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Expansiones asintéticas de tipo Voronovskaya para funciones de
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ABsTrRACT. Here we examine the quasi-interpolation error function based neu-
ral network operators of one hidden layer. Based on fractional calculus theory
we derive a fractional Voronovskaya type asymptotic expansion for the error
of approximation of these operators to the unit operator, as we are studying
the univariate case. We treat also analogously the multivariate case.
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RESUMEN. Aqui se examinan funciones de error basadas en cuasi-interpolacién
de operadores de redes neuronales de una capa oculta. Basado en teoria de
célculo fraccional se deriva una expansién de asintética de tipo Voronovskaya
para el error de aproximacion de estos operadores al operador unitario, asi
como el caso univariado. También se trata andlogamente el caso multivariado.

Palabras y frases clave. Aproximacién fraccional de redes neuronales, expansién
asintética de Voronovskaya, derivada fraccional, funcién error.
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1. Background

We consider here the (Gauss) error special function ([1, 17])

erf(z) = %/0 edt, zeR, (1)

which is a sigmoidal type function and a strictly increasing function.

It has the basic properties

erf(0) =0,
erf(—z) = —erf(x),
erf(+o00) =1,
erf(—o0) = —1.

We consider the activation function ([16])
1
x(x) = Z(erf(x +1) —erf(z — 1)), any z € R, (2)

which is an even positive function.

Next we follow [16] on x. We got there x(0) ~ 0.4215, and that x is strictly
decreasing on [0,00) and strictly increasing on (—oo, 0], and the z-axis is the
horizontal asymptote on Y, i.e. x is a bell symmetric function.

Theorem 1.1. ([16]) We have that

Z x(x—1i)=1, all z €R, (3)
Z x(nz —1i) =1, all zeR, neN, (4)

and

| xtwz =1, 5)
that is x(z) is a density function on R.

We need the important
Theorem 1.2. ([16]) Let 0 < a < 1, and n € N with n' =~ > 3. It holds

oo

> x(nz — k) < NG _12)e(n1—a—2>2 , (6)

k=—o0
nz—k|>nt—e
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Denote by |+] the integral part of the number and by [+] the ceiling of the
number.

Theorem 1.3. ([16]) Let x € [a,b] C R and n € N so that [na| < |nb|. It
holds

1 1
< ~ 4.019, Vz € [a,b]. (7)
Z,Einm] x(nz —k)  x(1)

Also from [16] we get

Lnb)
dim Y x(nw—k) #1, 8)

k=[na]

at least for some x € [a, b].

For large enough n we always obtain [na] < |[nb]. Also a < % < b, iff
[na] < k < |nb]. In general it holds by (4) that

Lnb]

> x(naw—k)<1. 9)

k=[na]

We need the univariate neural network operator

Definition 1.4. ([16]) Let f € C([a,b]), n € N. We set

_ Zlginntﬂ f(%)X(’I’LQE - k)

St x(n — k)
A, is a univariate neural network operator.
We mention from [15] the following:
We define
N
Z(x1,...,on) = Z(x) = [[x(z:), == (z1,...,an) eRY, NeN. (11)
i=1

It has the properties:

(i) Z(x) >0, Vz € RV,

Revista Colombiana de Matemadticas
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(i)

oo

Z Z(x—k)=
k=—oc0
Z Z Z Z(xlfkl,...,:EN*kN):la (12)

klzfoo k?2:700 szfoo
where k == (ky,...,k,) € ZN, Vo € RN, hence
(i)

oo

Z Z(nx —k) =

k=—o00
Z Z Z Z(nxy —ki,...,nzy —kn) =1, (13)

klzft)o k‘g:*OO szfCX)

vz € RN; n eN, and

(iv)
/ Z(z)dx =1, (14)
RN
that is Z is a multivariate density function.
Here |z] o = max{|z1],...,|zn|}, z € RY, also set co = (o0,...,0),
—00 = (—00,...,—00) upon the multivariate context, and

[na] == ([na1],..., [nan]),
|nb| = (Lnblj, e LnbNJ),

where a == (a1,...,an), b= (b1,...,bn).
We obviously see that

|nb| |nb] N
> ztus-n= 3 (Tatus i)

k=[na] k=[na]
[nb1 ] [nbn ] N
SR I Sl (1 EUEEE)
ki=[na1] kn=[nan =1
N Lnds ]
H( Z Xn%—k) (16)
i1 \ ki=nai]
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For 0 < B <1andn €N, a fixed 2 € RY, we have that

[nbd]
S e b) =
k=[na]
[nb] [nb]
> x(nz — k) + > x(nz —k). (17)
{ k=[na] { k=[na]
142l <25 42l >

In the last two sums the counting is over disjoint vector sets of k’s, because the
condition ||% — 2|00 > niﬁ implies that there exists at least one \% — x| > n%,
where r € {1,...,N}.

From [15] we need

(v)

[nb] 1
2. Zne k)< e (18)

k=[na]
kol >
0<B<l,neN;n'f>3ze (vazl[ai,bi]),

(vi)

1 1
< ~ = (4.019)", (19)

SIS k) (D)

Vr € (Hfil[ai,bi}), n € N, and

0

(vii)

= 1

Z Z(ne —k) < 2/ (nt=F — 2)elnt=7-2)2" (20)

k=—o00

0<pB<l,neN:n'f>3 ze (Hf\il[ai,bi]).
Also we get that
[nb)
lim > Zna—k) #1, (21)
k=[na]

for at least some = € (Hi]\il[ai, b7]).
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Let f € C’(Hz 1[az,bl]) and n € N such that [na;| < |nb;],i=1,...,N.

We mention from [15] the multivariate positive linear neural network oper-
ator (:c = (x1,...,ZN) € (vazl[ai,lnD)

S £ (8)Z(nz — )
S o Z(ne — k)
e T et Sk sy S 89 (T (o — k)

I ( b ) X0 ki)) .

H,(f,z) = H,(f,z1,...,xN) = (22)

For large enough n we always obtain [na;] < |nb;], ¢ = 1,...,N. Also a; <
N

By AC”"( 11 [ai,bi]) m, N € N, we denote the space of functions such
i=1

that all partial derivatives of order (m — 1) of f are coordinatewise absolutely

N
continuous functions, also f € C™~1 ( 11 [as, bd).
i=1

N
Let f € AC’m< I1la:, bi]>, m, N € N. Here f, denotes a partial derivative

i=1
N
of f, a = (a1,...,an), oy € ZT, i =1,...,N, and |a| :== > «a; = I, were
i=1
l=0,1,...,m. We write also f, = g;f and we say it is order .
We denote
I falleim = max {[|falls }, (23)
’ |a]=m

where ||+||s is the supremum norm.
We assume here that || fo |5, < oo.
We need

Definition 1.5. Let v > 0, n = [v] ([+] is the ceiling of the number),
f € AC"([a,b]) (space of functions f with f("~1 € AC([a,b]), absolutely
continuous functions). We call left Caputo fractional derivative (see [21, pp.
49-52]) the function

1

D46 = 7 | S i 1) dt, (24)

Va € [a,b], where I is the gamma function I'(v) = [ e~*¢"~! dt, v > 0. Notice
DY, f € Li([a,b]) and D%, f exists a.e. on [a, b].
We set DY, f(z) = f(x), Va € [a,b].
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Definition 1.6. (see also [6, 22, 23]). Let f € AC™([a,b]), m = [a], a > 0.
The right Caputo fractional derivative of order o > 0 is given by

(=™
I'(m—«)
Vz € [a,b]. We set Dj_ f(z) = f(x). Notice Dy f € Ly ([a,b]) and Dg_f exists
a.e. on [a,b].

b
D f(x) = / (¢ — 2ym=a=1 Fm (¢) d, (25)

Convention 1.7. We assume that

D¢, f(z) =0, for z < xp, (26)
and
Dy _f(xz) =0, for z > o, (27)

for all x,z9 € (a,b].

‘We mention

Proposition 1.8. (by [5]) Let f € C™([a,b]), n = [v], v > 0. Then D%, f(z)
is continuous in T € [a,b].

Also we have

Proposition 1.9. (by [5]) Let f € C™([a,b]), m = [a], & > 0. Then D§"_f(x)
is continuous in x € [a, b].

Theorem 1.10. (/5]) Let f € C™([a,b]), m = [&], o > 0, ,z0 € [a,b]. Then
ﬂlg*zof(x), D¢ _f(x) are jointly continuous functions in (x,xo) from [a,b]? into

We mention the left Caputo fractional Taylor formula with integral remain-
der.

Theorem 1.11. (21, p. 54]) Let f € AC™([a,b]), [a,b] CR, m = [a], & > 0.
Then

m—1 (k) 2 T
o) = 3 I e+ s = DetDn f s (28)
k=0 o

Vo > xo; x,xg € [a,b].
Also we mention the right Caputo fractional Taylor formula.
Theorem 1.12. ([6]) Let f € AC™([a,b]), [a,b] C R, m = [a], a > 0. Then

7m71 f(k)(l’ ) 1 zq ol
fla) = o (xxo)kJrF(a)/z (J—2)*'Dg, _f(J)dJ,  (29)

Jj=0

Vo < xo; x,xg € [a,b].
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For more on fractional calculus related to this work see [3, 4, 8.
Next we follow [7, pp. 284-286].
About Taylor formula Multivariate Case and Estimates

Let Q be a compact convex subset of RV: N > 2; z := (21,...,2n), To ==
(l‘m7 - 71‘01\[) € Q

Let f : @ — R be such that all partial derivatives of order (m — 1) are
coordinatewise absolutely continuous functions, m € N. Also f € C™~1(Q).
That is f € AC™(Q). Each m'™ order partial derivative is denoted by f, =

(‘g:—({,whereasz (a1,...,an),a; € Zt,i=1,...,N and |a| == Zi]ilai:m.

Consider g.(t) = f(zo + t(z — x)), t > 0. Then
gI(t) =

N 5 \J
[(Z(Z’ — :EOZ)aa:) f‘| (x01 + t(Zl — IE01), ..., ToN + t(ZN — :E()N)), (30)

i=1 v
forall j =0,1,2,...,m.
Example 1.13. Let m = N = 2. Then

9=(t) = f(wo1 + t(z1 — xo1), Zoz + t(z2 — Z02)), teR,
and
g (t) = (21 — zgl)g—g‘cfl(xo +t(z — o)) + (22 — xm)%(xo +t(z — z0)). (31)
Setting

(%) = (zo1 + t(21 — o1), Toz + t(22 — w02)) = (0 + (2 — x0)),

we get
/ 0 2 0 2
g2 (t) = (21 = 9301)269];%(*) + (21 — wo1) (22 — xoz)am](;m ’
3]‘?2 afZ

(21 — z01)(22 — To2) (%) + (22 — 1702)28758%(*)- (32)

(933‘1 8,’B2
Similarly, we have the general case of m, N € N for g,(zm) (t).

We mention the following multivariate Taylor theorem.

Theorem 1.14. ([7]) Under the above assumptions we have

m=—1 _(j)
FGran) =) = S gzjfo) + Ron(2,0), (33)
j=0

Volumen 49, Nimero 1, Afio 2015
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where
1 tl trn—l
R, (2,0) ::/ (/ (/ ggm)(tm)dtm) ) dtq, (34)
0 0 0
or
1 ' 1 (m)
R(2,0) = ———— [ (1—6)""1¢™(0) do. 35
(2.0 = gy | =07 0) (3)

Notice that ¢,(0) = f(xo)-

‘We make
Remark 1.15. Assume here that

Il = s < o0
Then
N a\"
||gzm)“oo7[0,l] = || [(Z(ZV B 1'01')333) F (o +t(z = 20)) <
i=1 ¢ 00,[0,1]
N m
(Z |zi — x0i|> Hfa”iloag m (36)
i=1
that is
max
195 N e 0,17 = (12 = wolln) ™ [ fal| 2 < 00 (37)
Hence we get by (35) that
9™
|Run(2,0)] < ——— =0 (38)
and it holds
R0 < LIy e (39)

Vz,z0 € Q.

Inequality (39) will be an important tool in proving our multivariate main
result.

In this article first we find fractional Voronskaya type asymptotic expansion
for A, (f,x), x € [a,b], then we find multivariate Voronskaya type asymptotic
N
expansion for H, (f,x), z € < IT [ai,bi]); n e N.
i=1
Our considered neural networks here are of one hidden layer.

For other neural networks related work, see [2, 9, 12, 10, 11, 14, 13, 18, 19,
20]. For neural networks in general, read [24, 25, 26].
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2. Main Results
We present our first univariate main result
Theorem 2.1. Let o« > 0, N € N, N = [a], f € ACY([a,b]), 0 < B < 1,
x € [a,b], n € N large enough and n'*=# > 3. Assume that HDg,fHDO
D2\l ooy < M. M > 0. Then

s[a,z]’

N-1

An(frx) = flz) =)

Jj=1

) (2 ‘
! j!( )An((- —z),z) -i—o(nﬁ(iEJ7 (40)

where 0 < e < a.
If N =1, the sum in (40) collapses.
The last (40) implies that

nPC= AL (f,2) — f(z) —

asn — 00, 0<e<a.
When N =1, or f9(z) =0, j=1,...,N — 1, then we derive that

nPCI AL (f,2) = f(2)] =0

asn — 00, 0 < e < a. Of great interest is the case of a = %

Proof. From [21, p. 54; (28)], we get by the left Caputo fractional Taylor
formula that
k

f(z) = Nz_jl f(j;!(x) (fl - x)j + ﬁ /: (: - J)a_lD%f(J) dJ, (42)

=0

forallxﬁ%ﬁb.
Also from [6, (29)], using the right Caputo fractional Taylor formula we get

f(i) - 121 f(j;!(l") (5 - x)j n ﬁ /j (J - i)a_ng_f(J) dJ, (43)

forallagggm.
We call

[nb]

W(z)= Y x(nz—k). (44)

k=[na]

Volumen 49, Nimero 1, Afio 2015
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Hence we have

y(nz — k) = x(nz — j
f(ﬁ)W D f | (m)k) (z _x> .
Wﬂn (fL - J)a_lDi‘wf(J) dJ, (45)

all z < % < b, iff [nz] <k < |nb], and

W 7=0 (:L’)
Xz —k) (" B\,
W(m)F(a)[c (J n) Dy_f(J)dJ, (46)

for all a < & <z, iff [na] <k < |nz].

f(%)xmc— lem RUESLIE )J;

We have that [nz] < |nz| + 1.

Therefore it holds

[nb] k N-1 ; [nb] k i
F(E)x(ne—k) 9 (x) x(nz — k) (£ — )
k—LnZl‘H-l W - J=0 7t k—LnZIJ—H W(z) i

and

k=[na] Jj=0 k=[na]
1 [nz] X — / <J k)(x—lDa HDar (48)
F( k=[na] ¥ n
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Adding the last two equalities (47) and (48) we obtain

Au(f,2) = Lf f(i)w

k=[na]
—1 [nb]|
IR WANC) x(nx — k) (k_ )J
_,E: 4! k;%; W (x) n | +

nf x(nz — k) / (J - :)angf(J) dJ +

> =) [ ' (fL—J)a_l(DsmﬂJ))dJ}. (49)

k=|nz|+1

So we have derived

O () _
6(@) = An(f,2) = f@) = D = Au((- —2)) (@) = (@), (50)
where
1 [nz] x k a—1
0 () = { > x(nz—k) J—= D_f(J)dJ +
F(a)W(aj) k=[na] /i ( n>
[nb] % k a—1 }
x(nz — k) Z_J) Df(NdJy. (51)
3 o [(-)
We set
" 1 Z;Lcixfjnaw x(nx —k) = ! N
n(2) = F(a)< W) / (J_n> De f(N)ydJ |, (52)
and
L1 (S xR R e et
O = (a)< o /x (n_,}) D F()dT ),  (53)
- 03(x) = 07, () + 03, (x). (54)

We assume b —a > =5, 0 < B < 1, which is always the case for large enough
n

n € N, that is when n > [(b—a)_ﬂ. It is always true that either |% —z| <L

— nB

E_| 1
0r|n T > .5

Volumen 49, Nimero 1, Afio 2015
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For k = [na]l,..., |nz|, we consider

T a—1
i = | / <J:) D2 f(J)dJ

g/: (Ji>a1|D§_f(J)|dJ (55)

n

o (x — %)0‘ ey (‘T — a‘)a
< 1D Fll o2 < DSl (56)
That is
a (.’E - a)a
ik < 1D o fo (57)
for k = [nal,..., |nz].
Also we have in case of |§ — ac| < # that
x k a—1
ws [[(7-5) sl
E n
. -5 1
< HDI—fHoo,[a,x] a < |’D$_fHoo,[a,x] neBa’ (58)
So that, when (1’ - %) < niﬂ, we get
< | Dz_f] . (59)
Tk = z—J lloo,[a,z] andB’
Therefore
) 1 Z,ET}JM] x(nz — k)
* < —
ln(x)‘ = F(Oé) W(l’) Y1k
S g Xz —k) S (e — k)
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ZL{MCJ]C_ [na] X(TLCL‘ - k)

! i v o 1
= T(a) W(2) (o

1 [nz] —a)~

Wiz) k=fnal Xz = k) | IDS_fll ¢ joy

) (2] k=i, T

(o ©.0) 107 1 4.019
laz] . N
a M{naﬁ 2/m(n1=F — 2)e(n'~#-2)? (z—a) } (60)

Therefore we proved

Dgf”w[aﬂ{ 1 2.0095

@ < Dla+1) | n®f " /r(nl=F —2)et -2 (x_a)a}. (o1

But for large enough n € N we get

- QHDgffHoo,[a,x] 62
95 @] < Frg T yes "

Similarly we have

k k a—1 k k a—1
/ (n—J> D2 f(J)dJ g/ (n—J> |DS, f(T)| dT

Yok =
k_ z)® (b—=z)*
o S R 2 ey S N G )
That is
bh— )
o < D5 g (64
for k = |nz|+1,..., |nb|.
Also we have in case of ’ ko _ x‘ < 5 that
DL f
o < 12 ety )

an®P

Volumen 49, Nimero 1, Afio 2015
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Consequently it holds

()] < ) ( VJIF/(:L") 72k>

i -

') W (x) an®f

1 [nb] (b—a)*
— - k)| |Ipe
W (z) Z{k’“LZTiE x(nx —k) | || f” Jzb T o
1% Nl oo oy f 1 2.0095 .
Ma+1) {naﬁ + VT(nl=F — 2)e(n!~F-2)2 (b-2) } (66)
That is
. 1D f | oy [ 1 2.0095 .
|%"“”§n@+1){ww*¢ﬂnhﬁ_2kmlhm2®x)}' (67)

But for large enough n € N we get

2HD’?3UfHoo[:r b]
(2)] < I'(a+1)nes - (68)
Since HDg‘_wa’[a H f|| o S <M, M > 0, we derive
(by (62), (68)) AM

That is for large enough n € N we get
aM 1
=0 (z — || — 70
“( a+1))<naf’)’ (70

|0(z)| = 0(7;5) (71)

resulting to

and

|0(z)| = o(1). (72)
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Letting 0 < ¢ < «, we derive

<M> < (rs ) () >0 "

as n — 00, i.e.
)] = o = ) (1
proving the claim. o

We present our second main result which is a multivariate one.

Theorem 2.2. Let 0 < 8 < 1, x € H;V:I[a,-,bi], n € N large enough and

n'=f > 3, f € ACm(HZN:l[ai,bi]), m,N € N. Assume further that

max

HfaHoom < 00. Then
Hn(fv‘r) - f(x) =
m—1 f ((E) N 1
S (m) Hn<H( xi)ai,x> +o<nﬁ(m_s)>, (75)
=1 \|a|=j i=1 %4 i=1
where 0 < e < m.

If m =1, the sum in (75) collapses.
1t follows from (75) that

m—1
nﬁ(m—&) Hn(f’ JJ) _ f(CE) _ Z <f].‘\3]‘(m)>

i=1 \Jal=j

N
Hn(H('_xi)ai,(E> —0, as n—oo, 0<e<m. (76)
i=1

When m =1, or fo(x) =0, for |a| =4, 5 =1,...,m — 1, then we derive

that
nP = [H,(f,x) — f(z)] =0

asn — 00, 0 <e<m.
Proof. Consider g.(t) == f(zo + t(z — 20)), t > 0; g,z € Hf\il[ai,bi]. Then

gI(t) =

N J
<Z<Zl — xoz);’m) f (3301 + t(Zl — :EOl), ..., TN + t(ZN — JJQN)), (77)

i=1
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forall j =0,1,...,m.

By (33) we have the multivariate Taylor’s formula

m—1 j
9 (0) 1

flz1,..02n) =9.(1) = Z —~ I /0 (1_g)m—1g§m)(0> 4.

[ —
= 7 (m—1

Notice g.(0) = f(xo). Also for 7 =0,1,...,m — 1, we have

99(0) = > (1—[1\71'|> (H(z —$0i)ai>fa(”f0)~

.1 Qe .
a:=(a1,...,an), o €77T, i=1"" i=1
i=1,.,N, la|=31, a;=j

Furthermore

m(9) = Iyl')(N Zj — T0; O”)
£0) > () (e

a=(ay,...,an), a; €LY,
i=1..,N, |a[:=1, a;=m

fa (;r,o —|—9(Z—CU0));
0<<1.
So we treat f € ACm(Hfil[ambi]) with HfaHZloaxm < 0.

Thus, by (78) we have for £, 2 € (Hfil [ai,bi]) that

f(kl,---,kN)f(x)

n n
m—1 1 k (e
Z ( N ,)(H(1x2> )fa(x)+R,
J=1  a=(ai,...,an), a;€ZF Hl_l Qi i=1
i=1,...,N, |a\::2£\’:1 a;=j

a=(a1,...,an), a; €ZT,
i=1,..,N, |a|=XN a;=m

N ) [}
(E(I:—xl) )fa<x+9(fl—m)>d9.
By (39) we obtain

(Il - £11,)"
|R| < ~————|fallse

m) co,m*

187

(78)

(82)

(83)

Revista Colombiana de Matemadticas



“v49nla09-Anastassion” — 2015/7/8 — 17:12 — page 188 — #18

188 GEORGE A. ANASTASSIOU

Notice here that

k 1 k; 1
ﬁ—x <ﬁ<:> E_xigniﬁp Zzly )N (84)
So, if [|£ — z||__ < -5 we get that ||z — le < £, and
IR < nmﬁm, gl (85)
Also we see that
k il kil
=l = w2 <D (b —ai) = [Ib—all,
[ PR " i=1
therefore, in general, it holds
16— all; max
|R| < gllfall » (86)
Call
[nb]
Vix) = Z Z(nx — k).
k=[na]
Hence we have
Lnb] — k)R
Un() = 2ifna) Z(nz —K)R
S V(z) -
nb) Zinz — KR Lnb] Z(nz — k)R
Z{ k=[na] (TLI’ ) Z{ ]’na] (nl‘ )
A5l <25 Ul > .
V(z) V(w)
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Consequently we obtain

[nb] _
Y
kg B
Un(@)] < i (ol ) +
Lnb]
1 b — all, max
ol Z Z(nx — k) q”foﬂ
{ k=[na]
el >
(by (19), (18)) m
S N ||fa‘ max
nmﬂm'
1 (||b —alli,)"
N 1 max
(4019) 2\/7?(77,1—5 _ 2)e(n1_[3_2)2 m| ||fa|| . (88)

Therefore we have found

[Un(2)] <
409 (= al) "] (9

For large enough n € N we get

Un)] < (2||fa||:x Nm> (n}w) %0)

0 = O (3 ). o1)

Un ()] = o(1). (92)

That is

and

And, letting 0 < € < m, we derive

V(@) <2llfallm”N’”> L Lo, (99)

(ro=s) ~ m! npe

as n — 00, i.e.

0o =0 s ) (o)
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By (81) we observe that

St F(E) Z(nw — k)

76 - fla) =
_ |nb] N k. a;
m—1 fa(x) (Zk:[na] Z(TLII? — k)(I—L:l (ﬁ — .’EZ) ))
j; |a|z—j (Hf\i1 ai!) V() +
Z,Eibrjmw Z(nx — k)R
Vi) (95)
The last says
- fal2) 5
it (5 (o) -
=1 \Jaims \Ii= o i=1
Un(x). (96)
The proof of the theorem is complete. v
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