 5.4. A function g satisfying Properties 1), 2), 3) and 4) of the
above lemma is called Yafaev function.

Let f: X — R be a C*°-function. Let us denote by f” the matrix valued
function

22 S
f/l — [ é)auj auéguz ] , (17)

8u1 aug f 8113

defined on Y x ]Ri. We observe that the matrix of functions (g(i))// can be
extended to X making it 0 out of ¥ x Ri; we will make this type of natural
extension without to explicitly mention them for other functions. We remark
that (f)” is not the Hessian of f.

According to the previous lemma, the functions ¢(¥) are Yafaev functions,
but they do not satisfy 3), yet in any case they are bounded by suitable convex
functions, as it is shown in the next lemma.

Lemma 5.5. (cf. [11, lemma 7.4]) For each i € {1,2,3} there exists g; a Yafaev
function such that (g(i))”(x) > (g(i))”(x), forallx e X.

Proof. We prove the lemma for ¢ = 1, the cases i = 2 and 7 = 3 can be treated
similarly. Let us define the set

lo < <lo—‘r6

d
v = 1+ 3¢ a

= Y xR2 . —
{(yaulau2)€ X RY 112 =

k1 (367 262)u2 <u <k (267 362)u2}.

Let zp € T and let §,, be a positive function in C°(R) such that
Oz, (g(mo)) # 0. Taking e small enough and [y suitable we can find a Yafaev
function g such that (g)"”(x¢) = ()" (x¢) > 0. Let us define the function

o () = /goo 80z, (8) ds + g(z) /g(w) 2, (8) ds.

(z) —00
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We have

Since (g)"(x) is positive and f_gg) 0z0(8)ds > 0 for 2 € T’ near enough to z,
we have that

(e [3]-[2])
> 0y, (9(330))< [68%)(98)2(9) ,{21@&23(9)] (o) {Zj ’ {Z;] > = 0.

This proves g, (x) is strictly positive in an open ball U, around zy and
multiplying g, by a constant, if it is necessary, we have gj (v) > g” ) (),
for all z € U,,. Since I' is compact there exists a finite covering {U,, }Y,
of T', with associated functions {gx}fil Let us define g == Zi\; gz, - To see
that ¢ satisfies the lemma, it is enough to prove it for z in the set
A = {(y,ul,uz) €Y x Ri : k1(3€,262)u2 <u <k (26,362)uz}. Observe
that for = € T, it follows by construction of g. Let (y,uj,us) € A, then
there exists A € (0,00), such that (y, Auj, Aug) € T'. Then, by homogene-

ity, (9M)" ((y,u1,u2)) = 1/A(g™)" (g, A, Muz)) < 1/AG" (y, Mur, Aug) =
§”(yaul,u2)- ﬂ

5.3. Propagation Observables

Let g be a Yafaev function. All our propagation observables are derived from
the following scaling of g, defined for ¢t > 0 and 0 < § < 1,

gy, t%us,t%us), x=(y,u1,uz) €Y x R3;
gi(z) = { t0g(2,t%u;), = (2,u;) € Zio x Ry;
té on(po(Eo) d&o, z € Xop.

We will be more precise about the value of ¢ later on. The next results
about the derivatives of g; are the basis of forthcoming estimates of propagation
observables.
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Lemma 5.6. (cf. [11, equation 7.18]) For each ((k1,k2),1) € N*xN and ¢t >0
large enough, there exist C1 > 0 and Cy > 0 such that:

akl 8k2 ) )
oo (@) < GO, and
Uq U,

r(u1)k(us2)

o _
@QE])(SC) < Cgt6 l7

for7=1,2.3, forallz € X and k1 > 1 or ko > 1.

Proof. We prove the lemma for gV). The functions g(®) and ¢® are treated in
a similar form. Observe that the integrand of (14) has support in [2¢, 3¢]. Using
Lebesgue dominated convergence theorem, it is easy to see that there exists a
C > 0 depending only on k; and ko such that

oF2 gk ( (1)) C Z 3¢ gi ( ) (=1)
g < / —((L+e1)ur)pr(er) »
oukz oukr o) ik | /2€ ou
Hio

(=) 2 (o022 ) -

3u§1 8UJ12 U2
952 §Js Uy ))
—— | P3( (1 +&1)— —1 de
Qus? u? ( ’ (( D~ D) ) &

We notice that the sum on the right-hand side of the above inequality runs
over the finite set of multi-indexes (j, s) € N3 x N2 such that |(j,s)| = k1 + ka,
where |(4,s)] = jo + j1 + j2 + s1 + s2. We will denote by B, s the terms of
that sum and we will show that they are uniformly bounded by (1 —*1=k2),
Since g™ (z1,u1) = 0 for u; < fj_—t;e, the term Bjs(y,u1,u2) = 0. Out of

kq (36, 262)U2 <u <k (26,362)U2 and uq > ffge, the function g(l) is constant

or linear and the lemma follows easily. Hence we estimate the terms B; ; only
for (y,u1,u2) € Y x Ry x Ry such that k; (367 262)u2 <u; <k (267 362)u2 and

Jo
Ouy

. (18)

> lgt(S
uy = 143€”
A direct computation shows that there exists a constant C'(jo) such that
oo s N jod
aujl.o (@0((1 + El)t Ul)) < C(jo)t . (19)

We use above that ¢ has compact support and hence all its derivatives are
bounded in R. Observe that taking h(ui,u2) == (1 +¢e1)3t — 1 and f(v) =

dI2
dvi2

(2)(v), one obtains

%JC ) 972 <¢,2 ((1 e 1))

oul? ()
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Let I € N, let us define M; = {(k1,..., k) € N : 3! ik; = I}. We can
conclude from Faa di Bruno’s formula that for all [ € N and a € M; there exist
constants a; ;.o € R and C > 0 such that

0% 1 o 1
— | —foh — h R —
8u51 (’U,JQ fo )(ul’UQ) L fo )(u17u2)u%2+81*l
S1 l l az Qg 1
<C Z Z ol Oh)(ul’uz)H<aui (h)) (u1,u2) ==
1=0 k=0 a€ M; i=0 2 Uy
S1 l ! ua'i 1
<SOY D> Jana @ (f) o h) (wryue) | | —dtpar oy (20)
1=0 k=0 a€ M, i=0 U2 wp

For u; > ff and u; < ky (26 3e )ug, there exists a constant C(s1, j2) > 0
such that the last term of (20) is lower or equal than

l

CZZZ (0" (f ulvUQ)HW

1=0 k=0 aeN" i=0 “2
< C(sy, jo)t 002, (21)
where we obtain the last inequality, since jo + s7 — [ + Ei:o i, = jo + 81
because the vectors (a;) € M; and the functions 9% (f) have compact support.

Similar estimates can be done to obtain

o%2 I3 Uy ))
TP (1)l 1
Ous® gul? < ’ (( 1) |ul

We observe that (19), (20), (21) and (22) together with (5.3) imply the first
estimate of the lemma for the function ¢!

< COt0Usts2), (22)

Next we will prove the second estimate of the lemma for the function ¢g(*).
Let N 3 j > 1; we proceed by induction in j. The basis case, j = 1, follows
easily deriving with respect to ¢ the scaling of expression (14). For j > 1, one
uses Faa di Bruno’s formula for f = ¢o and g(v) = (1 + £1)t"%v, in a similar
way as it was used in (20). One can adapt the proof of the lemma for g(*) to
the functions ¢ and ¢(®). Ul

We define the Heisenberg derivative of a function h € C'*° (R+ x X ) by

Dyh = i[H,h] + %h. (23)

Now we estimate the first Heisenberg derivative ~; of g; i.e.

0
= D;q; = i|H — Q.
Yt tge = i[H, g¢] + 59t
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We will denote #4 (X, E) the domain of the self-adjoint operator |H|/2.
Using an interpolation argument one can see that #4 (X, E) coincides with the

first Sobolev space (see [24, Chapter 2]). Let us define the first order differential
1%}
operator p := i [6}51 acting on sections f € C*° (Y x Ry x R+,S) by pf =

8’uz

!
that the asymptotic behavior of 7; is described by the matrix function g} ()
defined in (17), it is a consequence of lemma 5.6.

_0_
i [651 f] . We will denote p” the operator z( 621 , 6u2) The next lemma shows

Lemma 5.7. (cf. [11, equation (7.22)]) For all2 > § > 0 and ally € #1(X, E)

<Dt (’Yt - 28tgt> P, ¢t>L2(X o

= (=" glp+O(%) + 0(t2) )wr, )

L2(X,E)

Proof. Observe that (%[H g = |[H, %gt}, hence Dy(vye — Q%gt) =

~[H,[H,g:]] - g—; gt. Using Leibnitz rule for Laplacians and straightforward
computations

[H,[H,g.]] = 4" g/ (@)p+ > 9jjii(1)-

i,5=1

According to Lemma 5.6, d;;,:(¢g:) = O(t~3°) and g—;gt < t°=2, which implies
the lemma. ul

The next lemma is consequence of Lemma 5.7.

Lemma 5.8. (cf. [11, theorem 7.5]) For 1 > § > 1/3 there exists C > 0 such
that

> T _n 2
[ ) | < IR
for ally € #1(X, E).

Proof. Using lemma 5.7 we have that

* T 1
dt
’/1 <p gtpwtth>L2(X’E) ‘

> 0
/ <Dt ('Yt -2 gt>wt7wt> dt
1 L2(X,E)
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where K > 0 is a constant. Next we estimate the first term in the right side of
the above inequality,

to a
/ <Dt (’Yt - 2m9t>¢t7¢t> dt
1 L2(X,E)

= ‘<(7t - 23t9t)1/1t»1/1t>

to

L2(X,E)
to

< ‘H(’Yt - 28t9t)¢tHL2(x,E)‘ 1'||¢||L2(X,E) < Cllpl,

t=

t=1

where the last inequality is true because Lemma 5.6 implies that the first order
differential operator ¢ — 2% g+ has bounded coefficients for ¢ € [1, 00) and hence
it is continuous from L?(X, E) to #1(X, E). Since the above inequality is true
for arbitrary ¢ty we have proved the lemma.

We introduce and recall some notation:
3 3
gii(w) = 19" (¢°x), gt = Zgim Vit = Digie, Ve = Z%‘m
i=0 =0

where D; denotes the Heisenberg derivative defined in (23).

From part 3) of Lemma 5.3, it is easy to see that g}/ (x) is a positive matrix
for all t € [1,00) and z € X. Therefore the matrix B(z,t) == \/g; (z) is well
defined. It is straightforward to prove the following proposition.

Proposition 5.9. For ¢,¢ € #1(X, E), the following equality holds
/X <pTg£’pw, <p>(w) dvol(x) = /X <Bpw, Bpso>(x) dvol ().
Let Dom(r) be the maximal domain in L?(X, E) of the operator defined by
multiplication by the function r defined at the beginning of Section 5.1.
Proposition 5.10. The domain #1(X,E) N Dom(r) is invariant under the

action of et

Proof. Let ¢ € #1(X, E) N Dom(r). Since e'* and H'/? commute, ety €
#1(X, E), for all t € R. We have to show that re?ftp € L2(X,E). Let x, €
O (X) be such that x,(z) =1 for x € X,,, and such that its gradient V(x,)
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and Laplacian A(x,) are bounded uniformly. We have
/ <ethan26_th<p,go>(x) dvol(z) =
X
t . .
z/ / <61H$ [H, anz]eﬂHsgp,<p>(x) ds dvol(z) +
x Jo
/ Xn?(, s0>(fv) dvol(z).
X

Let us see that the last integral is finite. By hypothesis r¢ € L?*(X, E),
hence we can apply Lebesgue convergence theorem to obtain

znh_)rrgo Xn2 {0, ) (2) dvol(z) = / (¢, p)(x) dvol(x) < oco.
X X

Using that [H , anz] is a first order differential operator with uniformly bounded
coefficients and Fubini’s Theorem we can prove that

¢
z/ / <eiHS[H,anﬂe*mscp,go%x)dsdvol(ac)§C’t||<p||1.
xJo

Lebesgue convergence theorem implies

/ / ¢iH3[H, 12 >(gg) ds dvol(x)

¢
:nli)rrgoz/x/ <6ZHS [H, xnr?]e o, go>(m) ds dvol(z) < co. ©

The above proposition shows that the Heisenberg observables e/t~ e~#H?
and e*Htg,e*Ht are defined in the dense domain #4 (X, E) N Dom(r).
Theorem 5.11. (cf. [11, theorem 7.6])

(1) The strong limits
v =s5— hm ety e tHE
'yk =5 — lim €’ ’yk,te_th
t—o0
exist on W1 (X, E) with respect to L?>-norm.

(2) vt and 7; have the following properties:

v =0t H) = H] =0,
iHt —iHt
vt =5— lim %ZO,
t—o00 t
iHt —iHt
+ .7 € GJk,t€ >
R e
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and
=X
k

where the last strong limits are taken over #1 (X, E)NDom(r) with respect
to the norm ||+ r2(x, B)-

(8) 4" and ~; are independent of § € (1/3,1). Moreover, we have

At =5~ lim eth@e’th
t—o00 t ’

where the strong limit is taken over #1(X, E) NDom(r), and where g(x)
is the unscaled Graf-Yafaev function (similar roles play the functions gi*)
for the operators ’y,j)

Theorem 5.11 will be proved later on. We observe for the moment that from
Property 2) we can deduce fyar = 0. Intuitively, the importance of the operators
7, 74 and 75" is that they allow us to localize the absolutely continuous states
of H into the regions Z; xRy, Zo xRy and Y x Ri associated with the domains
of the operators Hq, Hy and Hj.

We will use the following proposition to prove the existence of y.

Proposition 5.12. If one of the following limits exists, then

s— lim ety e Y H —X\)72 =5 — lim (H — \) " teflye " (H — )71

t—o00 t—o00
Proof. We have that
(H — \)~Lettty, et — \)=L = ¢iHE (7 — \) Loy (H — \)~leiHt
= Hly (H — N)"2e 1t — Y — X))y, Hle HY(H — X) 72,
Then, to prove the proposition it is enough to prove

s — lim e™'(H — \) "y, Hle 7 ™Y{(H — \)72 = 0. (24)

t—o0

0,0 denotes the norm of the

By Lemma 5.6, %(gt)Ho,o = O(t°~!), where

bounded linear operators acting in L?(X, E). Then we have

s— lim e#Y(H — \) 7y, Hle 7Y (H — \)72

t—o0

. i — a —i _
:s—tlggoth (H =) I,Wt—a(gt) e M (H -2~
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Let v == (H — X\) "1y, for p € L*(X, E). We have

H [(H - A" — gt(gt)}wH = H [(H =N, [H’gt]]‘ L2(X,E)

(H—-X"! lH, Z { = 0ii(ge) — Qai(gt)ai}] (H—=\)""

L (X.E)

< 22: H(H — X) " {05ii(g¢) + 20;i(9) 045 } (H — /\)711#‘

jri=1

L2(X,E)
Using Lemma 5.6, one can prove Haiijj (gt)Hm < Ct=39; that implies

H(H = A)710jjui(ge) (H — A)~ <Ot

11/)HL2(X,E)

Now we analyze the term [|(H — X)719;i(g:)0i;(H — Since

—1
wHLZ X,E)

0;i(g1)0;; is a second order differential operator with coefﬁc1ents bounded uni-

formly in x € X and ¢t € R, it defines a continuous operator from #5(X, E) to

L?(X,E). Hence

||(H — A)ilaji(gt)az] (H=X\)" wHL?(X E)

<||(H =)~

1”0,2’ i5(9¢)0i 1||02 1Vl L2 (x,2)>

(X, E) to #,(X, E). We observe
H2 0 < Ct9~'. This finishes the proof

of the proposition. Ul

that, by Lemma 5.6, we have H@U 91)0i;

Proof of Theorem 5.11.

1. Existence of v and 'yk Lemma 5.6 implies that ([H7 gt])teR+ and
(E(gt)> N have coefficients bounded uniformly in ¢ € Ry and « € X
teR4

and then we can deduce the inequalities

0 -
G (g M < Ot Ylollza(x,my

L2(X,E)

HelHt[H>gt] S0HL2(XE) CH(le?

for all ¢ € #4(X,E) C #1(X, E). The previous estimates show that, as-
suming the existence of the limit, the function ¢ — lim;_, ety,e =ty

would be a continuous linear map (as a function from #;(X,E)
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to L?(X, E)). Since #5(X,E) C #1(X,E) is dense with respect to the
first Sobolev norm it is enough to prove that the limit
limy_, o0 €ty e~ (H — X\)~2 exists and hence, by Proposition 5.12, it is
enough to prove the existence of the limit s—limy_, o, (H—\)"tetftn, e‘lHt

(H—X)~! with respect to the norm ||+|| z2(x, ) Since || 2 g:|, , = O(#°~1),

o0 =
we have

s — lim (H — \) " tetflye (g — \)~! =

t—o0

t—o0

s — lim (H — \) et <% —Qaat(gt)>e_th(H—)\)_l

We will show the existence of the last limit with respect to the L?-norm.
We denote 74 == 4 — 2%(%)

Define ¢; = (H — \)"tetHt7,e=Ht (H — \) =1 for ¢ € L?(X, E). We will
prove that floo H%aptHLQ(X B) dt is finite. Observe that

0 HEp ~ i -
FpPr = (H =) DiFe M H = 3) 71y,

From Lemma 5.7, for § > 1/3, we can deduce

Dy = pTg;//p + L2-norm integrable in ¢ terms.

Therefore it remains to prove that u; = (H — \)~tettpTgl/pe=iH?

(H — \)~% is L%norm integrable in [1,00). We use Cauchy—Schwarz
inequality and Proposition 5.9 to prove

s 2
/||Ut||L2XE)dt / sup | (v, ue)p2(x,my|” dt
1

HUHL2(X E)—l

/ HBtpe_ZHt X)_17”@2()(,}3) dt -

|u|\L2(X =1

/1‘ | Bipe™ " (H — A)_leiz(X’E)dt.

By Lemma 5.8 the last two integrals are bounded; hence u; is L?-norm
integrable in . We have proved the existence of yT, the existence of ;"
is proved following a very similar reasoning.

2. Proof of parts 2) and 3) of Theorem 5.11: Since <" exists on
#1(X, E), it follows from (24) that v*(H — X\)~! = (H — A\)"1y". Hence
(v H] = (H+N{(H+X) "yt =" (H+X) "1} (H + A) = 0. A similar
proof applies for ’y,j.
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iHt

Now we prove that limy L(p = ~yTp for ¢ € Dom(r) N
#1(X, E) and where the limit is considered in the L?-norm. Using that

th,_Y eszt 8 1Htg e th7 we have
11t . »  eiftg e—iHt
AT =5— lim - —etflsg e s = g — lim ———— > 0.
t—oo t 0s t—o0 t

Finally we prove part 3) of Theorem 5.11. Observe that g, = g for = €

X \ Xg and for R > fi;;; hence t~|\g: — gll2(x,p) < Ct°~1. Part 3)

follows from part 2) of the theorem and this fact. uf

5.4. Propagation Observables and Mourre’s Inequality
Next we discuss the connection between the operator v and Mourre’s inequal-
ity enunciated in theorem 5.1.

Definition 5.13. (cf. [11, (6.17)])

A finite, open interval I C R will be called a Mourre interval if for all
¥ € Er(H)NDom(r),
<EI(H)Z [Ha [ [Hv T2}]EI(H)U)7 ¢>L2(X,E) > C<¢7 w>L2(X7E)7 for some C > 0.

Lemma 5.14. (cf. [11, lemma 7.7)) Let 547 == E;(H) be the spectral subspace

of H associated to a Mourre interval I. Then 7*‘2 reduces to a strictly positive
operator 5 — 5. In particular 7 C Im(yT).

Proof. According to Theorem 5.11, v is H-bounded and commutes with H,
then it reduces to 47 — 7. Let ¢ € ;. By Theorem 5.11 we have

+2 > — 1< 2iHt G2iH1 >
<¢ 7Y L2(X,E) T e g ¥ L2(X,E)
L/ oimt, 2 2imt
tl—lglo t7<e Yyre w>L2(X,E)'
Define the function h(t) = <62th1/J,T($)2€2th’l/)> . Since I is a Mourre
L2(X,E)

interval, there exists ¢ > 0 such that hA”(¢) > ¢ > 0. Then, there exist ¢; € R
and ¢y € R such that h(t) > ct? + ¢1t + cp and

lim l<62th’(/J,T(I)2€2th1/)> >c>0. Ul

t—oo 12 L2(X,E)

As a consequence of Theorem 5.1 we have that if A € R is not an L?-
eigenvalue nor a threshold of H, then A belongs to some Mourre interval I. In
[4] and [3] it is proved by different methods that the set of L*—eigenvalues of
H is countable and it accumulates only in the set of thresholds o,,(H™)) U
opp(H®) U a,,(H®)). The next corollary follows from these facts.
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Corollary 5.15. (cf. [11, page 3480]) The sum of eigenspaces Er(H), associ-
ated to Mourre intervals I, is a L?-dense set on the absolutely continuous part
of H.

5.5. Deift-Simon Wave Operators

The proof of the following theorem follows the same lines of the proof of the
existence of ¥y and 7: in Theorem 5.11 and the proof of similar facts given in
[11, page 3492], because of this we omit the proof here.

Theorem 5.16. (cf. [11, page 3492]) For k = 1,2,3, the Deift-Simon wave
operators,
W =8 — lim eiH’“t’yk,te_th,
t—o0
exist, with respect to the L2*-norm, on Wi(X,E) for § satisfying
min(36,2 — 4) < 1.

As we explained below Theorem 5.11, intuitively the importance of the
operators 7 ; is that they allow us to localize in the domains of the operators
Hj, the absolutely continuous states of H. In Theorem 5.16 we find states whose
dynamics under Hy behave asimptotically as the dynamic of these localizations
under H. We will formalize these intuitions in the next section.

5.6. Proof of Asymptotic Clustering

In this section we prove asymptotic clustering witch finishes the proof of The-
orem 1.6. We say that v € L2, (X, E) clusters asymptotically, if there exist
or € L2 (Z1, Ey) ® L*(Ry.) for k = 1,2 and 3 € L?(Y x R%, E) such that
(2) holds.

Let ¢ € Ef(H) N #2(X,E) for I a Mourre interval as defined in defini-
tion 5.13. By Lemma 5.14 and Theorem 5.11, we have

where =~ means that the difference of the two related expressions vanishes in
L?-norm as t — co. Theorem 5.16 implies

3

Y e rig for g = wly; (25)
1=1

that, with Corollary 5.15, imply that the wave operators W (Hy, H) exist, for
k=1,23.
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Proposition 5.17. For all ¢ € L2,(X, E) there exist ¢y, € L*(Z), x Ry, E),
for k=1,2,3, such that

=0.
L?(X,E)

lim
t—o00

3
e:l:th,(/) _ Z e:i:inthk
k=1

Proposition 5.17 is a kind of asymptotic completeness, however the sum of
the wave operators Wy (H, Hy) (k = 1,2,3) is not a direct sum, since their
images are not necessarily orthogonal.

For k = 1,2 and the ¢’s of (25), we have ¢i, = I ppor + Ik o0k, Where
I pp and I, q denote the orthogonal projection over the closed subspaces of
L*(X,E), L2,(Zk, Bx) ® L*(Ry) and L2.(Zy, Ey) ® L?(Ry). It is easy to see
that eiitHngk — eiitHk’pka,pp(Pk + eiitHk’aCHk,acSDk-

Since Iy aeor € L2.(Zk, Ex) @ L? (R+) and Wy (Hy, H3) is an isometry,
there exists g € LQ(Y X Ri,E) such that Iy qcpr = Wi (Hg, H3)pr. We
conclude

3
eithdJ _ Z@iintSDk _
k=1

2
eFiHty, Z {eﬂHk,actWi(Hk’Hg)&k _ eiin_pptHk,ppwk} _ gitHat
k=1

Observe that

:0,

li H iin’actW H ,H ~ _ _FiHst~ ‘
im |le +(Hg, H3)pr — € Ok L2(x.B)

t—o0

for k = 1,2. The above computations imply

Proposition 5.18. For all ¢ € L2.(X,E) there exist ¢, € L2 (Zy, Ex) ®
L2(R+), fork=1,2, and ¢ € L2(Y X Ri,E), such that

=0.
L2(X,E)

lim

2
t—o0

eith,(/} . 6izH3t(p . E eilHk’pp(,ZSk
k=1

Let p € L? (Y X ]Rﬂ_, E), we can calculate

eiiHBtSD — eiintSD _ eiiHl’aCWi(Hl,Hé)SO + eingth _
2
e W (Hy, Hy)p — 3o Y~ e e W, (Hy, H)gp.
k=1
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Observe that for all ¢ € L? (Y x R2, E), we have

L2(X,BE)

)

lim “eiiH3t<p — etHkacy, (Hy,, HB)QD’

t—o00

for k = 1,2. Hence,

2
eiiHstQO ~ _e:I:iH;;t%O + Z €iin’aCWi<Hk;, H3)(,0
k=1

Proposition 5.18 and the previous computation imply asymptotic clustering
and hence Theorem 1.6.

Let us denote
2

W = We(H, Hs) & D W (H, Hipp),
k=1

acting from L*(Y xR3) & @ (L2, (Zx, Ex) ® L*(R4.)) to L2.(X, E). We define
the scattering operator

= (V)W (26)

In a forthcoming article, we plan to study how the scattering operator .&
encodes geometric information, particularly we would like to generalize the
approach of [16] to prove a signature formula that would be closely related
with the formulas of [10].

A. Stationary Phase Methods

Let V € C°(R). In this appendix we prove [ HV@“EUH dt < oo where b is the

self-adjoint operator associated to —-L; : C2°(R) — L?(R). We use stationary
phase methods as explained in [19]. Let u € .#(R) be such that @ has compact
support contained in an interval [a, d]. Here u denotes the Fourier transform of

u. Let .
uy(z) = ey = (2—)1/2 /exp [it(xk — th)]ﬁ(k) dk.
i

From [19, Corollary, page 38] we see that for all m there exists a ¢ depending
on m, u and the interval [a, b] such that

ur(@)] < e(1+ |z[ +)~™

for all x,t such that x/t ¢ [a,d]. From this we deduce that

(/_C: +/: > V(@) |*Jur(2)|* da < e(1+1) 72 (27)
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[19, Corollary, page 41] proves |uit(x)|2 < Ct~!fort > 1, then

| (th|v<x)\2|ut<x>|2dx) drse [ t‘1/2</:th(x)|2dx) dt.

Making the change of variables = xt we obtain that, for all m € N, there
exists a C' such that ’fadf ’V(x)|2dx’ < 5k Then
£1/2

e (28)

dt
/ ‘V(x)|2|ut(m)‘2dx <C
at

(27) and (28) show that [ HVe“guH dt < oo.

Next we make some classical comments in order to extend the previous
estimates to ||Ve“bg0|| where b is the self-adjoint operator associated to —% :
C>(R4) — L*(Ry) with Dirichlet boundary conditions at 0. We observe that
for all u € .((0,00)) such that @ € C*°((0,00)), the function

u(z), x € (0,00),
u(x) =<0, x = 0;

—u(—2z), otherwise.

is an odd function in .#(R) such that 7 has compact support. Since u is odd,
u =2 fooo sin(zy)u(y) dy. From these observations, (27) and (28), we deduce
7 [Vertu|| dt < oo.
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