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Blow up and globality of solutions for a
nonautonomous semilinear heat
equation with Dirichlet condition

Explosion y globalidad de soluciones para una ecuacién de calor
semilineal no auténoma con condiciéon de Dirichlet

MARCOS Josias CEBALLOS-LIRA®, AROLDO PEREZ

Universidad Juarez Autéonoma de Tabasco, Cunduacan, Tabasco,
México

ABsTrACT. In this paper we prove the local existence of a nonnegative mild
solution for a nonautonomous semilinear heat equation with Dirichlet condi-
tion, and give sufficient conditions for the globality and for the blow up in
finite time of the mild solution. Our approach for the global existence goes
back to the Weissler’s technique and for the finite time blow up we uses the in-
trinsic ultracontractivity property of the semigroup generated by the diffusion
operator.
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ResuMEN. En este articulo demostramos la existencia local de una solucién
“mild”no negativa para una ecuacién de calor semilineal no auténoma con
condicién de Dirichlet, y damos condiciones suficientes para la globalidad y
la explosién en tiempo finito de la solucién “mild”. Nuestro enfoque para
la existencia global se remonta a la técnica de Weissler y para la explosién
en tiempo finito utilizamos la ultracontractividad intrinseca del semigrupo
generado por el operador de difusién.

Palabras y frases clave. Ecuaciones de reaccion-difusién, explosién en tiempo
finito, procesos de Lévy, problema de Dirichlet, semigrupo ultracontractivo,
proceso matado.
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58 MARCOS JOS{AS CEBALLOS-LIRA & AROLDO PEREZ

1. Introduction

Consider a semilinear heat equations of the type

w = k(t)Au(t,z) + h(t)n(u), (t,z) € (0,7] x D, (1)
u(0,z) = f($)7 zeD,

0, (t,x) € (0,T)x D",

where D C R? is an open set, k,h : [0,00) — [0,00) are continuous and not
identically zero functions, f is a continuous function on D, A is the infinitesimal
generator of a symmetric Lévy process and the nonlinearity n(u) is assumed to
satisfy #(0) = 0 and n(u) > 0 for u > 0. Reaction-diffusion equations of this
prototype model a great number of molecular biology, physic and engineering
problems (see [2], [29], [31]). The most common interpretation is to consider u
as the temperature of a substance in a recipient D C R? subjet to a chemical
reaction; in this case 7 represents a heat source due to an exothermic reaction.

In contrast to linear equations, the solutions of nonlinear parabolic equa-
tions can develop singularities in finite time, no matter how smooth the initial
data are. It is well known that solutions of many differential equations of the
type (1) with or without Dirichlet conditions, can become unbounded in finite
time (phenomenon known as blow up in finite time). Rigorously, a solution u
of the semilinear heat equation (1) blows up in finite time if there exists a time
T. < oo such that u is bounded for all T' < T, and limy_,7, ||u(:,t)]|cc = 00;
T. is called blow up time. If u exists for all T > 0 and |Ju(-, )|l < oo for all
t > 0, u is called a global solution.

After de pioneering works of Kaplan [17] and Fujita [11, 12], many authors
have studied global existence and blow up in finite time of positive solutions
for semilinear heat equations (1) (with and without Dirichlet conditions) when
k=1and A=A, the Laplacian operator, for several types of nonlinearities 7.
The articles [1, 7, 8, 9, 10, 13, 23, 24, 25, 35, 36] are only a few examples. The
articles [5, 28] address these topics for non-local diffusions. The cases where
A = —(—A)? is the fractional power of the Laplacian, 0 < a < 2, have
been used in models of anomalous growth of certain fractal interfaces [16]. The
articles [3, 15, 18, 20, 27, 32, 33, 34] are only a few examples for the study of
global existence and blow up in finite time of positive solutions.

In this paper we consider the semilinear heat equation (1) for n(u) = u”
with 8 > 1. This equation is a scalar version of the system studied in [21], but
here, unlike [21], we have considered a time dependent coefficient, h(t), for the
reaction term u®.
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BLOW UP AND GLOBALITY OF SOLUTIONS 59

2. Some preliminaries and assumptions

In the semilinear heat equation

%: k(t)Au(t,z) + h(t)u’(t,z), t>0, z €D, (2)
U(O,(E):f(l'), x €D,
u(t,z) =0, ¢>0, x € D",

D Cc R% d > 1, is a bounded nonempty open set, A is the infinitesimal generator
of a symmetric Lévy process {Z;},~,, 8 > 1 is a constant, the initial value f
is a nonnegative function in the space Cy(D) of continuous functions on D
vanishing on D¢ and the time dependent coefficients k, h : [0,00) — [0, 00) are
continuous and not identically zero.

Recall [30] that the Lévy process Z = {Z;},-, is called symmetric when
Z; and —Z; have the same distribution for all ¢ > 0. The probability law
of Z is uniquely determined by the probability measure u(B) := P[Z € B],
BeB (Rd), where B (Rd) is the Borel o-field on R%. This probability mea-
sure is infinitely divisible and therefore, by the Lévy-Khintchine formula, its
characteristic function ji admits the representation

f(z) = exp —%(z,Az)—H(v, Z>+/

Rd

(62.(2’1) 1 i(z,$>1{w:\w\ﬁl}(x)) V(da?)]7

z€RY i =+/—1where A = (a;k) is a symmetric nonnegative-definite matrix,
¥ = (7,..-,71) € R? and v is a measure on R? such that v ({0}) = 0 and
Jga (J2[> A1) v(dz) < oo, which is termed Lévy measure. The operator A is
the infinitesimal generator of the strongly continuous semigroup of contractions
{St},>0 defined by Sif(z) = E[f (x + Z)], f € Co (R?), and is given by

d

1 d
Af(@)=5 > a Jkax 833 Z i

Jk=1

+/Rd Ha+y) - ny 1{y|v\<1}() v(dy)

for any twice continuously differentiable f € Cj (Rd). Special instances of A
include the Laplacian A and its fractional powers A, = —(—A)2 with 0 <
a < 2.

As we already said in the introduction, Dirichlet boundary value problems
of the type (2) in the Gaussian case (v = 0), have been studied by many
authors. In this paper we consider the purely non-Gaussian symmetric case
in which A = 0 and v is a nontrivial Lévy measure, hence Z is a pure-jump
process which leaves D only when it hits D¢. This gives rise to the condition
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60 MARCOS JOS{AS CEBALLOS-LIRA & AROLDO PEREZ

u(t,x) =0,¢t >0, z € D¢ in (2), which is the form that the Dirichlet boundary
condition takes in our setting; see [4].

Throughout this paper we assume that Z possesses a family of transition
densities p:(z,y) = p:(z — y) which are continuous for every ¢ > 0, and that
for any § > 0 there exists a constant ¢ = ¢(d) such that p,(z) < cfor all ¢ > 0
and all |z| > §. In [19], Lemma 2.5 and [4], Lemma 1.1, sufficient conditions
are given for continuity on R?\{0} and for boundedness on R?, respectively, for
every t > 0 of the transition densities of isotropic unimodal pure-jump Lévy
processes. Letting

t
K(t,s)z/ E(r)dr, 0<s<t,

it is known (see [20], p. 3 and 4) that the time-inhomogeneous Markov process

W = {Wi},~ o, where W, 2 Zr(t,0) (here 2 jeans equality in distribution) has
the transition probability

Py (x,B) =P [Zr(,s) € B— x| = Sk(1,5)1(2),

where {S;},-, denotes the semigroup with generator A and 1p is the indicator
function of B. Moreover, the function (¢, ) — Sk (1.5 f(x), (t,2) € [s,00) x R%,
is the unique solution of

ow(t, )
ot
w(s,x) = f(x), [feCy (Rd) .

= k(t)Aw(t,z), t>s, xR

For this reason we call {W;},- the time-inhomogeneous Markov process cor-
responding to the family of generators {k(t).A},,. Letting

ps,t(xay) :pK(Ls)(xvy)a 0<s<t z,yc Rda

we see that ps¢(x,y) is a transition density function for the process {W;},,-
We define -

p=inf{t>0: W, ¢ D} and Tp=inf{t>0:Z, ¢ D}.
Using that W, 2 ZK (1,0) We get
Tp = K (1p,0). (3)
Let us consider the ZP process killed on leaving D, which is given by

gD _ Zy on {t<7p},
K 0 on {t>7p},
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BLOW UP AND GLOBALITY OF SOLUTIONS 61

where 0 is a cemetery state. The state space of {ZtD }t>0 is the set Dy = DU{0}
and its transition probability is -

PP(x,T)=P,[Z, €T;t<7p], t>0, z€D, T cB(D),

where B(D) denotes the Borel o-field on D. Here and in the sequel P, and
FE, denote, respectively, the distribution and expectation with respect to the
process {x + Z;},~ starting in « € R9, but we use the same symbol {Z:}1~0
for the resulting process. -
Let {StD}t>0 be the semigroup associated to the process {ZtD}t>0, and let

pP(z,y) be the transition density function of {StD}t>0, ie.

SPf(x) = B [f (Z4) : t < 7]

= / F)p? (z.y)dy, t>0, z€D, feB*(RY),
D

where B (]Rd) is the space of nonnegative bounded measurable functions on
RZ. Tt is known [14] that pP(z,y) = pP(y,z) and pP(z,y) < pi(z,y) for all
t >0 and z,y € D, and that {StD}t>0 is a strongly continuous semigroup of
contractions on the space of square-integrable functions L?(D). Any operator
SP is self-adjoint due to the a.e. symmetry of pP(z,y). Moreover, since D is
bounded, the continuity of p(-) for all t > 0 implies (see [14], p. 93) that pP(-) is
bounded for every ¢ > 0. Therefore S is a Hilbert-Schmidt operator, hence it is
also compact, and there exists an orthonormal basis of eigenfunctions {apn}fzo
with corresponding eigenvalues {e”‘”t}:;o satisfying 0 < Ag < A1 < g < - o
and lim, o A, = oo. All eigenfunctions ¢,, are continuous and real-valued
(see [14]). Let V,(z) = {y € R?: |y — 2| < r} be the open ball of radious r > 0
centered at x € R?. If, in addition to the above assumptions:

(H1) D is a connected open set, or

(H2) D is a bounded open set and for every z € R? and r > 0, v (V;.(z)) > 0,
then the transition density pP(-,-), t > 0 is strictly positive on D x D and the
eigenfunction ¢g(x) > 0 for every z € D (see [14], Proposition 2.2).

Let {WtD}tzo be the additive process {Wt}tzo killed on exiting D, namelly

WD: Wt on {t<TD},
K 0 on {t>17p},

where 9 is a cemetery point. The state space of {WtD}t>0 is the set Dy =

D U {09}, and from (3) it follows that its transition function is given by
PE(2,1) = Py [Zx,s) €T3 K(t,s) <7p], 0<s<t z€D, I'eB(D).

Revista Colombiana de Matemaéticas



62 MARCOS JOS{AS CEBALLOS-LIRA & AROLDO PEREZ

Hence the transition density function of {WtD } >p 18 given by pgt(x,y) =
pg(t 5) (x,7) and thus, for every f € L?(D),

Lﬁjuhaéf@miuwwyzsamﬁux O<s<t,zeD. (4

It is easy to see from Proposition 1 in [21] that p?, (z, y) is a density of P5, (z,T),
which is strictly positive, symmetric and continuous on D x D.

Using (4) and the fact that {StD } />0 1s a strongly continuous semigroup of
contractions on L?(D), we obtain that {Ut%}ppo
contractions on L?(D). In [14], Theorem 3.1 it is proved that either condition
(H2) or

(H3) D is an open bounded connected Lipschitz set, and for every x € S,

76(07%] and r > 0,

is an evolution family of

v (T, (2) NV (0)) > 0,

where S denotes the unit sphere in R? and 'y (z) = {y € R? : (z,y) > |y| cos~},
imply that {StD } +>0 18 an intrinsically ultracontractive semigroup, i.e. for all
t > 0 there exists a positive constant ¢ = ¢(¢, D) such that for all f € L?(D),

1SP f(2)] < cpo(@) fllzapy, =€ D ()
see [6], Theorem 3.2.

3. Local existence of a mild solution in L

A solution of the integral equation

u(t,z) = Utif(a:) —l—/o h(s)Ut,DSuﬁ(s, x)ds, (6)

is called a mild solution of (2). It is known ([26], pp. 129-130) that any classical
solution of (2) is a solution of the integral equation (6).

We are going to assume that the initial value f is a nonnegative function in
L>°(D), where L (D) is the space of real-valued essentially bounded functions
defined on D.

For any constant 7 > 0 let
E. :={u:[0,7] = L®(D),|||u||| < oo},

where |[|ul[] := supg<< [[u(t;-)lloo-

The couple (E, ||| - |||) is a Banach space and
Ct={ueE, ||[ul|]| <Ru>0}

is a closed subset of E..
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BLOW UP AND GLOBALITY OF SOLUTIONS 63

Theorem 3.1. Let f € L*™(D) be nonnegative. There ezists a constant T =
7(f) > 0 such that the integral equation (6) possesses a unique solution in
L= ([0,7] x D)NCH.

Proof. Let us define the operator ¥ on C; by
t
u(t,x) = US f(2) +/ h(s)UPuP (s, 2)ds.
0

We are going to show that W is a contraction on C’g for suitably chosen R > 0
and 7 > 0. In fact, if u,v € C’E, then

t
[[[Pu — Wol|| < sup / h(s)u’(s,) = 07 (s,) | cods. (7)
o<t<r Jo

Applying the elementary inequality |aﬁ — b5| < Bla Vv b)P~Ya —b|, a,b > 0,
B> 11in (7), we get

|HWu—«MM|s¢nﬂ—{47h@Wuwf>—v@fnu@& (8)

Noticing that
MMMSMM+Ah@W%

and taking R > 0 big enough and 7 > 0 sufficiently small we get from (8)
that WU is a contraction mapping on C’E. Hence the Banach fixed-point theorem
implies that (6) has a unique solution in L> ([0, 7] x D) N C}. ™

Since the evolution system {UF, } 1>450 Preserves positivity (due to (4)) we
have that -
up(t, @) == Uy f(x) >0, t>0, z€D. 9)

Define
un(t,x) := Vup_q(t,z), t>0,z€D, n=12,..., (10)

where ¥ is given by
t
Vo(t,z) = U,ﬁ)f(:n) Jr/ h(s)Uﬂvﬁ(s, x)ds (11)
0

for any nonnegative v € L°(D). Using again that {Ut)DS} , breserves posi-

t>s>
tivity it follows by induction that u,_1(¢,2) < u,(¢t,x), n =1,2,.... Hence the
limit
u(t,x) ;= lm wu,(t, ) (12)
n—oo

exists for all ¢t > 0 and z € D. From the monotone convergence theorem we
conclude that u(¢,x) satisfies (6). This shows that the solution of the integral
equation (6) is given by the increasing limit (12).
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64 MARCOS JOS{AS CEBALLOS-LIRA & AROLDO PEREZ

4. Global existence for a nonnegative initial value in L*>°(D)

Here we suppose again that the initial value f is a nonnegative function in
L*>°(D). Our proof of the global existence is an adaptation, to our case, of the
proof given in [36].

Theorem 4.1. Let ¢(t) = || supycsc; U f oo, t > 0. If

G-1) [ oot <1,
0
then the solution of the integral equation (6) is global.

Proof. First, we note that ¢ is a nondecreasing function on [0, 00) and that
for any t > 0 and x € D,

0 <UL () < o(t) < [|flloe < oo (13)
Now, let us define
B(t) :== [1 —(B- 1)/0 h(s)gbﬂ_l(s)ds} o
Then B(0) =1 and
W =——1 1o - t s *ssiﬁilf - -1
B(O) =1 [1- G- [ aeewas] T -6 vpwe o)

= h(t)B"(t)¢" (1),
which gives

B(t) =1+ /0 h(s) B ()% (s)ds. (14)

Since the evolution system {Ut’Ds} is positivity-preserving and ¢ is non-

>5>0
decreasing, it is follows from (13) that for any function v : [0,00) x D — [0, 00)
such that for each ¢ > 0, v(t,-) € L*>°(D) and v(t,z) < B(t)¢(t) for all x € D,
we have

0< Wolt,z) < B(t) + / h(s) (B(s)(s))” ds
< o(t) + / h(s) B (5)6(5)6° 1 (s)ds

< 6(t) + B(1) / h(s)B? ()67 (s)ds
= B(t)o(t) for all z € D,
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BLOW UP AND GLOBALITY OF SOLUTIONS 65

where we have used (14) in the last equality. Therefore,
0 < Wu(t,z) < B(t)p(t), t>0, zeD. (15)

Finally, defining the sequence u,(t,z), n = 0,1,2,... as in (9) and (10) it is
follows that u,—1(t,z) < up(t,z), n=1,2,.... From (15) we conclude that

u(t,x) := nh_}ngo unp(t,z) < B(t)o(t) < oo

for all t > 0, € D. Hence u is a global mild solution of (2). ™

5. Blow up in finite time for a nonnegative initial value in Cy(D)

Recall that ¢y is the eigenfunction corresponding to the first eigenvalue Ag of
the infinitesimal generator of the semigroup {StD } >0 Arguing as in the case of

Brownian motion in a bounded domain (see [22]), it can be shown that ¢3(z)dz
is the unique invariant measure of the semigroup {Q.},-, given by

e}\ot
Qig(x) = mstD (9¢0) (x), xe€ D, ge Cy(D), t>0.
Thus, defining

mm:lﬂm%@Mu g€ Cy(D),

and

e}\()K(t7S)

Tt,sg<x) = SID((t,s) (9@0) (.’t), T € Da g€ Cb(D)v t>s2> 07

po(x)
we have that for any ¢t > s > 0 and g € Cy(D),
E Q9] = Elg] and Tisg = QK(t,s)9~ (16)
Lemma 5.1. For anyt > s> 0 and g € Cy(D),
E[T; 9] = Elg].

Proof. This is a direct consequence of (16). vf

Proposition 5.2. Let f = gypo, where g € Cy(D) is nonnegative and not
identically zero. If

1

1 B-1
(5= 1) [ h(w)e 2@ 0RGogs | ol 07

/fmwamw>[
D

then the mild solution of (2) blows up in finite time.
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66 MARCOS JOS{AS CEBALLOS-LIRA & AROLDO PEREZ
Proof. Notice that

/D F(#)po(x)dz = Elg] > 0.

We define
o K0y (¢, 1)

and z(t,x) = e M K0 0 (g , xzeD t>0,
o) (t,2) po(a) >

w(t,x) =
where w is the mild solution of (2), i.e., u solves the integral equation (6).
Multiplying both sides of (6) by ¢y (z)e*K®0) we get

MoK (t,0)

w(t,:v):Tt,og(x)—&—/O h(s) ) Uﬂuﬂ(s,x)ds

B t erK(t 0) (8, x)

t MoK (t, s) B (s, )
= Ty 09(x) +/ h(s)e*K G0 -1 (fE)) ds
0

<P0

t uf (s, _
— Tyog() + / h(s)eP KT, (;;E)% 1<x>> s

Yo 1(37)

MK (08B (s 3) o
=T o9(x /h Tts< 5 ( )e MoK (5,0)(8 1)4p€ 1(3:) ds
©o ()

=T 09(x )+/O h(s )Tt,swﬂ(s,x)zﬁ_l(s,x)ds.

The last equality yields

Efw(t,")] = E[T},09] / h(S)E [Ty,s (w’(s,)2" " (s,+))] ds

and, due to Lemma 5.1,

with
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E [w(s, )P 71 (s, )] = e K OED /D [w(s, 2)po(@))” po(@)dz  (19)

2(p B
> eonK(s,O)(ﬁfl)”gaoHl </ w(s, x) o5 ( )dx>
D

ool
e~ MoK (5,0)\ P71
= < Toolh > B futs, I,

where we have used Jensen’s inequality with respect to the probability measure
wo(z)dz
leollr *

Let y(t) := E[w(t,-)]. Plugging (19) into (18), and afterward multiplying
the resulting inequality by e~ with € — 0, we obtain that

v (IgolT e 0) ™ hayy? (o),
v = [ (o
Let

c(t) = |lpo|Pe M EVEEO () and N = / f(@)po(x)dz > 0,
D

and consider the ordinary differential equation

Notice that
p P ()P (t) = c(t).

Thus, integrating both sides of the above equality from 0 to ¢ yields

1y - N = [ ets)ds
5 0 =N = [ s

Therefore

1 o
p(t) = . 20
" lzvl—ﬁ ~(B-1) [, c(s)dJ .
Since the function fot c(s)ds is continuous and increases to [ ¢(s)ds, we have
that p blows up for some 0 < T, < oo if

N=F (5 - 1)/ c(s)ds < 0,

0
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which hols if and only if (17) is satisfied. Thus, by comparison, we have that

: Moo > li )l = i =
tl%% lw(, oo > }%%E[w(t, ) = gr%}:p(t) 00

]

Lemma 5.3. Let f € Cy(D) be a nonnegative and not identically zero function.
There exists g € Cy(D) nonnegative and not identically zero such that gpg < f
on D.

Proof. Since by assumption f is not identically zero, there exists x € D such
that f(z) > 0. Using the continuity of f we get r > 0 such that f(z) > 0 on
V,.(x) C D. By Urysohn’s lemma there exists a continuous function ¢ : R? —
[0,1] such that ¢ = 1 on the closed ball Vz(z), and ¢ = 0 on (V%r (a:)) . Hence
the support of ¢ is contained in V;.(z). Putting ¢ = §(f Aq) we get a continuous

function which is not identically zero, and whose support C' is compact, has
positive Lebesgue measure and is contained in D. Moreover, 0 < ¢ < f on C.

Let {t,} be any given sequence of positive numbers with ¢,, | 0. It follows

from the strong continuity of {Uf,},. _, that

UPo¢—¢  in L*(D),

and therefore R
UPo¢—¢ in L*(C).

Using Egoroff’s theorem, there exists a subsequence {¢,, } of {t,}, and a set
C C C of positive Lebesgue measure such that

Utek,oc = uniformly in C.
Hence, there exists tg > 0 such that
Utﬁog(x) < f(z) for all z €C.

Let us define £ = 1CU£70C . The intrinsic ultracontractivity (5) implies that

— UtE,OC _ SID((to,O)C
. $0 Yo

Then, we can write £ = 1¢ppg, and thus, any nonnegative continuous function
g with support contained in C, such that g < 1¢p satisfies the assertion of the
lemma. o

S Ob(D)

Theorem 5.4. Let f € Cy(D) be a nonnegative and not identically zero func-
tion, and let g as in Lemma 5.3. If condition (17) holds for f = gpo, then the
mild solution of (2) blows up in finite time.
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Proof. Using that 0 < fg f, we get
t
u(t,z) = UR f(z) + / h(SYULP (s, 2)ds
0
_ t
> Ut%f(m) +/ h(s)Utguﬁ(&x)ds.
0
Let v be the mild solution of (2) with initial value f, which is given by
_ t
u(t,x) = Utl?of(:r) —|—/ h(s)Utng(s,x)ds.
0
We define the operator T by
t
To(t,x) = Ut%f(x) + / h(s)Utgvﬁ(s,x)ds.
0

Then _
Yu(t,z) < Qu(t,z),

where U is defined in (11). Now, we define the sequences {v, } — , and {u,} ~
by

vy (t, @) = gt%f(x)’ n=0
n Uv,_1(t,z), mneN,

and 5
Ui f(x) n=0
t — t,0 ) )
un(t, ) { Yu, 1(t,x), neN,
If v,—1(t, ) < up—1(t, ), then
vp(t,x) = \Tlvn_l(t,x) < \Tlun_l(t,x) < U1 (t, @) = up(t, ).

The contraction mapping property in a Banach space implies that the sequence

{vn},~, converges in the norm ||| - ||| to the unique fixed point v of ¥, namely
Up — U and Vo, — v
in the norm ||| -||| as n — co. Similarly, the sequence {u,},-, converges to the

unique fixed point uw of ¥, that is
Up — U and Yu, — u

in the norm ||| -||| as n — co. Then, we have demonstrated that v < u. Since f
satisfies the conditions of Proposition 5.2, we conclude that the mild solution
of (2) blows up in finite time. vf
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Remark 5.5. Note that the above theorem is consistent with the correspond-
ing result obtained in [22], which establishes that for the case A = Ak =h =1,
B > 1 and a nonnegative initial condition f € Cy(D), where D is a bounded
regular domain, the positive mild solution blows up in finite time if
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