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Abstract. In this work, we obtain some conditions under which the quasi
partial sums of the generalized Bernardi integral operator consisting of the
harmonic univalent functions belongs to a similar class.
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Resumen. En este trabajo obtenemos algunas condiciones bajo las cuales las
sumas cuasi-parciales del operador integral Bernardi generalizado que consiste
de funciones armónicas univalentes pertenece a una clase similar.
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1. Introduction

Let A denote the class of analytic functions of the form:

f(z) = z +

∞∑
k=2

akz
k (1)

which are analytic in the open unit disk U = {z ∈ C : |z| < 1}.

In [7], Opoola defined the class Tαn (β) to be a subclass of A consisting of
analytic functions satisfying the condition

Re

{
Dnf(z)α

αnzα

}
> β, z ∈ U, zα 6= 0, n ∈ N0 = N ∪ {0}, 0 ≤ β < 1, α > 0,
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16 HUDA ALDWEBY & MASLINA DARUS

where we take the principal value for zα and Dn is the Salagean differential
operator [10] defined as follows:

D0f(z) = f(z),

D1f(z) = Df(z) = zf ′(z),

Dnf(z) = D
(
Dn−1f(z)

)
= z

(
Dn−1f(z)

)
.

For n = 1, α = 1, the functions in T 1
1 (β) are called functions of bounded turning

[4]. From (1), we can write that

f(z)α =

(
z +

∞∑
k=2

akz
k

)α
, α > 0 (2)

Using binomial expansion of (2), we have

f(z)α = zα + αa2z
α+1 +

[
αa3 +

α(α− 1)

2!
a3

2

]
zα+2

+

[
αa4 +

α(α− 1)

2!
2a2a3 +

α(α− 1)(α− 2)

3!
a3

2

]
zα+3 + · · · .

Hence, we define the class of analytic functions of fractional power Aα as

f(z)α = zα +

∞∑
k=2

ak(α)zα+k−1, α > 0. (3)

Here, again we take the principal value for zα throughout the article. Thus, we
obtain the differential operator

Dnf(z)α = αnzα +

∞∑
k=2

(α+ k − 1)nak(α)zα+k−1 (4)

A continuous function f = u + iv is a complex-valued harmonic function in a
domain D if both u and v are real harmonic in D. In any simply connected
domain, we can write

f = h+ g, (5)

where h and g are analytic in D. A necessary and sufficient condition for f to
be locally univalent and sense-preserving in D is that |h′| > |g′| in D.

Denote by SH the class of functions f of the form (5) that are harmonic
univalent and sense-preserving in the unit disk U.

A function f of the form (5) in SH is said to be in the class HP (β), if and
only if

Re (h′(z) + g′(z)) > β, 0 ≤ β < 1, z ∈ U
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The class HP (β) was introduced and extensively studied by Karpuzog̃ullari
et al. [6]. Very recently, some other interesting properties such as generalized
convolution and partial sums for this class HP (β) have been studied by Porwal
and Dixit in [8] and [9], respectively.

In the present paper, we generalize the classes Tαn (β) and HP (β), and for
this purpose we may express the analytic functions h and g as

h(z)α = zα +

∞∑
k=2

ak(α)zα+k−1, g(z)α =

∞∑
k=1

bk(α)zα+k−1, |b1(α)| < 1. (6)

We denote by THα
n (β) the class of all functions of the form (12) that satisfy

the condition

Re

{
Dnh(z)α +Dng(z)α

αnzα

}
> β, 0 ≤ β < 1, α > 0, n ∈ N0. (7)

where Dn is the Salagean operator [10].

Remark 1.1. i For α = 1, n = 1, g ≡ 0 the class THα
n (β) reduces to B(β),

the class of bounded turning functions (see [4] ).

ii For g ≡ 0, the class THα
n (β) reduces to Tαn (β) studied by Opoola (see

[7]).

iii For α = 1, n = 1, the class THα
n (β) reduces to HP (β) studied by

Karpuzog̃ullari et al. in [6], (see also [2]).

For f of the form (1), the generalized Bernardi integral operator F (z)α is
given by

F (z)α =
α+ c

zc

∫ z

0

tc−1f(t)αdt, α+ c > 0 (8)

= zα +

∞∑
k=2

α+ c

α+ c+ k − 1
ak(α)zα+k−1. (9)

For fα in SH , where hα and gα are given by (6), the generalized Bernardi
integral operator F (z)α is given by

F (z)α =
α+ c

zc

∫ z

0

tc−1h(t)αdt+
α+ c

zc

∫ z

0

tc−1g(t)αdt

= zα +

∞∑
k=2

α+ c

α+ c+ k − 1
ak(α)zα+k−1 +

∞∑
k=1

α+ c

α+ c+ k − 1
bk(α)zα+k−1.
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18 HUDA ALDWEBY & MASLINA DARUS

Now we define the mth quasi-partial sums Fm(z)α of the integral operator
F (z)α for functions f of the form (6) as follows

Fm(z)α = zα +

m∑
k=2

α+ c

α+ c+ k − 1
ak(α)zα+k−1

+

m∑
k=2

α+ c

α+ c+ k − 1
ak(α)zα+k−1 (10)

= Hm(z)α +Gm(z)α.

In [1], Babalola defined a new concept of quasi-partial sums of the generalized
Bernardi integral operator for analytic univalent functions and he extended
an earlier result of Jahangiri and Farahmand [5]. Yet analogous results on
harmonic univalent functions have not been so far explored. Recently, Porwal
and Dixit [8] studied the partial sums of Libera integral operator for harmonic
univalent functions and some interesting results were obtained. Motivated by
the above mentioned work, an attempt has been made by using the concept of
quasi-partial sums of the generalized Bernardi operator for harmonic functions
to extend the results further.

2. Main Result

We first mention a sufficient condition for the function fα of the form (12) be-
long to the class THα

n (β) given by the following result which can be established
easily.

Theorem 2.1. Let the function fα = hα + gα, where hα and gα are defined
as in (6) if

∞∑
k=2

α+ c

α+c+k−1

(
α+ k − 1

α

)n
|ak(α)|+

∞∑
k=1

α+ c

α+c+k−1

(
α+ k − 1

α

)n
|bk(α)| ≤ 1− β

(11)

where n ∈ N0, 0 ≤ β < 1, α > 0 and c ≥ −1 then fα is sense-preserving
harmonic univalent in U, and fα ∈ THα

n (β).

Proof. If zα1 6= zα2 , then∣∣∣∣f(z1)α − f(z2)α

h(z1)α − h(z2)α

∣∣∣∣ ≥ 1−
∣∣∣∣ g(z1)α − g(z2)α

h(z1)α − h(z2)α

∣∣∣∣
= 1−

∣∣∣∣∣
∑∞
k=1 bk(α)(zα+k−1

1 − zα+k−1
2 )

(zα1 − zα2 ) +
∑∞
k=2 ak(α)(zα+k−1

1 − zα+k−1
2

∣∣∣∣∣
> 1−

∑∞
k=1(α+ k − 1)bk(α)

α+
∑∞
k=2(α+ k − 1)ak(α)
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≥ 1−
∑∞
k=1

α+c
α+c+k−1 (α+k−1

α )n × (1/(1− β))|bk(α)|
1 +

∑∞
k=2

α+c
α+c+k−1 (α+k−1

α )n × (1/(1− β))|ak(α)
≥ 0,

which proves the univalence. Note that f is sense-preserving in U . This is
because

|h′(z)α| ≥ α−
∞∑
k=2

(α+ k − 1)|ak(α)||z|α+k−1

> α−
∞∑
k=2

(α+ k − 1)|ak(α)|

≥ αn −
∞∑
k=2

α+ c

α+ c+ k − 1

(α+ k − 1)n

1− β
|ak(α)|

≥
∞∑
k=1

α+ c

α+ c+ k − 1

(α+ k − 1)n

1− β
|bk(α)|

≥
∞∑
k=1

(α+ k − 1)|bk(α)|

>

∞∑
k=1

(α+ k − 1)|bk(α)||z|α+k−1

≥ |g(z)α|.

By (7), we have {
Dnh(z)α +Dng(z)α

αnzα

}
> β.

Using the fact that Re(w) > β if and only if |1−β+w| ≥ |1+β−w|, it suffices
to show that ∣∣∣∣1− β +

Dnf(z)α

αnzα

∣∣∣∣− ∣∣∣∣1− β − Dnf(z)α

αnzα

∣∣∣∣ ≥ 0. (12)

That is,

|(1− β)αnzn +Dnf(z)α| − |(1− β)αnzn −Dnf(z)α| ≥ 0,

|(1− β)αnzn +Dnh(z)α +Dng(z)α|
− |(1− β)αnzn −Dnh(z)α −Dng(z)α|
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20 HUDA ALDWEBY & MASLINA DARUS∣∣∣αnzn − βαnzn + αnzn +

∞∑
k=2

α+ c

α+ c+ k − 1
(α+ k − 1)nak(α)zα+k−1

+

∞∑
k=1

α+ c

α+ c+ k − 1
(α+ k − 1)nbk(α)zα+k−1

∣∣∣
−
∣∣∣αnzn + βαnzn − αnzn

−
∞∑
k=2

α+ c

α+ c+ k − 1
(α+ k − 1)nak(α)zα+k−1

−
∞∑
k=2

α+ c

α+ c+ k − 1
(α+ k − 1)nbk(α)zα+k−1

∣∣∣,

=
∣∣∣αn(2− β)zα +

∞∑
k=2

α+ c

α+ c+ k − 1
(α+ k − 1)nak(α)zα+k−1

+

∞∑
k=1

α+ c

α+ c+ k − 1
(α+ k − 1)nbk(α)zα+k−1

∣∣∣
−
∣∣∣βαnzα +

∞∑
k=2

α+ c

α+ c+ k − 1
(α+ k − 1)nak(α)zα+k−1

−
∞∑
k=1

α+ c

α+ c+ k − 1
(α+ k − 1)nbk(α)zα+k−1

∣∣∣
≥ 2αn(1− β)|z|α

+

∞∑
k=2

2
α+ c

α+ c+ k − 1
(α+ k − 1)n|ak(α)||z|α+k−1

−
∞∑
k=1

2
α+ c

α+ c+ k − 1
(α+ k − 1)n|bk(α)||z|α+k−1

× 2αn(1− β)
[
1 +

∞∑
k=2

1

1− β
α+ c

α+ c+ k − 1
(
α+ k − 1

α
)n|ak(α)|

+

∞∑
k=1

1

1− β
α+ c

α+ c+ k − 1
(
α+ k − 1

α
)n|bk(α)|

]
.

This last expression is nonnegative by (11), and so the proof is complete. �X

The result of Theorem 2.1 is sharp for the harmonic univalent function of
the form
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fα(z) = zα +

∞∑
k=2

(α+ c+ k − 1)(1− β)

α+ c

(
α

α+ k − 1

)n
xkz

α+k−1

+

∞∑
k=1

(α+ c+ k − 1)(1− β)

α+ c

(
α

α+ k − 1

)n
ykzα+k−1, (13)

where n ∈ N0, 0 ≤ β < 1, α > 0, c ≥ −1 and

∞∑
k=2

|xk|+
∞∑
k=1

|yk| = 1

shows that the coefficient bound given by (11) is sharp.

If we put n = 2, c = 0 and α = 1 in Theorem 2.1, then we obtain the
following result of Karpuzog̃ullari et al. [6].

Corollary 2.2. Let the function f = h + g be such that h and g are given by
(5). Furthermore, let

∞∑
k=2

k|ak|+
∞∑
k=1

k|bk| ≤ 1− β,

where 0 ≤ β < 1. Then f is harmonic univalent, sense-preserving in U and
f ∈ HP (β).

The aim of the next result is to obtain conditions under which the quasi-
partial sums of the generalized Bernardi integral operator of functions in the
class THα

n (β) consisting of harmonic univalent functions belong to the similar
class. For this purpose, the following lemmas will be needed.

Lemma 2.3. [1] For z ∈ U, −1 < γ ≤ A = 4.5678018 . . .

Re

(
l∑

k=1

zk

k + γ

)
≥ − 1

1 + γ

Lemma 2.4. [4] Let P (z) be analytic in U, P (0) = 1 and Re(P (z)) > 1
2 in U.

For functions Q analytic in U the convolution function P ∗ Q takes values in
the convex hull of the image on U under Q.

The operator “ ∗ ” stands for the Hadamard product or convolution of two
power series f(z) =

∑∞
k=1 akz

k and g(z) =
∑∞
k=1 bkz

k denoted by (f ∗ g)(z) =∑∞
k=1 akbkz

k.
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22 HUDA ALDWEBY & MASLINA DARUS

Theorem 2.5. If f of the form (6) with b1 = 0 and f ∈ THα
n (β), then

Fαm ∈ TBαn (1− 2(1−β)(α+c)
α+c+1 ), α+ c ≤ 4.5678018....

Furthermore if β ≥ 1
2
α+c−1
α+c , then Fm(z)α belongs to some subclasses of the

class THα
n (β).

Proof. Let fα be of the form (6) belonging to THα
n (β) for 0 ≤ β < 1.

The mth quasi-partial sums Fm(z)α of the integral operator F (z)α for func-
tions f of the form (6) are as follows

Fm(z)α = zα +

m∑
k=2

α+ c

α+ c+ k − 1
ak(α)zα+k−1

+

m∑
k=2

α+ c

α+ c+ k − 1
ak(α)zα+k−1

= Hm(z)α +Gm(z)α.

We have to show that

Re

{
DnHm(z)α +DnGm(z)α

αnzα

}
> 1− 2(1− β)(α+ c)

α+ c+ 1
.

Since

Re

{
Dnh(z)α +Dng(z)α

αnzα

}
> β,

we have

Re

{
1+

1

2(1−β)

( ∞∑
k=2

(
α+k−1

α

)n
ak(α)zk−1+

∞∑
k=2

(
α+ k − 1

α

)n
bk(α)zk−1

)}
>

1

2
.

(14)

Applying the convolution properties of power series to DnHm(z)α+DnGm(z)α

αnzα , we
may write

DnHm(z)α +DnGm(z)α

αnzα
= 1 +

m∑
k=2

(
α+ k − 1

α

)n
α+ c

α+ c+ k − 1
ak(α)zk−1

+

m∑
k=2

(
α+ k − 1

α

)n
α+ c

α+ c+ k − 1
bk(α)zk−1

=

(
1 +

1

2(1− β)

(
m∑
k=2

(
α+ k − 1

α

)n
(ak(α) + bk(α)) zk−1

))

∗

(
1 + 2(1− β)

m∑
k=2

α+ c

α+ c+ k − 1
zk−1

)
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= P (z) ∗Q(z). (15)

From (8) we have α + c > 0. Now we suppose α + c ≤ 4.5678018, and using
Lemma 2.3 with l = m− 1, we obtain

Re

(
m−1∑
k=1

zk

α+ c

)
> − 1

1 + α+ c
. (16)

By applying a simple algebra to inequality (16) and Q(z) in (15), one may
obtain

Re (Q(z)) = Re

(
1 + 2(1− β)

m∑
k=2

α+ c

α+ c+ k − 1
zk−1

)
> 1− 2(1− β)(α+ c)

α+ c+ 1
.

On the other hand, the power series P (z) in (15) in conjunction with condition
(14) yields

Re (P (z)) >
1

2
.

Thus, by Lemma 2.4, the geometric quantity DnHm(z)α+DnGm(z)α

αnzα takes values
in the convex hull of Q(z) so that,

DnHm(z)α +DnGm(z)α

αnzα
= Re (Q(z)) > 1− 2(1− β)(α+ c)

α+ c+ 1
.

Observe that for β ≥ 1
2
α+c−1
α+c the value 1− 2(1−β)(α+c)

α+c+1 is nonnegative. So, only
in this case Fm(z)α belongs to some subclasses of THα

n (β). This completes the
proof. �X

Remark 2.6. For n = 0, α = 1, c = 0 in Theorem 2.5 and f ∈ TH1
0 (β),

Fm ∈ TH( 4α−1
3 ). This result is obtained by Porwal and Dixit [8].

Remark 2.7. For α = 1, c = 1 and f of the form (1), the partial sums

Fm(z) = z +

m∑
k=2

2

k + 1
akz

k (17)

of the integral operator

F (z) =
2

z

∫ z

0

f(t)dt (18)

for each f ∈ T (β) belongs to the class T (β). In particularly, the partial sums
(17) of the Libra integral (18) of a function of bounded turning is also of bounded
turning which obtained by Jahangiri and Farahmand [5].
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We note that some other results related to inclusion problems can also be
found (see for example [3]).
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