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ABsTrACT. In this note we investigate some conditions of Hérmander-Mihlin
type in order to assure the L°°-BMO boundedness for pseudo-multipliers of
the harmonic oscillator. The H'-L! continuity for Hermite multipliers also is
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RESUMEN. En esta nota se investigan condiciones de tipo Hormander-Mihlin
para garantizar la continuidad L*°-BMO de pseudomultiplicadores asociados
con el oscilador arménico. También se estudia la continuidad de tipo H*-L*
para multiplicadores de Hermite.
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1. Introduction

The aim of this paper is to investigate the boundedness from L (R™) into
BMO(R™) for pseudo-multipliers associated with the harmonic oscillator (see
e.g. S. Thangavelu [20, 21]). As it was observed by M. Ruzhansky in [16],
from the point of view of the theory of pseudo-differential operators, pseudo-
multipliers would be the special case of the symbolic calculus developed in
M. Ruzhansky and N. Tokmagambetov [22, 17] (see also Remark 2.2). Let us
consider the (Hermite operator) quantum harmonic oscillator H := —A, +|x|?,
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94 DUVAN CARDONA

(where A, is the standard Laplacian) which extends to an unbounded self-
adjoint operator on L2(R™). It is a well known fact, that the Hermite functions!
¢y, v € NI, are the L?-eigenfunctions of H, with corresponding eigenvalues
satisfying: H¢, = (2|v] + n)¢,. The system {¢,},eny, which is a subset of
the Schwartz class .#(R"), provides an orthonormal basis of L?(R"). So, the
spectral theorem for unbounded operators implies that

Hi(w)= 3 @v] +n)f(6,), J € Dom(H), (1)

veNy

o~

where f(¢,) is the Fourier-Hermite transform of f at ¢,, which is given by
fo) = [ 16, @)
RTL

If G C R™ is the complement of a subset of zero Lebesgue measure in R™, the
pseudo-multiplier associated with a function m : G x Nj — C is defined by

Af(z) =Y m(z,v)f(¢)¢u(z), =€ G, f € Dom(A). (3)

veNY

In this sense we say that A is the pseudo-multiplier associated to the function m,
and that m is the symbol of A. In this paper the main goal is to give conditions
on m in order that A can be extended to a bounded operator from L to BMO.
The problem of the boundedness of pseudo-multipliers is an interesting topic
in harmonic analysis (see e.g. J. Epperson [9], S. Bagchi and S. Thangavelu [1],
D. Cardona and M. Ruzhansky [16] and references therein). The problem was
initially considered for multipliers of the harmonic oscillator

Af(@) = > m)f(¢,)¢u(x), f € Dom(A)2 (4)

veNy

Indeed, an early result due to S. Thangavelu (see [19, 20]) states that if m
satisfies the following discrete Marcienkiewicz condition

Azm(v)] < Call+ )71, @ € NG, Jal < (5] +1, (5)

where A, is the usual difference operator, then the corresponding multiplier
T, : LP(R™) — LP(R"™) extends to a bounded operator for all 1 < p < .

1Bach Hermite function ¢, has the form ¢, = H?:1¢uj qbl,]. (z;) =
(2vi yj!ﬁ)’%HVj (xj)e_%lg, where z € R", v € N, and Hy, (z;) = (—=1)" 7 %(6_1
J
denotes the Hermite polynomial of order v;. N
2Dom(A) = {f € L?(R") : ZVENS |m () f(¢u)|? < oo} is a dense subset of LZ(R™).
Indeed, note that {¢,}, C Dom(A), and consequently L?(R™) = span({¢, },) C Dom(A).
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L°°-BMO BOUNDS FOR HERMITE PSEUDO-MULTIPLIERS 95

In view of Theorem 1.1 of S. Blunck [2] (see also P. Chen, E. M. Ouhabaz,
A. Sikora, and L. Yan, [7, p. 273]), if we restrict our attention to spectral
multipliers A = m(H), the boundedness on LP(R™), can be assured if m satisfies
the Hérmander condition of order s,

] 5 = Sup [m(r)n(l- DIl = n) = Sup 2 lm (- Dl @ny < 00,
(6)

where n € 2(0,00) and s > ”TH, for all p € [po, pé’—ﬂl], for some py € (1,2). If

|v| = v1 4+ -+ + vy, for spectral pseudo-multipliers

Ef(z) =Y m(z,2lv]+n)f($,)¢y(z), | € Dom(E), (7)

veNy
under one of the following conditions
e J. Epperson [9]: n = 1, E bounded on L*(R) and

[ATm(z,2v+1)| < C,2v+1)77, 0 <y <5, (8)

e S. Bagchi and S. Thangavelu [1]: n > 2, E bounded on L?*(R™) and

|AYm(z, 2lv| + 1) < C, Q2|+ 1), 0< |y <n+1, (9)

the operator E extends to an operator of weak type (1,1). This means that
E: LY(R") — LY*°(R™) admits a bounded extension (we denote by L*°(R")
the weak L'-space?). In view of the Marcinkiewicz interpolation Theorem it
follows that E extends to a bounded linear operator on LP(R™), for all 1 < p <
2.

We can note that in the previous results the L?-boundedness of pseudo-
multipliers is assumed. The problem of finding reasonable conditions for the
L2-boundedness of spectral pseudo-multipliers, was proposed by S. Bagchi and
S. Thangavelu in [1]. To solve this problem, it was considered in [16], the
following Hormander conditions,

Im e == sup_ P (@) Flmly, (- (@)l z2ge) < 00, (10)
r>0,yeR”

Imllea. e = sup sup 2¥C | (@) F 5 my, )p(27%] - D](@)]| L2 rn) < o0,
k>0 yeR™
(11)

defined by the Fourier transform .%# and the inverse Fourier-Hermite transform
F ;. More precisely, the Hérmander condition (10) of order s > 3% uniformly
3 1

in y € R™, or the condition (11) for s > = — 5, uniformly in y € R", guarantee

3Which consists of those functions f such that ||f|| 1,00 = supysoA - meas({z € R™ :
|f(@)] > A}) < oo
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96 DUVAN CARDONA

the L2- boundedness of the pseudo-multiplier (21). As it was pointed out in
[16], in (10) we consider functions m on R™ x R™, but to these functions we
associate a pseudo-multiplier with symbol {m(z,v)}sern veny. On the other
hand (see Corollary 2.3 of [16]), if we assume the condition,

|AYm(z, )| < Coa(1+ V)71, a e NB, |a| < p, (12)

for p = [3n/2] 4+ 1, then the pseudo-multiplier in (21) extends to a bounded
operator on L?(R"), and for p = 2n + 1 we have its LP(R")-boundedness for
all 1 < p < co. Now, we record the main theorem of [16]:

Theorem 1.1. Let us assume that 2 < p < oco. If A = T, is a pseudo-
multiplier with symbol m satisfying (10), then under one of the following con-
ditions,

on>2 2<p<2(::13,ands>snp 3n 4 nol(

2(n+3)
n+1l

n>2 p= ands>sn,p::37"+2&7_+13),

n>2, 2(n+3)<p< 20 and s > sy = -1 + 2

e n>2 2 <p<oo, and s > sy, = 2 1—|—n(%—%)7

w

en=12<p<4, s>s1,:=3,

en=1p=4,5>514:=2,

)

en=14<p<oo,s>s1,:=3+5(

N[
=

the operator T,, extends to a bounded operator on LP(R™). For 1 < p < 2,
under one of the following conditions

on22,%ﬁgp§2,ands>sn7p::%”+"7_l(% %),
2 2(n+3) _3n_1_  2n¢1 1
e n>2, A <p< S and s > spp =G5+ F(5 — 3),

en>21<p< 2% ands> sy, = 3"21—&—71(%—%),

2

onzl,% P<2,8>8,:=

en=11<p<3,8>58,:=

3 Y

Wi rojw
Wi
—
o=
I
D=
S~—

the operator T, extends to a bounded operator on LP(R™). However, in general:

o for every % < p < 4 and every n, the condition s > 32 implies the

2
LP-boundedness of Ty, .

Volumen 54, Numero 2, Afio 2020



L>*-BMO BOUNDS FOR HERMITE PSEUDO-MULTIPLIERS 97
If the symbol m of the pseudo-multiplier T,,, satisfies the Hormander condition

(11), in order to guarantee the LP-boundedness of T,,, in every case above we

can take s > s, , — 15. Moreover, the condition s > 2% — & implies the LP-

2 T 12
boundedness of T, for all % <p<A4.

Now we present our main result. We will provide a version of Theorem 1.1 for
the critical case p = co. Because in harmonic analysis the John-Nirenberg class
BMO (see [15]) is a good substitute of L>°, we will investigate the boundedness
of pseudo-multipliers from L>°(R™) to BMO(R").

Theorem 1.2. Let A: .7 (R") — S (R™) be a continuous linear operator such

that its symbol m = {m(x,v)}zec,veny (see (20)) satisfies one of the following
conditions,

(CI): m satisfies the Hormander-Mihlin condition

I == sup OB (2) Fmly, Ju (- D)2 < oo,
r>0,yeR"
(13)

where s > max{Z* + », 2}, and 5 is defined as in (43),
(CII): m satisfies the Marcinkiewicz type condition,

IASm(z,v)| < Co(1+ )71 | < [Tn/4—1/12] + 1. (14)

Then the operator A = T,,, extends to a bounded operator from L (R™) into
BMO(R™).

Now, we will discuss some consequences of our main result.

Remark 1.3. In relation with the results of Epperson [9] and Bagchi and
Thangavelu [1] mentioned above, Theorem 1.2 implies that under one of the
following conditions,

e n=1, [AJm(z,2v+1)| < C,2v+1)"M 0 <y <2,
e n>2 |Alm(z,2|v|+n)| < C,y(2|1/|—|—n)*‘7|, 0< |yl <[n/4—1/12]+1,
the spectral pseudo-multiplier

Ef(x) =Y m(@,2lv|+n)f(6,)é(x), f € Dom(E) (15)

veNg

extends to a bounded operator from L*°(R") into BMO(R™).

Revista Colombiana de Matemaéticas



98 DUVAN CARDONA
Remark 1.4. For n = 1, Theorem 1.1 implies that the symbol inequalities
|AYm(z,v)| < Cy(1+v)"", 0<y<2, (16)

are sufficient conditions for the L?(R)-boundedness of pseudo-multipliers with
% < p < 4, and also under the estimates

|AJm(a,v)| < C,(1+1)7%, 0<y <3, (17)

we obtain the LP(R)-boundedness of T, for all p € (1,4/3) U (4, 00). However,
we can improve the conditions on the number of derivatives imposed in (17)
to discrete derivatives up to order 2 in order to assure the LP(R)-boundedness
of T, for all 4/3 < p < oo. Indeed, from Theorem 1.2, the hypothesis (16)
implies the boundedness of T,, from L*(R) to BMO(R) and also its L?(R)-
boundedness for 4/3 < p < o0, in view of the Stein-Fefferman interpolation
theorem applied to the L2-L? and L>®*-BMO boundedness results.

Remark 1.5. Let us consider a multiplier T}, of the harmonic oscillator. The-
orem 1.2 assures that under one of the following conditions,

(CI): m satisfies the Hormander-Mihlin condition

lmllw. mre = sup rC= (@) Fm( V(- D)(@) ] p2y) < oo, (18)

where s > max{Z" + 5, 2}, and s is defined as in (43),
(CII): m satisfies the Marcinkiewicz type condition,

[Agmw)] < Ca(l+ )71, Ja| < [Tn/4 —1/12] + 1, (19)

the operator T, extends to a bounded operator from L*>°(R"™) into BMO(R").
Moreover, the duality argument shows the boundedness of T}, from H'(R™)
into L'(R™).

For certain spectral aspects and applications to PDE of the theory of
pseudo-multipliers we refer the reader to the works [6, 3, 4, 5] and [19]. This
paper is organised as follows. Section 2 introduces the necessary background of
harmonic analysis that we will use throughout this work. Finally, in Section 3
we prove our main theorem.

2. Preliminaries

2.1. Pseudo-multipliers of the harmonic oscillator

To motivate the definition of pseudo-multipliers we will prove that these op-
erators arise, for example, as bounded linear operators on the Schwartz class
7 (R™).
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L°°-BMO BOUNDS FOR HERMITE PSEUDO-MULTIPLIERS 99

Theorem 2.1. Let us consider the set G := {z € R" : ¢,(z) # 0, for all v},
and let A : S (R™) — Z(R™) be a continuous linear operator. Then, the func-
tion m : G x Ng — C,* defined by

m(z,v) == ¢, () 1 A¢,(z), v € G,veNg, (20)

satisfies the property

Af($) = Z m(a:,y) A(¢)V)¢V(m)7 reG, fe y(Rn) (21)

veNg

Proof. Let us assume that A is a continuous linear operator A : Z(R") —
Z(R™). Because, for every v € N§, ¢, € (R") = Dom(A), define for every
z € G, and v € N, the function

m(z,v) = ¢, (x) ' A¢, (). (22)

Let f € #(R™) C L?(R") and let us consider its Hermite series

F=>" F6.)en. (23)

veNy

Because Hf||%2(Rn) =3, |F(¢,)||?> < o0, by Simon Theorem (see Theorem 1 of
B. Simon [18]), the series

fn=> f(é,)bs, NEN (24)

lv|<N

converges to f in the topology of the Schwartz class .7 (R™). Because, A :
S (R") — Z(R™), is a continuous linear operator, we have that Af,, converges
to Af in the topology of .(R™). Consequently, we have proved that

Af =" Fé)Ad,. (25)
veNy
By observing that m(x,v) := ¢, (z) 1A, (z), we obtain the identity,
Af(z) =Y m(z,v)f(¢)du(z), z€G, feS(R).
veNy
So, we end the proof. o

4The symbol m is defined a.e. (z,v) € R® x NJ. Indeed, note that D = {z : ¢, (2) =
0 for some v} is a countable set, has zero measure and that m is defined on G x Nfj, where
G=R"—-D.
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100 DUVAN CARDONA

Remark 2.2. It is a well known fact that several classes of pseudo-differential
operators

T, f(z) = / 2780 (s €)F(€)de, [ € O (R™), (26)

Rn

are continuous linear operators on the Schwartz class .(R™). For example,
if o is a tempered and smooth function (i.e. that o € C°°(R?*") satisfies
[ o (@, &)|(14]z|+]¢]) " dzdé < oo for some k > 0) then T, : S (R™) — 7 (R™),
extends to a continuous linear operator. More interesting cases arise with
pseudo-differential operators with symbols o in the Hérmander classes, or with
more generality, in the Weyl-Hérmander classes (see L. Hormander [13, 14]).
From Theorem 2.1 we have that continuous pseudo-differential operators on
. (R™) also can be understood as pseudo-multipliers of the harmonic oscilla-
tor.

2.2. Functions of bounded mean oscillation BMO.

We will consider in the following two subsections the necessary notions for
introducing the BMO and H' spaces. For this, we will follow Fefferman and
Stein [11]. Let f be a locally integrable function on R™. Then f is of bounded
mean oscillation (abreviated as f € BMO(R™)), if

ap ﬁ CZ |F(@) — foldz = |[fll. < oo, (27)

where the supremum ranges over all finite cubes @ in R”, |Q)| is the Lebesgue
measure of @, and fg denote the mean value of f over Q, fo = ﬁ fQ f(z)dx.

It is a well known fact that L>°(R™) ¢ BMO. Moreover In(|z|) € BMO. The
class of functions of bounded mean oscillation, modulo constants, is a Banach
space with the norm || - ||, defined above. According to the John-Nirenberg
inequality, f € BMO(R"™) if and only if the inequality

{z € Q: |f(z) — fol > a}| < e T7H|Q), (28)

holds true for every a > 0. For understanding the behaviour of a function
f € BMO(R"), it can be checked that

/de < 0. (29)

T+ o]t

R™

Moreover, a function f € BMO(R"), if and only if (29) holds and

t|Vu(z, t)|*dzdt < 67, (30)

|x—x0]|<0;0<t<d
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for all g € R™ and § > 0. Here, u(z,t) is the Poisson integral of f defined on
R™ x (0,00) by (see Fefferman [10]),

uwt)= [ Pla— I @)= e G

R

2.3. The space H!

The Hardy spaces HP(D), 0 < p < oo, were first studied as part of complex
analysis by G. H. Hardy [12]. An analytic function F' on the disk D is in H? (D),
if
sup / |F(re'®)|Pdf < oc. (32)
0<r<1
For 1 < p < oo, we can identify H?(D), with LP(T), where T is the circle.
This identification does not hold, however, for p < 1. Unfortunately, these

results cannot be extended to higher dimensions using the theory of functions
of several complex variables. So, let us introduce the Hardy space HI(R"). Let

Ry, -+, R,, be the Riesz transform on R",
R;f(x) = lim ™8 /|€1f(€), f € Dom(R;), (33)
e—0 €] >e

where f(£) = Jgn €7 f(z)dz, is the Fourier transform of f at ¢ Then,
H'(R") consists of those functions f on R™, satisfying,

1F @y = N llormy + D IR Fllseny. (34)
j=1

The main remark in this subsection is that the dual of H'(R") is BMO(R")
(see Fefferman and Stein [11]). This can be understood in the following sense:

(a) If ¢ € BMO(R™), then @ : f — [ f(x)¢(x)dz, admits a bounded exten-
Rn
sion on H'(R™).

(b) Conversely, every continuous linear functional ® on H*(R™) arises as in
(a) with a unique element ¢ € BMO(R™).

The norm of ¢ as a linear functional on H*(R™) is equivalent to the BMO norm.
Important properties of the BMO and the H' norm are the following,

llgllg1=1 [ fllIBMO=1

Ifl. = sup / f@)g(@)ds|, lglm = sup / f@)g(x)dz|.  (35)
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For our further analysis we will use the following fact (see Fefferman and Stein
[11, pag. 183]): if f € H'(R™), and ¢ € .7(R™) satisfies [ ¢(z)dx = 1, let us
define

wtf (@) i= suplo s f(@) = sup | [ oulo — I w)dy| dule) =t 6(F). (30)

Then, vt/ € LY(R"), f(z) = limy_¢ ¢ * f(x), a.e.z, and there exist positive
constants A and B satisfying

Allfllgr < lu™Fz2 < B fllue- (37)

The duals of the HP(R™) spaces, 0 < p < 1, are Lipschitz spaces. This is due
to P. Duren, B. Romberg and A. Shields [8] on the unit circle, and to T. Walsh
[23] in R™.

2.4. The Hérmander-Mihlin condition for pseudo-multipliers

As we mentioned in the introduction, if m is a function on R™, we say that m
satisfies the Hormander condition of order s > 0, if

[t e = sup [[m(r)n(l - Dll ey = supr*= 2 fm()n(r="| - Dl e @ny < oo,
r>0 >0
(38)

where H*(R") is the usual Sobolev space of order s. Indeed, we also can use
the following formulation for the Héormander-Mihlin condition,

lmliw.me = sup (2] D0 ()| e memy = sup 2 lm( 27| ey < o0
J

J

(39)
In particular, if we choose n € 2(0,00) with compact support in [1/2,2], and
we assume that m has support in {£ : |£] > 2}, we have that m(-)n(277]-|) =0
for 7 < 0. So, for a such symbol m, we have

lmliw.me = sup (270 ()| e memy = sup 26D lm( 2| ey < oo
= Jj=Z

J

(40)
Because we define multipliers by associating to 7T}, the restriction of m to N, we
always can split T, = T + Sy, where Ty has symbol supported in {v : |v| < 2}
and the pseudo-multiplier S,, has symbol supported in {v : |v| > 2}. We
will apply the Hormander condition to S, in order to assure its L*°-BMO
boundedness, and later we will conclude that T, is L>*°-BMO bounded, by
observing that the L>°-BMO boundedness of Ty is trivial. This analysis will be
developed in detail in the next section, in the context of pseudo-multipliers by
employing the Hoérmander type condition

Imltwse = sup_ 2CD|m(z, @] Dlge@ny < oo, (41)
j>1,z€Rn

for s large enough which follows from (13).
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3. L*-BMO continuity for pseudo-multipliers

In this section we present the proof of our main result. The main strategy in
the proof of Theorem 1.2 will be a suitable Littlewood-Paley decomposition
of the symbol together with some suitable estimates for the operator norm of
pseudo-multipliers associated to each part of this decomposition. Our starting
point is the following lemma. We use the symbol X <Y to denote that there
exists a universal constant C' such that X < CY.

Lemma 3.1. Let ¢, v € Ny be a Hermite function. Then, there exists s <
—1/12, such that
[évllBMO S V] (42)

Proof. By using that L> C BMO, we have ||¢,| Mo < ||¢v]|L~. Now, from
Remark 2.5 of [16] we can estimate ||¢, || < |v|~/*2 which implies the desired
estimate. Indeed, if

»:=inf{w € R: [|¢y|Bmo < [¥[*} (43)
we have that s < —1/12. [

Proof of Theorem 1.2. We will prove that if m satisfies the condition (CI), then
A =T, can be extended to a bounded operator from L>°(R™) to BMO(R").
Let us consider the operator

R = %(H—n), (44)

where H is the harmonic oscillator on R™, and let us fix a dyadic decomposition
of its spectrum: we choose a function g € C§°(R), ¥o(A) = 1, if |A\| < 1, and
P(A) = 0, for [A] > 2. For every j > 1, let us define 1;(\) = ¢o(279)) —
Y(277F1N). Then we have

(45) Z Y (A) =1, for every A > 0.
S

Let us consider f € L>*°(R™). We will decompose the symbol m as

m(z, v) = m(z, v) o () +r (VD) + ) mu(e,v), mi(e,v) = m(z,v)¢(v).

k=2
(46)
Let us define the sequence of pseudo-multipliers T,(;), j € N, associated

to every symbol m;, for j > 2, and by Ty the operator with symbol o =
m(x,v) (o + 11). Then we want to show that the operator series

Ty + Smy Sm =3 _ Tk (47)
k
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satisfies
| Tl (Lo 70y < [ Toll sz Bv0) + O 1 Ty = Broy,  (48)
K

where the series in the right hand side converges. Because, f € L°°(R"™) and for
every j, Tpy(;) has symbol with compact support, T5,;) : L=(R") — L>(R")
is bounded, and consequently T,,¢;)f € L>(R™) C BMO(R"). Now, because
Ty f € BMO(R™), we will estimate its BMO norm ||, ;) f|«. By using that
every symbol my, has variable v supported in {v : 28~ < |v| < 2¥+1} ) we have

Tuwf@) = > mp(z,0)6.(2) (), z €R™.

2h—1<[y|<2hH

Consequently,
T flle < Y el 2)du ()1l F(00)]- (49)

2]«:—15‘”|§2k+1

From (35) and by using the Fourier inversion formula we have,

i )éu (). = sup / (e, )by ()0 de

€21 =1

= s | [ [, de o, (0)0a)da

1201 =1

R R"

< sup  sup / e, €)|d€ / 16, (2)]192(z) |
192 =1 2R J. 2

By the Cauchy-Schwarz inequality, and the condition s > n/2, we have

2

| (2, )1dE < [ [ (€)% |, §)|2dE ©2d¢) . (50)
[ f /

n n

Consequently, we claim that

/|ﬁlk(l’,€)|d£ < C”m”lqu X 271@(57%). (51)
R'n

Indeed, if ¥(\) == 1ho(\) — ¥o(2X), then ¢ € Z(R) and,
/\mk(x,é)ldi S (@, @y = Im(@, )@ - Dl e @)

]Rn
S ml@, Mwms x 275678 < |lml|y. ge x 279678,
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So, we obtain

I )0 < Il 274078 s / 19 (@)|2a) | d
H1= R

e x 275D % sup / Sig(Qx))| b (2)| ) de,
(192]| g1 =1

R

where sig(Q(z)) = —1, if Q(z) < 0, and sig(Q2(z)) = 1, if Q(z) > 0. By the
duality relation (35) and by using that

(| sig(€2(z))|¢w(z)lllBMmo < 2| [sig(§2())|dw (2)]] [[B7MO = 2| |0 ()] ”BM(()s;z)
we conclude that

Ik )00 Olle S il 27875 sup 1y lnio [l
H1:1

Returning to the estimate (49), we can write

Ty flle < D0 Imllewm27 "2 lsmol F(60)]

Qk—lg‘ylgyﬁ»l

< > Imllews 27 Bllgullsvolléu o 1 /1l

e

Thus, the analysis above implies the following estimate for the operator norm
of Ty k), for all k > 2,

T =@ puon) S D Il 277Dy llmolldu e
2k 1< |y <2k

By using Lemma 2.2 of [16] we have [|¢,|z1®n) < |v|%. Additionally, the
inequality (42)
[¢wllBvo < v

implies that

| Ty | 2L (R7) BMORR)) S > 2T 5 I gs x 27FE7 )
2r-1<|y| <2k

= 2k 5 RGEH) s |y e x 27F7E),
Now, by using that Tj is a pseudo-multiplier whose symbol has compact support

in the v-variables, we conclude that Tp is bounded from L*°(R™) to BMO(R")
and

1 To |l (Lo ®n)),BMO®R) < Cllm||Le-.
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This analysis allows us to estimate the operator norm of T;,, as follows,

1Tl @z, BMOEm) < [ Tolls (1o (), BMO @D N T (1% (), BMO R
k

o0 3 _M_u
< Nl + 3 2746~ ol
k=1
< C(llmllL + [lmlli.u.me) < oo,
provided that s > %” + s, for some 3 < —1/12. So, we have proved the L°°-
BMO boundedness of T;,. In order to end the proof we only need to prove
that, under the condition (CII), the operator T, is bounded from L (R"™) to
BMO(R™). But, if m satisfies (CII), then it also does to satisfy (CI), in view of
the inequality,

Imlliwrs S sup (1+ [ sup [A%m(=, v)], (53)
|| <[7n/4—1/12]+1 v

for s > 0 satisfying, 2 — L < s < [Tn/4 — 1/12] + 1, (see Eq. (2.29) of [16]).

Remark 3.2. According to the proof of Theorem 1.2, if T}, satisfies the con-
dition (CI), then we have

1Tl (o0 () BMO®RR)) < CllmllLoe + [Im|o.s+)- (54)
On the other hand, if we assume (CII), the operator norm of T, satisfies

1Tl ooy € sup (L)l sup [ A%m(z.v)]. (55)
la|<[Tn/4—1/12]+1 z,v

]
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