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MELNIKOV DEVIATIONS AND LIMIT CYCLES 
FOR LIENARD EQUATIONS**)

by

J. Billeke, H. Burgos and M. Wallace

SUMMARY. In this paper we analyze the method of small parameter and we 
calculate explicitly the derivatives of order two and three with respect to the 
parameter in the case of a homoclinic orbit and in the case of periodic orbits. 
Also, we apply this method to the Lidnard equation of degree five on the plane:

\y = -x

We conclude that there is a neighborhood U of the origin of IR5, such that for all 
a £ U  - C  the vector field X ia has at most two limit cycles, where C is a cone 

containing the plane a2,94 and which is tangent to it at the origin.

§0 . In trod u ction

One important problem in qualitative theory of ordinary dif­
ferential equations on the plane (vector fields) is to analyze the 
behavior by perturbation of non-stable critical elem ents, i.e. 
non hyperbolic singularities and periodic orbits. It is also inter­
esting to understand the dynamic of the system on a neighbor­
hood of a trajectory connecting two saddle points or connecting

A. M. S. Classification: 34C05-34C35-58F14
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33BG, and DIUFRO 732/ 90.



B1LLEKE, BURGOS AND WALLACE

a saddle point to itself.
The Melnikov's method of small deviations, exposed on Chap­

ter §1, offers a technic on detecting limit cycles which prevail 
by perturbation of a center and on studying how a periodic orbit 
or a saddle-self-connection is broken by perturbation. On these 
subjects there are several results in the mathematical literature 
(for example [1], [2], [6]). This method is concerned with the 
analysis of a function that measures the deviation of a closed  
orbit or a saddle-self-connection trajectory under a perturba­
tion. This function, depends on the parameters o f the perturba­
tion; it cannot be, in general, explicitly calculated, but we can 
consider the first approxim ations. Our contribution to this 
method, included in Chapter §2, is the explicit computation o f the 
first three derivatives o f this function.

Chapter §3 is devoted to an application of the method to a Lie- 
nard equation o f degree five on the plane. There are several 
results on the general Lienard equation. Qualitative theory on  
this equation has been developed by Lloyd [4], [5], Rychkov [7], 
Lins [3] and the mathematical Chinese school, [8], [9], [10]. The 
Melnikov's m ethod allows the com putation o f the bifurcation  
curves on a neighborhood o f zero in the param eter-space. 
Finally, we give a summary o f the qualitative properties o f this 
equation, by using compactification at infinity.

§1 . M elnikov’s D eviation s

We consider a C00 family o f vector fields on the plane, given  
by the equation x = X(x, e), x e  [R2, where 0 s; e < e is a parameter. 
Let us suppose, that for 8 = 0, X(x, 0) has a saddle-connection y, in  
p e  [R2, fig.(a), or X(x, 0) has a periodic orbit y through p e  IR2, 
fig .(b ).
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P

fig(b)

Let q(0) be in y, q(0) * p, Ro = X(q(0), 0), L an orthogonal segment 
to R0 in q(0), let qs(e, t) and qu(e, t) be orbits of X(x, e ) which  
parametrize the stable and unstable manifolds o f the hyperbolic 
saddle p(e), in the case (a), with q^e, 0) E L and qu(e, 0) E L; and 
in the case (b) qs(e, t) = cfe(t + T e, p), qu(e, t) =cpe(t + T p), where 
<pe is the flow of X(x, e), T* = sup{t < 0 /  <pe(t, p) E L} and T j = infft > 
0 /< p E(t, p) E L}.

U S

Let us remark that in case (a): Te = + °o,Te = - 00 for all small 
e * 0  and that p(e) = qu(s, -Tg) = qs(e, -Tg) implies: a^ /ae^E , -T ¡¡) = 

(e,-T o) = P(k)(e).
Linder the assumptions (b), qu(e, -Te) = qs(e, -Te) = p for all 

small e *0 .

An e - deviation o f  Melnikov at q ( 0 ) ,  is the number

qu(«,Q)

L

P Rq

L

Let us call q(t) the orbit of X(x, 0), passing by q(0) at t = 0. By the 
above definition:

n(t\ = q s(0, t) for 12 0 
qi ; | q u(0 ,t) for tsO .
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d ( E )  = R0 A[qu(E, 0 ) - q s(E, 0)]

where a indicates the determinant. If d ( E )  > 0, the deviation is 
called a rep e llin g  d ev ia tio n  and if d(£) < 0 it is an a t t r a c t in g  
d e v ia t i o n .

q(0)

<?M )
1 _

qu(s ,0 )

repelling e-deviation

q(0)
qU(i,0)

•.f

attracting e-deviation

We say that the vector field X(x, e) has a re p e llin g  r u p tu r e  
(re sp . a t tra c t in g  ru p tu r e )  in  q (0 ) if  there exists £ > 0 so 
that d(E) > 0 (resp. d(£) < 0) Ve, 0 < £ < £ . •

repelling rupture attracting rupture

The function d(E) is o f C°°-class (because X(x, e) is o f C“-class), 
then X(x, e) has a repelling rupture (resp. attracting rupture) in  
q(0) if  d T(0) > 0 (resp. d'(0) < 0).

Note that if the e0 -deviation is zero, then it prevails a saddle- 
connection or a periodic orbit by q(0), for the vector field  
X(x, e0 ). This function was introduced by V. K. Melnikov in [6], 
in studying stability o f the center for time periodic perturba­
tions.
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§2 . D erivatives o f  the deviations

Proposition 2 .1 . (M elnikov's in tegral). On the above as­
sumptions:

d '(0 ) = exp

- T o

i :
divX(q(r), 0) dr

r)X
X(q(t), 0) a  —  (q(t), 0) 

3b
dt.

Proof. d’(0) = Ro a  — (0, 0) - R0 a  — CO, 0). We define
de de

S ,Au(t) = X(q(t), 0)A — (0, t), - To S tsO ; As(t) = X(q(t),0) A— (0 ,t), 
de de

Os t s - To. We are interested in Au(0) - As(0). We have:
2

- 1 a  u(t) =  DX(q(t), 0) • X(q(t),0) a  *L -(0, t) =  X(q(t), 0) a  t ) ,at de dtd£
where "D" denotes the differentiation with respect to x. But

a2qU.(0 ,t)  = i - n . ( e , t )
dtde de

d q u 

. dt
=—[x(qu(e,t),8)]E=0

e =0 de

r)QU r)X
= DX(q(t), 0) i± - ( 0 ,  t) + l~ (q (t) , 0)

de de
then we obtain

dqu¿ A u(t) = DX(q(t),0) ■ X(q(t),0) a — !—(0 ,t) 
*  de

+ X(q(t),0) a D X (q(t),0 )^ L (0 ,t) + X(q(t),0) a — (q (t),0 ).
de de

By the vector-calculus rule: Av a  w + v a Aw = Tr A(v a  w), we 
h ave
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AA"(t)=TrDX(q(t),0)|x(q(t),0) A£SL(0,t)l+X(q<t),0) a —  (q(t),0), 
dt L 9s J de

that is, Au(t), satisfies the first order linear equation

Au(t)=divX (q(t),0)-A u+ b (t), w ithb(t) =X(q(t), 0) A^L (q(t),0)
dg

Hence Au(t) =

exp divX(q(s),0)ds • Au(0)+j exp j - divX (q(r),0)drjb(s)ds

that is Au(0) =

exp j  divX(q(s),0)ds • Au( t )+ J  exp divX (q(r),0)drjb(s)ds.

Now, since p is an hyperbolic saddle, if  - fx < 0 and rj > 0 are the 
eigenvalues of DX(p, 0) there are nonzero vectors c e  IR2, d e  IR2, 
such that

lim  e^X (q(t),0) = c, lim  e _TitX(q(t),0) = d. 
t—»00 t—*-00

0
If Oq = Tr DX(p, 0) = - n + r| and p(t) = exp /  div X(q(s),0)ds then the

t
following limits exist and are not zero: lim  e a ol p(t) =: L-.

t —*■ ± 00

Therefore
\

u , .................. _  _  dquexp f°
L di

divX(q(s), 0 )d s A (t) = p(t)X(q(t), 0) a ———(0, t)
de

dQu= e(At ( e a 01 piO Je-^X iq it), 0) a — (0 ,t).
de
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Thus, exp

as t -* -oo.

1 °divX(q(s), 0) ds A (t) approaches 0-L‘-d a p ,(0) = 0

In the case (b):

lim  A (t) « X(p, 0) a  p'(0) = X(p, 0) a 0 = 0
t-* T o

and

exp

Hence, in both cases

lim  exp
* T ut - * - To

r°J divX(q(s), 0) ds < oo for t £ -To > - oo.

f °LdidivX(q(s), 0 )ds A (t) = 0 .

Thus

A (0) = Ì tH 'C divX(q(r), 0 )d r |b (s)d s.

Similarly we show that:

To
(0) = - (  ex p /- f divX(q(r), 0 ) dr]b(s)ds.Jo \Jo I

Finally,

'(0) = Au(0) - As(0) = j exp|"|0 d iv X ( q ( r )> °) dr|b (s)d s.
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On the following theorems we give formulae for the second  
and third derivatives o f d. The proof of these propositions is 
similar to the previous one (2.1), taking care on the choice o f the 
appropriate linear equation for dqu /qz and d qu/ae2.

Proposition 2.2. The second derivative o f  d in  0 is:
0

d"(0) = I e x p j- [  divX(q(r), 0 ) dr|-bu(s)ds
I I j0  I

- T o

- T o

. je x p !- f  divX(q(r), 0) drl*bs(s)dsJo j

d2xwhere ba(s) = X(q(s), 0) a [----- (q(s), 0) + D X(q(s), 0)
de'

dqa (0, s)
de

+ 2 ------(q(s), 0 ) ------(0,s)]
de de

with a  = u, s. (The notation zk where z is in IR2 corresponds to the 
k-vector(z, z , . . . ,  z)).

P roposition  2 .3 . The third derivative o f d in  0 is :

0

e x p i-f  divX(q(r), 0 ) dr|-bs(s)ds
| J° I

To (

d,M(0) =

8
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-To

+ Je x p j-f  divX(q(r), 0 )d ri-b u(s
I j0  I

)ds

o

with b a(s) = X(q(s),0) a  [tfx(q(s),0)- dqa
de

] 3 3

(0 ,s) + i i ( q ( s ) , 0) 
de3

+ 3D X(q(s),0)
dsJ de

dD2X ■
+ 3-— —(q (s),0)

dqa (0,s)
de

3 fE i.(q (s)>0) i i l ( 0 ,s ) + 3l E . ( q ( s ) , 0 )-£S!!<0 ,s ) l .
de de2 de2 de

§3. Application to the Lienard Equation o f degree 5

3.1. Let us consider the Lienard equation of degree 5 on the 
plane:

x efa . IX = y - efa(x)
’ |y  = - x

with fa(x) = aix + a2x2 + a3x3 + a4X4 + a5x5 and e * 0 a small parame­
ter.

Let p = (-h, 0) with h > 0, and L = {(x, 0) /  x  ̂0]. It is clear that 
L is transversal to the flow of XEfa, for 0 s 8 < £, and small e. 
Therefore we can define: d: IR x [0,e) .-*• [R, (h, e) -* dh(e) where 
dh(e) is the e-Melnikov's deviation:

dh(e) = X°(h, 0) a [qu(e, 0) - q s(e, 0)] (as in 1.1).

Being Xefa a C°°-vector field, d is a C°°-mapping. Since: Ro = X°(h, 0)

9
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= (0, -h), q(0) = (h cose, - h sine) and X(q(e), 0) = (-h sine, - h 
cose), div X(q(e), 0) = 0, then, the first derivative of d with 
respect to e is:

71

— (h, 0) = - |  T a i(h co s0 )1+1d0 = -jch2[ a i + ^ - h 2 + ^ l h 4l (1) 
de j i i  L 4 8 J

To calculate the second derivative of d with respect to e, we con­
sider:

0

A“(0) = 2 1 X(q(0), 0) a  —  DX(q(0), 0) —  (0, 0) d0
Í de de

Jn
As(0) = 2 I X(q(0), 0) a — DX(q(0), 0) — (0, e)d6  and

de de

dqu

de
(0 ,0 ) = exp ij0 J °  * jdt exp j* ¡ j * | ' fi‘ (h0COSt) W

- cos0 - sin0 

k sin0 - cos0
-c o s t  sint I i-fa (h co st)  

sint - cost / \ 0
dt

dqs
de

Then

( 0 ,0 )  = - cos0 - sin0 j f  / - c o s t  s in t \  /- fa (h c o s t)  \ 
sin0 - cos0 I ) n \ s in t - cost / \  0  j

10
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if hcose[p"
J -  J t

A (0) = 21 h co s0  P cos0fa(hcos0)+Q . sin0f4 (hcos0)] d0

and

As(0) = 2j  h cos0[pscos0f4(hcos0) + < isin 0f4(h cos0)]d 0

w here

Pu,s = a ih 0 s in 0 co s0  ^ jt + a2h2 s in 0 \2. + ^ c o s20)
2 2 2. \3 3 I

+ a3h~

+ a 4 h

30 , s in 0  cos0 , s in 0 (2 co s30 - cos0) „ 3k 
8 2 8 8 .

sin 0 U - + 2.cos20 + ( 1~cos2Q) , 
\3 3 5

+ ash“
16 16 

C f 5 = - a i h |£ e s ^

5jt 5 8 +sinecos5e ^sinecose , 5sine(2cos3e-cose) 
6 12 48

jcos28 - l j .  a 2 h 2 |cos3e + 1  j . 3 3  h 3 j c o s ^ lj

- a4h4^os59-_lj. ash5^os^e- lj

If we consider h > 0 such that:

ai+132-h2 +SaLh4 =0,
4 8

an easy calculation shows that Au(0) - As(0) = 0. Hence we have 
proved that:

11
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and

for

d2d

dz2
(h * ,0 )  = 0

a3d

d h d e2
.(h*, 0) = 0

h* =
5 as

(2)

(3)

By computing the third derivative of d with respect to 8 in (h±, 0) 
we get:

• d d ± s ig n -----(h  , 0) = - signas.
de3

(4)

3.2. Let fa(x) = a^x + a2x2 + a3X3+ a4X4 + a5x5 e  [R[x]. We consider 
as in 3.1, the vector field Xefa(x, y) = (y - ef(x), - x). By 3.1 (1), we 
have for a given h > 0,

dd

dz
(h, 0) = -jth 2 [ai + l^ i-h 2 + 5 .as h4l  Then — (h, 0) -  0  if and 

L 4 8 J de

only if h2
5

- a3 ± VT
as orh = 0, where A = â  - ^Q-ai as.

9

THEOREM A. Let A  ̂ 0, or le t A > 0 and  ai, a3, a5 have the 
same sign. Then, there exists e > 0  such that Xefa has no lim it cy­
cle, Vs, 0 < 8 < e.

Proof. Let h0 = minflcijl / f  (̂cij) = 0}. If ai * 0, then ho > 0 and 
divXefa = - ef^(x) has constant sign on the band B0 = f(x, y) e  IR2 /  
llxll < ho]. Therefore Xefa has no limit cycle on Bo, Ve > 0.

12



i) If A < 0 then dd¡qz (h, 0) * 0, Vh > 0.
Let us remark that there are no limit cycles coming from infin­
ity as is shown in [1], In fact A < 0 implies as** 0 and it is enough 
to show the existence of M > 0 such that for all yo > M there is no 
closed orbits o f Xefa through (0, yo). We assume as > 0. Consider 
the rectangle Rp = {(*, y) /  Ixl ss p, lyl s i } .  Let w s O s z b e  the roots 
of fa such that all other roots are contained in the interval (a, b). 
Let k be the supremum of lxfa(x)l on [a, b]. Chose (5 > 0 so that 
P > kol, p> z and fa(p) > 2k(z - w).
Let M > 0 be such that the disc o f center 0 and radius M contains 
Rp. Let e > 0 be so small that if e s  e the segment o f the orbit of 
Xefa between (0, M) and the first return to the positive vertical 
axis does not intersect Rp. We take also e so small that le fa(x)l < j , 
Vx e  [co, z].
Let y 0 > M and P(yo) be the first return o f the positive orbit 
through (0,yo) to the positive vertical axis. Consider the function

v e(x, y) = —  (x2 + y 2) • By evaluating the difference Ve(0, P(yo)) -  
2e

T

Ve(0,y0) -  /V  edt, where T is the time between (0,yo) and (QP(yo)),
o

we may write

T T, T2 T3 T4 T

f v edt= J v Ed t + JV Ed t+  f v edt+ f v cdt+ f v B dt
0 0 T, T2 T3 T4

where Ti < T2 < T3 < T4 are such that x(y0, Ti, 8) = x(y0, T2, e) = z, 
x(y0, T3, 8) = x(y0, T4, 8) = co and (x(y0, t, 8), y(y0, t, e)) is the con­
sidered orbit. Now, the above assumptions imply that

MELNIKOV DEVIATIONS AND

fTi . rT3 . rT •V edt s  2kz, Vedt * 2k(z - co), Vedt
JO Jt 2 1 t 4

13
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T T4 - 'j'
f 2Ved t s 2 fa(8) <4k(z - a)), i 4 Vedt<0 and therefore f V£d t< 0 ,
Jti j t 3 Jo

and VE(0, P(y0)) < Ve(0,y0). Then, Xefa has no limit cycle on IR2, for

ii) If A = 0 and ai * 0, a5 * 0, then ^ r(h , 0) = 0 for h > 0 if and 
only if

2 - 3 - 2

h = h c = A/ -  Since-------(h c,0 )= 0 a n d — -— (h c,0 )= -  ^ a 3 * 0 ,
V 5a5 dhde dh de 5

then in order to prove that d(h, e) has a local extremum at (he, 0), 
we have in the Taylor's formula, by 3.1 (1), (2), (3) and (4):

i3h 2 i a3d
.(h c ,0 ) (h -h e )2 + l _ ( h c , 0 ) e ‘d (h , e) = -Ê- 

2 dh 2 de 3 d e :
+ h.o.t.

3d .3d
But 4._____ (h c ,0 )------ (hc,0) * 0 and it has the same sign as

3 d h 2 de d e3
2

12jt El-, sgn a5 > 0. Hence d(h, e) has a local maximum at (hc, 0) if
2-5

d3d  d3d  
-----( h c, 0) <0 i. e. if a5 > 0 and a local minimum i f ----- ( h c, 0) >0 i.e.
d£3 dE3
if  a5 < 0. Similarly to i) there exists e2 > 0 such that d(h, e) * 0 for 
all h > 0 and e * e2 and there are no lim it cycles coming from
infinity or growing from the origin.

iii) If A = 0, ai = a3 = a5 = 0, the vector field Xefa is a nonlinear 
center and then it has no limit cycles.

iv) A > 0  and a3, a5 have the same sign or A = 0, aia5 = 0 (=> a3 
= 0). If a2 = a4 = 0 the function div X£fa is of constant sign, Ve > 0. 
If a2 and are not both zero let us consider the Poincaré 
compactification o f the vector field XeP, where P(x) is the even  
polynomial a2x2 + a4X4.

14
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a* > 0 or a4 = 0 and a 2>0 a* < 0 or a* = 0 and a 2 <0

Define V: \R2 -* IR-, V(0) = 0, V(z) = intersection of the flow of XeP 
trough z, with the negative vertical axis, if  a4 > 0 (or a4 = 0 and 
a2 > 0) or with the positive vertical axis, i f a 4 < 0 ( o r a 4 = 0  and 
a2 < 0).
V is a C® first integral o f XeP and we have:

Then dV/dx = x • k(x, y) anddV/ay = (y - p(x)) • k(x, y), with k(x, y) < 
0 if (x, y) * (0, 0) (the origin is the unique maximum of V). Thus 
DV • Xefa = - ex2k(x, y)(ai + a3x2 + a5x4) is of constant sign on the 
plane. Then Xefa no closed orbit for e  > 0.

THEOREM B. Let ai • a5 < 0. There exist e > 0 such that Xefa has 
a unique limit cycle on \R2 for all e,0 < e<£.

Proof. Since ai * 0, there exist ho > 0, as in the proof of Theo­
rem A, such that Xefa has no limit cycle on B0, Ve > 0. We may as­
sume, without loss of generality, that a.\ < 0, a5 > 0. (This implies 
that the origin and the infinite are repellors). The derivative

DV-XeP= — (y - eP(x)) +

15
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= - 2lLhciA *0  and sign jL fL (h c,0) = sign ax. Therefore the 
2 dhae

dd
graph of —  (h, 0) will be locally at he.* 

de

4

-> h

d d
Furthermore, by 3.1 (2) and 3.1 (4) we h a v e -----(he, 0 )=0 and

de
3

^ _ l(h c,0) < 0 , thus —  (h ,0 ) = a (h ) (h - h c) where 
d£3 d£

a (h )  = -5.jta5h2(h + ho)
8

Consequently d(h, e) = ea(h) (h - hc) - e3P(h, e) with P(hc, 0) > 0 
for all sufficiently small e > 0. Then, if h > he, d(h, e) < 0  and if h < 
h<., p(h, e) > 0 for h<. - 6 < h< 1\. and Ve, 0 < e < ei . Formally, by the 
Division Theorem, one obtains:

d (h ,E) = e[Va(h) (h -  h i)  +e V p(h ,e) ][lfa (h ) (h -h e )  - eVp(h.E) ]•

Thus d(h, e) = 0 for £ > 0 if and  only if y ] a ( h ) ( h  - h c) - £ ^ p ( h ,  e) 
= 0. By the Implicit Function Theorem, there exists i*(h) such that 
d(h, §(h)) = 0. We conclude that the graphs of d(h, e) in a 
neighborhood of hr are as follows:

h £  - < 0 , V h

— (h ,0 )

16
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>- e ->• e

d ( h c, e)
h  = hc

>- £

The function |(h )  is differentiable and has the graph:

Therefore there exists e(hc) = §(hc - ô) > 0, ô > 0 such that Xefa 
has a unique limit cycle on the band B(hc) = f(x, y) e  IR2/hc - ô < 
ll(x, y)ll < he + ô}, Ve, 0 < e < e(hc).
In addition Vh < hc, dd/aE(h, 0) > 0 and Vh > hc, «5d/̂ e(h, 0) < 0 
implies that there exist e > 0 such that Xefa has a unique limit 
cycle on IR2, Ve, 0 <e < e. (As before, we can show that there are 
no limit cycle coming from infinity because as * 0).

THEOREM C. Let A > 0 and let ai, a3, a5 be o f alternated signs. 
There exists e > 0 such that Xefa has two lim it cycles on [R2, Ve, 
0  < e<  e.

Proof. Since ai * 0 there exists ho > 0, as in the proof of The­
orem A such that Xefa has no limit cycle in B0, Ve > 0.
Let us assume, without loss of generality, that a\ > 0 (thus a5 > 0).

a d
The derivative —  (h, 0) has two positive roots: 

de — ji - a ± -J~A

17
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2d d2d 
with ho < h- < h+ and ——  (h*, 0) = t  ̂  Va (h* )3. H ence------- (h )

ahae 1 aha8

2d ad  
> 0 and------- (h +) < 0 . This shows that the graph of —  (h, 0) is:

ahde ae

3 d  3 d  
By 3.1 (2) and 3.1 (4), we have — -(h * ,0) = 0 a n d ----- (h*,0) < 0 .

d£2 ae3
This implies that d(h , e) = 8a(h) (h - h-) (h - h+) - e3P(h, e) with 
pih*, 0) > 0 for all small 8 > 0. Since a(h) < 0 for all h, d(h, e) < 0 if 
h < h-, Ve small enough. This says that the graphs of d(h, e) for 
h s h - are:

Now, if h_ and h+ are sufficiently close to each other (that is, if 
ai • a5 is small), we have P(h, e ) > 0, Vh, h ' s h s  h+, Ve, 0 < 8 < 8. 
Then, formally, by the Division Theorem
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d(h,E) =e[Vct(h)(h- h'Mh-lT) +eVp(h,e)] 

• [V a(h)(h-h ') (h-h")  - eVp(h,e)].

So d(h. e ) = 0  for e > 0 if and only if Ya(h) (h -h " ) (h -  h +) - 
eVfHh , e) = 0 ;  the Implicit Function Theorem implies the exis­
tence or £(h) such that d(h, 1(h)) = 0. Moreover

|'(h ) = 0  ~  -¿ -[a (h ) ( h - h') ( h - h +)l = 0 ~  A iL (h , 0 ) = 0 .
d h  ahds

The last equation has a unique positive root h<. such that lr  < hc < 
h+.

From the above arguments we can conclude that the graphs 
of d(h, e) for h* s h s h+ are:

h = h‘ h :< h < h c h = lv

where ec is the unique maximum of |(h ):
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| ( h )

^  - ^ h
h ‘ hc h

Now, if h  ̂h+, d(h, e) < 0 and we have the graphs:

e

This shows that the vector field Xefa has two limit cycles on the 
band B = {(*, y) e  IR2/ h* - 6 < ll(x, y)ll < h+ + 6}, Ve, 0  < e < ec. We ob­
tain a similar result if ai < 0 (then a5 < 0 ).
As before we conclude that Xefa has two limit cycles on IR2, Ve, 0 < 
e < b with 8 * £c- ■

All the above results together with those of [1], are sum­
marized in the following:

3.3. Conclusion. Let a = (ai, a2, a3, a*, a5) e  IR5, fa(x) = aix + 
a2x2 + a3x3 + a4X4 + a5x5 and let us consider the Lienard equation 
of degree 5

Xefa. (* -  y  efa(x) ^ ^  >  q asm ajj param eter.

\ y  = - x

2 40Finally let A(a) = a 3 - — ai a5. We have:

20



(1) If ai * 0, the origin is a hyperbolic focus, a repellor if ai < 0 
and an attractor if ai > 0 .

(2) If aj = 0 and a3 * 0, the origin is a weak focus, a repellor if 
a3 < 0 and an attractor if a3 > 0 .(ldem if ai = a3 = 0 , a5 * 0).

(3) If aj = a3 = a5 = 0, the origin is a center (usually a nonlinear 
on e).

(4) If a5 > 0, the infinite is a repellor and if a5 < 0, the infinite is 
an attractor. (Idem if a5 = 0  and a3 * 0, or a5 = a3 = 0 and ai *
0) ([3]).

(5) When ai changes sign, with a3 or a5 * 0 then we have a Hopf 
bifurcation at the origin.

(6 ) When a5 changes sign, with a3 or ai * 0 then we have a bi­
furcation at infinity: a limit cycle appears from infinity.

(7) When a3 changes sign with ai = 0 and a5 * 0 we have a gen­
eralized Hopf bifurcation at the origin. If ai * 0 and as = 0 
we have a bifurcation at infinity.

(8 ) If A(a) £ 0, there exists e(a) such that Xefa has no limit cycle 
for all e, 0 < b < e(a).

(9) If A(a) > 0, and ai, a3, a5 have the same sign, there exists e(a) 
such that Xefa has no limit cycles for all 8, 0 < 8 < 8(a).

(10) If aj- a5 < 0 ,  there exists e(a) such that Xefa has a unique 
limit cycle for all 8, 0  < e  < e(a).

(11) If A (a) > 0, and ai, a3, a5 are of alternated sign, then there 
exists e(a), ec(a), ec(a) < 8(a), such thatr
X8 a has two limit cycles for all 8, 0 < 8 < ec(a),
Xe a has a unique limit cycle (non hyperbolic) if e = ec(a), 
and
Xefa has no limit cycle for 8c(a) < 8 < 8(a).

(12) There, exists a neighborhood U of the origin o f IR5 and a 
cone C containing the plane a2, and being tangent to it at 
the origin, such that the family of vector fields XEfa, with 
ea e  K = U - C = {ea: a e  IR5, £ < 8(a)}, has the following bifur­
cation diagram:

MELNIKOV DEVIATIONS AND ...
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*3

(The case a5 < 0 is analogous).

Here A denotes the bifurcation set {ec(a) • a e  IR5/  A(a) > 0 
and ai, a3, a5 o f alternated signs] and corresponds to a coa­
lescence of lim it cycles.
The hyperplane ai = 0 is a set of Hopf bifurcations.
The hyperplane a5 = 0 is a set of bifurcation at infinity.

Remark. Indeed, the existence and non existence o f lim it 
cycles for the fam ily o f vector fields Xefa follows from the 
analysis o f the function 3d/de(h, 0 ) and its derivatives.
In fact:
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i j If ad/3e(h, 0) * 0 for all h > 0 then X£fa has no limit cycle for 
£ -* 0 .

ii) If dd/foiho 0) = 0 and d2d/ahde(hc, 0) * 0 for he > 0, then Xefa 
has, for e  -* 0, a unique limit cycle on a neighborhood of 
x2 + y2 = hc.

iii) If ad/ae(hc, 0) = d2d/dhde(hc, 0) = 0 and a3d/a2hae(ho 0 ) * o
then Xefa has, for e  -+ 0, at most two limit cycles on a

2neighborhood of the circle x 2 + y2 = he. Other situations are 
not possible because dd/ae(h, 0 ) has at most two positive 
roots.

Finally, remark that the calculus of the derivatives d 0)
(= 0 ) and d3d/ae3(h, 0 ) (* 0 ) is necessary to assure that the 
function d(h, e )  is well-shaped, that is d(hc, e )  is not identically 
zero for he a root of dd/^e(h, 0 ).
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