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PAIRWISE S-NORMAL SPACES

by

Bhamini M. P. Nayar and S. P. Arya

ABSTRACT. Extending the concept of s - normal spaces to bitopological spaces,
the concept of pairwise s - normal spaces is introduced. A space X is saidtobe s -
normal if any two disjoint semi - closed subsets of X can be separated by disjoint
'semi - open sets. A space (X, T}, Tp) is said to be pairwise s - normal if for any ;-
semi-closed set A and aT; - semi-closed set B disjoint from A, there exists aT; -
semi - open set Uand at; - semi -openset Vsuchthat AC V., B&C UandUNYV
=owherei =j i, j=1, 2. Several characterizations and other results conceming
pairwise s - normal spaces have been obtained.

In [1], the authors introduced the concept of s-normal
spaces. A space X is said to be s- normal if for any two disjoint
semi- closed subsets A and B of X there exist disjoint semi-open
sets U and V such that ACU and BC V. The purpose of the pre-
sent paper is to extend this concept to bitopological spaces. It is
shown that a pairwise normal space of Kelly [7] need not be
pairwise s- normal and a pairwise s- normal space need not be
pairwise normal.

A set ACX is said to be semi- open [9] if there exists an open
set UCX such that UC A CclU, clU denoting the closure of U. A
complement of a semi- open set is said to be semi- closed [3]. The
semi-closure of A, denoted by scl A, is the intersection of all
semi- closed sets containing A. The semi- interior of A, denoted
by sint A, is the union of all semi- open sets contained in A. In
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section 1 several properties of pairwise s- normal spaces are
studied and examples are given in section 2.

§1. Pairwise s-normal Spaces.

1.1 DEFINITION [7]. A space (X, T, T2) is said to be pairwise
normal if for each 7j- closed set A and a 1; - closed set B disjoint
from A, there exists a tj- open set U and a tj-open set V such
that ACU,BCV and UNnV =g, wherei,j=1, 2;i=j.

1.2 DEFINITION. A space (X, T, T;) is said to be pairwise
s-normal if for any tj- semi- closed set A and a ;- semi- closed
set B disjoint from A, there exists a T; - semi-open set V and a Tj-
semi- open set U such that ACU,BCV and UNV = g, wherei, j =
1,2;i =j.

1.3 DEFINITION. A space X is said to be pairwise semi- nor-
mal if for every T - closed set A and a t;- closed set B disjoint
from A, there exists a Tj- semi-open set U and a Tj - semi-open set
V such that ACV,BEU and UNV =g, wherei,j=1, 2;i=j.

In fact the concept of pairwise semi- normal spaces defined
above is due to Maheshwary and Prasad [11] who called them
pairwise s- normal spaces.

Obviously, every pairwise s- normal space is pairwise semi-
normal. But the converse need not be true as can be seen from
Examples 2.1.

1.4 REMARK. The examples 2.1 and 2.2 show that a pairwise
normal space need not be pairwise s- normal and a pairwise

s-normal may fail to be pairwise normal.

1.5 THEOREM. A space (X, 11, T;) is pairwise s - normal if and
only if for every <i- semi- closed setA and a ;- semi- open set
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B containing A, there exists atj- semi-open set U such that
ACUCTi-sclUCB,i=#j;ij=1,2.

Proof. Let (X, T, ;) be pairwise s-normal. Let F be a Ti-
semi-closed set and U a Tj- semi-open set containing F, i = j;i,j =
1, 2. Hence there exists a Tj - semi-open set G and a Ttj- semi-open
set Ksuch that FCK, (X-U)SGand GNK=g. Thatis, FCKCX-G
C U which implies that FCKCtj-scl K& X -G CU, since G is T;-
semi- open. Thus there exists a 1; - semi-open set K containing F
such that FEK € gj-sclK CUwherei = j;i,j=1, 2.

Conversely, let F, be a tj- semi-closed set and let F, be a tj-
semi- closed set disjoint from Fy,i#j;i,j =1, 2. Then X - F, is a 7j-
semi- open set containing F,. Hence in view of the hypothesis,
there exists a 1;- semi- open set V such that FiSV Cg-scl VEX -
F,. Now F, €V and F, € X - tj-scl V. Thus X is pairwise s- normal.

1.6 DEFINITION. A real valued function f on a space X is said
to be quasi- lower semi- continuous (denoted as q.l.s.c.) if the
set {x:f(x)> a} is a semi- open subset of X and f is said to be
quasi- upper semi- continuous (denoted as q.u.s.c.) if the set
{x:f(x) < b} is a semi- open subset of X where a and b are any
two real numbers. :

1.7 LEMMA. Let D be any dense subset of the set of all posi-
tive real numbers. To each t€ D there corresponds a tj- semi-
open subset U of a space (X, t;, T;) such thatt <s in D implies
thatti-sclUy S Ug and Uiey Ut = X. Then the function f defined
as f(x) = infft : x€ U} istj- q.u.s.c. and ti-q.Ls.c,i=j; i,j=1,
2. -

Proof. The set f-!{t:t < b} is 7j- semi- open, j = 1, 2, since
each Ui is 7j- semi-open and f-1{t:t<b}=U{U;:teD, t <b}
(Lemma 4.2 [6] ). Thus fis tj- q.u.s.c. Now f- ! {t:t>a} =X -f ! {t:
tsa}=X-MN{U;:t>aand te D} in view of Lemma 4.2 of [6]. It
can be proved as in the proof of Lemma 7 of {1] that (1 {U;: t€D,
t>a}=MN{tj-scl Uy ;t€D, t>a},i=j;i,j=1, 2. Thus f-1{t:

27



NAYAR AND ARYA

t>a}=X-MN{ti-scl U . teD, t>a} a tj- semi- open set. Thus f
is tj- q.l.s.c.

1.8 THEOREM. A space (X, Ti1, Tz) is pairwise s- normal if and
only if for avi- semi-closed set A and a ;- semi- closed set B dis-
joint from A, there exists atj- q.u.s.c. and Tj- q.1.s.c. function
f :X— [0, 1] such that f(x) =0 for acA and f (x) =1 for x€B.

Proof. The easy proof of the ‘if part is omitted.

To prove the ‘only if part, let X be pairwise s- normal and let
A be a 7i- semi- closed set and B be a 7;- semi- closed set disjoint
from A where i = j. Let Q be the set of all positive rational num
bers. For each t €Q let us define a tj- semi- open set U, as fol-
lows: For t > 1, let Uy = X. Let Uy = X - B, which is a 1j- semi- open
set contained A. Therefore, in view of Theorem 1.5, there exist a
Tj - semi- open set, say Up, such that AC Ug S ti-scl Up S U; =X - B.
Let {t, : n € N} be the sequence of rational numbers in [0, 1] with
t; = 0and t; = 1. For each n 2 3, we shall inductively define the
set Uy, in the following way. Let t; be the largest number such
that t, < t, and ts be the smallest number such that t, < t; where K,
s < n. Now corresponding to t, and t,, the U, and U, are defined
as: Uy is a Tj- semi- open set containing tj-slc Uy, . In view of
Theorem 1.5 there exists a T - semi- open set, say Utn, such that
Tj-slc Uy, € Ut & g-slc Ug,. Thus, Ut is defined for each t € Q such
that for t; < ty, Uy, is a 7j - semi- open set containing Tj-slc Uy,
i=ijij=1,2andU,ep U=X. '

Let us define a real valued function f on X as f(x) = inf{t :
X € Uyl. In view of Lemma 1.7, f is 1j- q.u.s.c. and tj-q.lLs.c., 1 = js
i,j =1, 2. It can be easily verified that f(x) = O for x € A and f(x) =
1 for x €B.

1.9 DEFINITION [10]. A space (X, T, T2) is said to be pair-
wise- semi- T, if for any two distinct points x and y of X there
exists a T - semi- open set U and a T; - semi- open set V such that
xeUy ¢gUandy€eEV, X &V.
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1.10 DEFINITION [2]. A space (X, T, T;) is said to be pairwise
completely s- regular if for any point x and a vj- closed set F not
containing x, there exists a Tj- q.u.s.c. and Tj- q.L.s.c. function f
on X such that f(x)=0Oand f(F) = 1 wherei=j;ij=1,2.

1.11 DEFINITION [12]. A space (X, T;, T2) is said to be pair-
wise s-regular if for each ;- closed set F and a point x ¢ F, there
exists a Tj- semi- open set U and a t;j- semi- open set V such that
FCU,xeVandUnNnV=gwherei=j;i,j=1, 2.

1.12 REMARK. In view of Theorem 1.8 it can be observed
that every pairwise semi-t; pairwise s- normal space is pair-
wise completely s-regular. In 1.14 we prove that a pairwise s-
normal space is pairwise completely s- regular if -and only if it
is pairwise s-regular. In 2.3 we give examples to show that a
pairwise semi- T; space may fail to be either pairwise s- normal
or pairwise s-regular. Also, the space in Example 2.11 is pair-
wise s-regular and pairwise semi-<t; but not pairwise s- nor-
mal.

1.13 LEMMA [14]. A space (X, Ty, T,) is pairwise s- regular if
and only if for each point x € X and each t; - open set V contain-
ing x, there exists ati- semi-open set U such that x€U Ctj- scl
UCV wherei = j; i,j=1, 2.

1.14 THEOREM. A pairwise s- normal space is pairwise com-
pletely s - regular if and only if it is pairwise s - regular.

Proof. The ‘only if’ part is immediate in view of the fact that
every pairwise completely s-regular space is pairwise s-regu-
lar. _

To prove the ‘if’ part, let F be a T; - closed set and let x € X - F.
Then X - Fis a tj- open set containing x. Hence in view of Lemma
1.13, there exists a Tj- semi-open set V such that XV Ctj-scl V
€CX-Fwherei #j;i,j =1, 2. Now in view of Theorem 1.8 there
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exists a T; - q.u.s.c. and Tj- q.l.s.c. function f on X such that f(F)=
1 and f(7j-scl V) = 0. Thus f(x) = 0 and f(F) = 1. Hence X is
pairwise completely s-regular.

In [8], Lane proved that if (X, t, T;) is a pairwise normal
space, g and f are functions on X such that f is T;-1l.s.c. and g is
T; - u.s.C. and g(x) = f(x) for every x €X, then there exists a T;-
Ls.c. and 1, - u.s.c. function h on X such that g = h = f. We ob-
tain a similar result for pairwise s-normal spaces.

1.15 THEOREM. If a space (X, T, T;) is pairwise s normal,
then for every pair of functions f and g defined on X such that
fist)-q.l.s.c. and g isT;-q.u.s.c. and g(x) = f(x) for every
X € X, there exists at - q.l.s.c. andT, - q.u.s.c. function h on X
such that g <= h = f,

Proof. Let P be the power set of X and p be the relation deﬁ-
ned on P as Ap B if only if T - scl ACt;,-sint B. The relation p
satisfies the following three conditions: (i) Let A = {A, Ay, ...,
Anl}, and B = {B,, By, ..., B,} be two finite subcollections of P.
Suppose that Ap B. That is, AjpBj foreveryiandj,i=1,2,..,m
andj =1, 2,...,n. Aj p Bj implies that T; - scl Aj C T, - sint Bj. Hence
in view of Theorem 7, there exists a T, - semi-open set CC X such
that T; -scl Aj SCCt-scl CCx,-sint Bj. Thus there exists a
CeP such that Ap Cand Cp B. (ii) Let A, B€ P. We shall prove
that ACB implies that Ap B where p is defined as: Ap B if
and only if Bp D implies Ap Dand C p'A implies C p B for any C
and D belonging to P. Let ACB. Let C an D be any two members
of P. Then Bp D implies that t; - sclS B Ct,-sint D. Therefore,

-scl A€ t;-sint D which means that Ap D. AlsoC p A implies
that t)-sclCCt,-sint AC+t,-sint B. Hence CpB. Thatis, ASB
implies that ApB. (iii) Let Ap B. Then t;-scl ACzt;-sint B
which means that ACB. Hence in view of Lemma 1 of [5] p sat-
isfies the following properties (a) and (b):
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(a) Let U an V be two countable subcollections of P. Let A,
BeP suchthat U p A,ApV,UpB and B p V. Then there exists
aCeP suchthatUpCandCp V.

(b) For any finite subcollection U of P, there exist A, BEP
such that (i) UpA and A pC whenever UpC, (ii) BpUandCpB
whenever CpU where ceP.

Let o be the natural order in the set Q of rational numbers.
Let F and G be two functions defined from Q into the power set P
of XasF(t)={xeX:f(x) = t}and G(t) = {x:g(x)<t}. Since f is
T; - q.l.s.c. and g is 1, - q.u.s.c., F(t) is T; - semi-closed and G(t) in
T, - semi- open. Since O is the natural order on Q, we have for F,
GEPQ FpoG, FpoG and GpoG. Therefore in view of Lemma 2 of
[5] there exists a function U from Q into X such that FpoU,
Up9U and Up©G. Thatis, t; <t; in Q, F(t;)pU(ty), U(t;)pU(ty)
and U (t)pG(ty). Since F(t;) is T; - semi- closed and G(t;) isT; -
semi- open, we have from the above relation F(t;) C T;-sint
U(), Tt -slcU(ty) © 1;-sintU(ty) andty-scl U(t)) € G(ty).
Now for each x in X, let us define a function h from X to Q as h(x)
= inf{teQ: x€U(t)}. h is a real valued function on X such that
g (x) = h(x) = f(x) for each x in X. Now it remains to be proved
that h is 71 - q.l.s.c. and 17 - q.u.s.c. Let x€X and let ¢ be a posi-
tive number. We can choose a t' in Q such that h(x) -€ < t'<
h (x). There exists a t in Q such that t'<t <h(x). Since t <h(x),
x U (t). Also, since t'<t,fy-sclU(t') € 1, -sintU(t) € U(t).
Thus xe€X -1; -scl U(t'"),aT; - semi- open set. Now consider teQ
such that t < t'. We have U(t) € Tt,-scl U(t) C t;-sintU(t'")
€ 7-sclU(t').So,ifpeX-t;-scl U(t"),thenfort<t',pgU(t).
Therefore, h(p) = t'. Thus for peX - t;-scl U(t’), h(x) - € <
h(p). Hence h is T, -q. L. s. c. Let us now take t' in Q such that
h(x) <t'<h(x) + €. Choose t in Q such that h(x) < t<t'. Since
h(x) <t,xeU(t).Sincet<t',t1-scl U(t) € =<;-sint U(t’). Thus
XET; -sint U(t'), a T; - semi- open set. Hence h is t;-q.u.s.c.
Thus the proof is complete.
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1.16 DEFINITION [13]. A subset A of a space X is said to be
an «a - set if A Cint(cl(int A))).

1.17 LEMMA [1]. Let Y €X be semi- closed and a. If Ais a
semi- closed subset of Y, then A is a semi - closed subset of X.

1.18 THEOREM. Every bi- a, bi- semi- closed subset of pair-
wise s - normal space is pairwise s- normal.

Proof. Using Lemma 17 and the fact that the intersection of
a semi- open set with an a - set is semi- open {13], the result can
be easily proved.

1.19 DEFINITIONS. A function f: X = Y is said to be semi-
continuos [9] (respectively, irresolute [4] ) if f-1(A) is semi-
open for every open (respectively, semi- open) subset A of Y.
f:X—Y is said to be semi- closed [15] if the image of every closed
subset of X is semi- closed. ;

1.20 DEFINITION. A function f: X = Y is said to be pre-
semi- closed if the image of every semi-closed subset of X is
semi- closed.

Clearly, every pre-semi- closed function is semi- closed. But
the converse is not necessarily true as can be seen from the
following example.

1.21 EXAMPLE. Let X = {a, b, ¢}, T; = {8, X, {a}} and ©; = {0, X,
{a}, {a, bi}. Let f: (X;5;) > (X,T;) be the identity function. Then f
is semi- closed but not pre- semi- closed.

1.22 DEFINITIONS. A function f: (X, Ty, T2) = (Y, Uy, Up) is
said to be pairwise semi- continuos (respectively, irresolute,
semi- closed, pre- semi- closed ) if f: (X, ;) = (Y, U;) and f:
(X, v2) ™ (Y, U;) are semi- continuos (respectively, irresolute,
semi- closed, pre- semi- closed).
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1.23 THEOREM. A pairwise irresolute pairwise pre-semi-
closed image of a pairwise s- normal space is pairwise s- normal.

Proof. Let f: (X, t;, v2) = (Y, U, U;) be pairwise irresolute
pairwise pre- semi- closed and (X, t), T;) be pairwise s- normal.
Let A be a Uj- semi- closed and B be a Uj- semi- closed subsets of
Y such that ANB =¢,i =j;i,j=1, 2.
Then there exists a Tj- semi-open set P and tj- semi-open set K
containing the t;j- semi- open set f~!(A) and v;- semi- closed set
f-1(B) respectively and PNK =@. LetP; =Y -f(X-P)andK, =Y
- f(X - K). Since f is pairwise pre- semi- closed, P; is Uj- semi-
open and K; is Uj- semi- open where i = j, i,j, =1, 2. Also ACP
and BEK,; where PynNK, =9. Thus (Y, U, Up) is pairwise
s- normal.

1.24 THEOREM. Every pairwise semi-continuos, pairwise
pre- semi- closed image of a pairwise s- normal space is pair-
wise semi- normal.

Proof. Is similar to the prof of Theorem 1.23.

§2 Examples.

2.1 Examples of pairwise normal ‘but not pairwise
s-normal spaces.

211. letX={{0}UNU {j+(1/n):j,neN - {1} } where N
is the set of positive integers. Let t) be generated by the follow-
ing open set base: (1) the relative open sets from the set of real
numbers in X - {0, 1}; (2) all subsets of the form {0} U {j
+ (1/2n), j = k; k, neN where k = 2}; and (3), all subsets of the
form {1} U {j +(1/(2n +1)),j = p; p, n€N and p = 2}. Let T, be the
topology defined by the following open set base: (1) the relative
open sets from the set of real numbers in X - {0, 1}. (2) all subsets
of the form {0} U §j + (1/(2n + 2));j 2k; kK, n€N and k = 2}; 'and
(3), all subsets of the form {1} U {j + (1/(2n + 3)),j=p, p, n€N
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and p=2}. Then (X, T, ;) is a pairwise normal but not pairwise
s-normal. X is a pairwise normal space because, for any two
disjoint sets A and B such that A is t; - closed and B is t; - closed
but neither of which contains either {0} or {1}, we can easily
find T, - open sets and T, - open sets satisfying the required
condition. Also, it should be noted that both {0} and {1} are ©; -
closed as well as T, - closed. Any set of the form {1} U {j + (1/(2n
+3)),j = 2 and for some ne N } is 7, - closed as well as T; - semi-

openand {1} U {j + (1/(2n + 3)),j=2,n€ N} =UisT, - open. Also

{0}U §j +(1/2n);j =2 and for some n €M } is T; - closed as well

ast; - semi-open and V= {0} U {j + (1/2n), j= 2, n€ N} is T, -

open and UMV = @. Thus (X, T, T;) is pairwise normal. X is not

pairwise s-normal because, consider the T, - semi- closed set U =
{1} U {2n: neN} U {2n + (1/2n) : neN} and T, - semi- closed set

V={0}Uf2n+1:nef}U {2n+1+ (1/(2n+1)) :neN}. Any 1, -

semi- open set containing {0} has to contain a set of the form {j +
(1/2n) :j = p, p = 2 and for some neMN} which has to intersect
U. Therefore there is not t; - semi- open set G containing V and a
T, - semi-open set H containing U such that GMH = @. Thus
(X, 11, T) is not pairwise s- normal.

21.2. letX=[-1,1]and 7 = {9, X, [-1, b), b> 0} and 7; = {@, X,
[-1,1/2M), n = 1, 2, ...}. In both topologies, a non- empty semi-
open set is the super set of a non-empty open set. This space
(X, T, Ty) is vacuously pairwise normal since every T; - closed set
intersect every T, - closed set. X is not pairwise s- normal be-
cause for some b > 0, the set of rationals in [b, 1] is T; - semi- clo-
sed and the set of irrationals in [b, 1] is tT; - semi- closed. But
there is not t; - semi- open set U and T, - semi- open set V such
that UNV = g and U containing the set of irrationals in [b, 1]
and V containing the set of rationals in [b, 1].

2.13.LetX=(0,1)and T, = {Uyp=(0,1 -%); n=23,..}1UX a}

and T, = {U, = (O, ,11—; n=2,3,..} U {X gl (X, 71, T2) is vacuously
pairwise normal since every non-empty T, - closed set as well as
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every non-empty T, - closed set contains points very close to 1.
Since every T; - semi- open set intersect every T, - semi- open set
and since there are T, - semi- closed sets disjoint from t, - semi-
closed sets, X is not a pairwise s- normal space.

2.2 Examples of pairwise s-normal but not pairwise
normal spaces.

2.2.1. Let X = [-1, 1] and T; be generated by the family {[-1,
b), b> 0; (a, 1], a < 0}. Hence, sets of the form (a, b),a<0,b > 0O
will also be open. Let t; = {[-1, 0), (O, 1], {1}, {-1}, {-1, 1}, [-1, 0) U
(O, 1]}. This space (X, T;, T3) is not pairwise normal because
[b, 1], b> 0, isT; - closed and {0} is T, - closed. Every T - open set
containing {0} contains an interval with O as interior point and
hence intersect the smallest T; - open set (0, 1] containing [b, 1].
It is easy to verify that X is pairwise normal.

2.2.2. Let X = (0, 1) and T, be the topology generated by sets of
the form S; = {xeXx>a,aeX}andt,={U, U, =(0,1/2" );n=1,
2, .. U {X, @}. (X, 71, T;) is not pairwise normal because for some
n €N, [1/27, 1) isT; - closed and (0, a] where 1/2n+*1 <a <1/2" is
T, - closed and (0, a] M [1/29, 1) = o. Then every T; - open set
containing (O, a] intersect any T; - open set containing [1/27, 1).
Since in both topologies, a super set of non-empty open set is
semi-open, it is easy to verify that (X, T, T;) is pairwise s- nor-
mal,

2.3 Examples of a pairwise semi-T; space which is nei-
ther pairwise s-regular nor pairwise s-normal.

2.3.1. Let X = {-1, 1} and t, be generated by the family {[-1,
b), b > 0; (a, 1], a < 0}. Then the sets of the form (a, b) are also
open. Let t; be defined as follows: For each xe[-1, 0], a basic
open set is of the form [-1, 1/2");n=1, 2,...and forxe (0, 1/2), a
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basic open set is of the form (0, 1/2");n =1, 2, ... and for x€[1/2,
1] X is the neighborhood. Then (X, T, t;) is pairwise semi- T; but
neither pairwise s-regular nor pairwise s-normal. X is not
pairwise s-regular because [-1, a], a < 0 is T; - closed and
0¢[-1, a]. Every T; - semi- open set containing {0} will intersect
any t; - semi-open set containing [-1, a]. X is not pairwise
semi- normal and hence not pairwise s- normal since [-1, a],
a < Qist; - closed and [1/2n, 1] for some n €X is T; - closed. Every
T; - semi- open set containing [1/2", 1] has to contain an interval
with O as interior point and hence intersects every t; - semi-
open set containing [-1, a].

2.3.2.Let X =(0, 1) and letT; = {@, X; {(0, 1/27),n =1, 2, ... }}

and let t; be the co- finite topology. Then (X, T, t;) is pairwise
semi- T;. But it is not pairwise s- regular because {1/2", 1) for
some n € N is T; - closed and let a < 1/27, Every T; - semi-open set
containing [1/27, 1) intersects every T, - semi- open Set contain-
ing a. X is not pairwise s- normal because consider the t; - semi-
closed set {b}U[a, 1) where b < a. Let ¢ and d be two distinct
points of X such that b <c <d <a. Then {c, d} is t; - semi- closed.
Every T; - semi- open set containing {b} U [a, 1] intersects every
T, - semi- open set containing {c, d}.
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