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PAIRWISE S-NORMAL SPACES

by

Bhamini M. P. Nayar and S. P. Arya

ABSTRACT. Extending the concept of s - normal spaces to bitopological spaces, 
the concept of pairwise s - normal spaces is introduced. A  space X  is said to be s - 
normal if any two disjoint semi - closed subsets of X can be separated by disjoint 
semi - open sets. A  space (X, x ^ x ^  is said to be pairwise s - normal if for any Xj- 
semi-closed set A  and axj - semi-closed set B disjoint from A, there exists ax,- - 
semi - open set U  and ax: - semi - open set V such that A  £  V , 13 £  U and U D V  
= o where i *  j ; i, j =  1, 2. Several characterizations and other results concerning 
pairwise s - normal spaces have been obtained.

In [1], the authors introduced the concept of s-n orm al 
spaces. A space X is said to be s -  normal if for any two disjoint 
sem i- closed subsets A and B of X there exist disjoint sem i-open  
sets U and V such that A c  U and B c  V . The purpose of the pre­
sent paper is to extend this concept to bitopological spaces. It is 
shown that a pairwise normal space of Kelly [7] need not be 
pairwise s - normal and a pairwise s - normal space need not be 
pairwise normal.

A set A c  X is said to be semi - open [9] if there exists an open  
set U c X  such that U C A C clU , clU  denoting the closure of U. A 
complement of a semi - open set is said to be semi- closed [3]. The 
semi-closure o f A, denoted by scl A, is the intersection o f all 
sem i-closed  sets containing A. The sem i-interior of A, denoted  
by sint A, is the union of all semi- open sets contained in A. In
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sec tio n  1 severa l p ro p erties  o f  p a irw ise  s -n o r m a l sp aces are  
stu d ied  an d  exam ples are g iven  in  section  2.

§ 1 . Pairwise s-norm al Spaces.

1.1 DEFINITION [7 ]. A sp ace  (X, x j , x 2) is  sa id  to be pairwise 
norm al i f  for  each  Xj - c losed  set A an d  a xj - c lo sed  set B d isjo in t 
from  A, th ere  ex ists  a Xj - o p e n  se t U an d  a  x* - o p e n  set V su ch  
that A c  U , B c  V and U n  V = 0 , w here i, j = 1, 2; i * j.

1.2 DEFINITION. A sp ace (X, x ! , x 2) is sa id  to be pairw ise  
s - normal i f  for an y  xj- sem i - c lo sed  se t A an d  a  xj - sem i - c lo sed  
se t B d isjo in t from  A, there ex ists a Xj - sem i-op en  set V and a xj - 
se m i-  op en  set U su ch  that A Q U , B Q V and U n  V = 0 , w here i, j =
1 , 2; i * j .

1.3 DEFINITION. A sp ace  X is sa id  to  be pairwise se m i-n o r­
m al i f  for  ev ery  xj - c lo sed  se t A an d  a  Xj - c lo se d  set B d isjo in t  
from  A, th ere  exists a  xj - sem i-op en  set U an d  a  Xj - s e m i-o p e n  set
V such  that A £ V , B C U  and U n V = 0 , w here i, j = 1, 2; i  * j.

In fact th e  co n c e p t o f  pa irw ise  sem i- norm al spaces d e fin ed  
ab ove  is d u e  to  M aheshw ary a n d  Prasad [11] w h o ca lled  them  
p airw ise s - norm al spaces.

O b viou sly , e v ery  pa irw ise  s -n o r m a l  sp ace  is  pa irw ise se m i­
norm al. But the co n v erse  n e e d  n o t  be true as can  be seen  from  
Examples 2 .1 .

1 .4  REMARK T he exam p les 2 .1  an d  2 .2  sh o w  th at a pairw ise  
n orm al sp a ce  n e e d  n o t  b e  p a irw ise  s - n orm al an d  a  p a irw ise  
s - norm al m ay fail to  be pairw ise norm al.

1.5 THEOREM. A space (X, x i, x2) is pairwise s-norm al i f  and  
only i f  for every x\ - sem i- closed set A and a xj - semi - open set
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B containing  A, there exists a Xj- semi-open set U such that 
A Ç U Ç t î - s c I  U Ç B , i  * j ;  i ,j  = 1, 2.

P r o o f. Let (X, x j, x 2) be p a irw ise  s -n o r m a l. Let F b e  a x j-  
sem i-closed  set and  U a  Xj - sem i-op en  set contain ing  F, i * j; i, j =
1 , 2 .  H ence there exists a Xi - sem i-op en  set G and a Xj - se m i-o p e n  
set K such that F ÇK, (X - U) QG and G n  K = 0 . That is, F Ç K C X  - G 
Q U w h ich  im plies that F Q K Q Xj -  sel K Q X - G Q U, since G is x\ - 
sem i - open . Thus there exists a  xj - sem i-op en  set K con ta in in g  F 
such  that F Q K £  Xj-sclK Q U w here i * j; i, j = 1, 2.

C onversely , le t F] be a xj - sem i-c lo sed  set and le t F2 be a xj - 
se m i-  c losed  set disjoint from  F i, i * j; i, j = 1, 2. T hen X - F2 is a  Xj- 
s e m i-o p e n  set con ta in in g  F i. H ence in  v iew  o f  th e  h y p o th esis , 
there exists a Xj - sem i - op en  set V such  that Fi Q V Qx\-scl VQX-  
F2. Now Fi Q V and F2 Q X - Xj-scl V. Thus X is pairw ise s -  n orm al.

1 .6  DEFINITION. A real v a lu ed  fu n ction  f  on a space X is said  
to be quasi-lower semi- continuous (d en o ted  as q . l . s . c . )  i f  the  
set  { x ; f  ( x )  > a} is a  se m i-  o p en  su b set o f  X and f  is sa id  to  be  
quasi - upper semi - continuous (d en o ted  as q .u .  s .c . )  i f  the set  
{ x : f  ( x )  < b j is a sem i - op en  su b set o f  X w here a and  b are any  
two real num bers.

1 .7  LEMMA Let D be any dense subset of the set of all posi­
tive real numbers. To each t e D  there corresponds a Xj - semi- 
open subset Ut of a space (X, X j , t 2 ) such that t < s in D implies 
thatT\ - s c l U t C U g  and U t en Ut = X. Then the function f  defined 
as f  (x) = inf{t : x  e  U 1 1 is xj - q. u. s. c. and - q. 1. s. c., i * j ; i, j = 1,
2.

P r o o f . The se t  f - I { t : t < b }  is  Xj - sem i - open , j = 1, 2, s in ce  
each  Ut is Xj- s e m i-  o p en  and  f" 1 (t : t < b }  = U  (U t : t e D  , t < b } 
(Lemma 4.2 [6] ). Thus f  is Xj- q . u . s . c .  Now f " 1 ft : t >  a}  = X - f - 1 {t: 
t s a } *  X - n { U t : t > a  and  t e  D} in  v iew  o f  Lemma 4.2 o f  [6]. It 
can t>e proved as in  the p roo f o f  Lemma 7 o f  [1] that O  { Ut : t e D ,  
t >  a}  = H  {x j -  scl Ut : t e D ,  t >  a}  , i *  j ; i, j = 1, 2. Thus f " 1 {t :
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t > a} = X - n { T i-s c l  Ut : teD , t > a |  a x p  sem i-open  set. Thus f  
is Ti- q.l.s.c.

1.8 THEOREM. A space (X, xi, x2) is pairwise s- normal i f  and 
only i f  for ax\ - semi-closed set A and axj - semi - closed set B dis­
jo int from  A, there exists a x y  q. u .5. c. a n d t \ - q. 1.s. c. function  
f : X -*■ [0, 1] such that f  (x) = 0 for a e A  and f  (x) = 1 for x e B .

Proof. The easy proof of the ‘i f  part is omitted.
To prove the ‘only i f  part, let X be pairwise s - normal and let 

A be a xj - sem i - closed set and B be a Xj - sem i - closed set disjoint 
from A where i * j. Let Q b e the set of all positive rational num 
bers. For each t e  Q. let us define a xj - sem i - open set Ut, as fol­
lows: For t > 1, let Ut -  X. Let Ui = X - B, which is a Xj - semi - open  
set contained A. Therefore, in view of Theorem 1.5 , there exist a 
Xj - sem i - open set, say Uo, such that A Q U0 £  Xj-scl U0 £  Ui = X - B. 
Let {tn : n e  IN} be the sequence of rational numbers in [0, 1] with 
ti = 0 and t2 = 1. For each n  ̂ 3, we shall inductively define the 
set Utn in the following way. Let tk be the largest number such 
that tk < tn and ts be the smallest number such that tn < ts where k, 
s < n. Now corresponding to tk and ts, the Utk and Uts are defined 
as: Uts is a Xj - sem i - open set containing X|-slc Utk . In view of 
Theorem 1.5 there exists a Xj - sem i - open set, say Utn, such that 
xj -  sic Utk Q Utn £  vj- sic Utn. Thus, Ut is defined for each t e  Q.such 
that for ti < t2, Ut2 is a xj - sem i - open set containing xj -  sic Utp 
i  ̂ j; i, j = 1, 2 and Ut ed Ut = X.

Let us define a real valued function f  on X as f(x) = inf{t :
x e  Ut}. In view of Lemma 1.7, f  is Xj - q.u.s.c. and xi- q.l.s.c., i * j; 
i, j = 1, 2 . It can be easily verified that f(x) = 0 for x e A  and f(x) =
1 for x e  B.

1.9 DEFINITION [10]. A space (X, x i, x2) is said to be pa ir­
wise- sem i- T iif  for any two distinct points x and y  of X there 
exists ax i - sem i - open set U and a x 2 - sem i - open set V such that 
x e U ,y  £ U a n d y e V ,x £ V .
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1.10 DEFINITION [2]. A space (X, x{, x2) is said to be pairwise 
completely s- regular if for any point x and a x\- closed set F not 
containing x, there exists a x i-q .u .s .c .  and X j-q.l.s.c. function f  
on X such that f  (x ) = 0 and f (F) = 1 where i * j ; i, j = 1, 2.

1.11 DEFINITION [12]. A space (X, Xi, x2) is said to be pa ir­
wise s-regular  if for each %\ - closed set F and a point x £  F, there 
exists a Xj - sem i - open set U and a xj - sem i - open set V such that 
F c u ,  x e V  and U n V = 0 where i * j; i, j = 1, 2.

1.12 REMARK. In view o f Theorem 1.8 it can be observed  
that every pairwise sem i-x i pairwise s-norm al space is pair­
wise completely s-regular. In 1.14 we prove that a pairwise s-  
normal space is pairwise com pletely s-regu lar if and only if it 
is pairwise s-regular. In 2.3 we give examples to show that a 
pairwise sem i-xj space may fail to be either pairwise s-n o rm a l  
or pairwise s-regular. Also, the space in Example 2.11 is pair­
wise s-regu lar and pairwise sem i-x i but not pairwise s- n o r ­
mal.

1.13 LEMMA [14]. A  space (X, xj, x 2) is pairwise s- regular i f  
and only i f  for each point x e X  and each x\ - open set V contain­
ing  x, there exists a x\- semi-open set U such th a tx eU  £ x j -  scl 
U c  v  where i * j ; i, j = 1 , 2.

1.14 THEOREM. A pairwise s- normal space is pairwise com­
pletely  s - regular i f  and only i f  i t  is pairwise s - regular.

Proof. The ‘only i f ’ part is immediate in view of the fact that 
every pairwise completely s-regu lar space is pairwise s - r e g u ­
lar.

To prove the ‘i f  part, let F be a %\ - closed set and let x e  X - F. 
Then X - F is a xj - open set containing x. Hence in view o f Lemma 
1.13, there exists a xj - semi-open set V such that x e  VQx j  - scl V 
Q X - F where i * j; i, j = 1, 2. Now in view of Theorem 1.8 there
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exists a Ti - q.u.s.c. and Xj - q.l.s.c. function f on X such that f  (F) =
1 and f  (xj - scl V ) = 0. Thus f(x) = 0 and f(F ) = 1. Hence X is 
pairwise completely s -reg u la r .

In [8], Lane proved that if  (X, x ! ,x 2) is a pairwise normal 
space, g and f are functions on X such that f is xj - l.s.c. and g is 
x2 -u .s.c . and g(x) < f(x) for every x e X ,  then there exists a Xi- 
l.s.c. and x2 - u.s.c. function h on X such that g  ̂ h s  f. We ob­
tain a similar result for pairwise s-normal spaces.

1.15 THEOREM. I f  a space (X, x lf x 2) is pairwise &- normal, 
then for every pair o f functions f  and  g defined on X such that 
f  is X] - q. l.s.c. and g is x2 - q .u .s.c. and  g ( x ) ^  f  (x) for every 
x e X , there exists ax\ -q .l.s .c . andx2 - q .u .s.c. function  h on X 
such that g  ̂ h ;£ f .

Proof. Let P be the power set of X and p be the relation defi­
ned on P as Ap B if only if X] - scl A £ t 2 - s in t  B. The relation p 
satisfies the following three conditions: (i) Let A = {A i, A2, ... , 
Am}, and B = {Bj, B2, ..., Bn} be two finite subcollections o f P. 
Suppose that Ap B. That is, A\ p Bj for every i and j, i = 1, 2 , . . . ,  m 
and j = 1, 2 ,..., n. Aj p Bj implies that X] - scl Aj Q %2 - sint Bj. Hence 
in view of Theorem 7, there exists a x2 - semi-open set C QX such 
that X] - scl Aj S C C x j-s c l  C C x 2-s in t  Bj. Thus there exists a 
C eP such that Ap C and C p B. (ii) Let A, B e  P. We shall prove 
that A £  B implies that A p  B where p- is defined as: A p" B if  
and only if B p D implies A p D and C p A implies C p B for any C 
and D belonging to P. Let A Q B . Let C an D be any two members 
of P. Then B p D implies that ^  - s c l£  B Q x2 - s in t  D. Therefore, 
Xj - scl A Q x 2 - sin  t D which means that A p D. Also C p A im plies 
that x\ - scl C £ x 2 - s in t  A £ x 2 - s in t  B. Hence Cp B. That is, A £ B  
implies that ApTB. (iii) Let A p B . Then Xi -s c l  A £ x 2- s i n t  B 
which means that A £ B . Hence in view of Lemma 1 of [5] p sat­
isfies the following properties (a) and (b):
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(a) Let U an V be two countable subcollections of P. Let A, 
B e  P such that U p A, Ap V, U p B and B p V. Then there exists 
aC e  P such that U p C and C p V.

(b) For any finite subcollection U of P, there exist A, B e P  
such that (i) U jJA and A p C whenever U p C, (ii) B pTU and C p B 
whenever C p U where c e  P .

Let a  be the natural order in the set Q. of rational numbers. 
Let F and G be two functions defined from Q. into the power set P 
of X as F (t) = {xeX  : f  (x) s  t} and G (t) = {x : g (x ) < t }. Since f  is 
Ti - q.l.s.c. and g is x2 - q.u.s.c., F (t) isx i - semi-closed and G (t) in 
x2 - sem i - open. Since a  is the natural order on Q , we have for F, 
GePQ-, Fp°G , Fp°G and Gp°G. Therefore in view of Lemma 2 of
[5] there exists a function U from Q, into X such that Fpa U, 
U pa U a n d  U p°G . That is, tj < t2 in Q, F(ti)pU (t2), U (ti)pU  (t2) 
and U (ti)p G (t2). Since F(tO is xi - sem i- closed and G(t2) is x2 - 
sem i-op en , we have from the above relation F(ti) c  x2- s in t  
U (t2), Xj - sic U (ti) Q x 2 - s in t U  (t2) a n d x j-sc l U (ti) Q G(t2). 
Now for each x in X, let us define a function h from X to Q.as h(x) 
= inf{teQ .: x e U (t ) } .  h is a real valued function on X such that 
g ( x)  ̂ h(x)  ̂ f (x) for each x in X. Now it remains to be proved 
that h is x i - q .l.s.c. and %2 ~ q.u .s.c. Let xeX  and let e be a posi­
tive number. We can choose a t' in Q such  that h(x) - e < t'<  
h (x). There exists a t in Q such that t '< t  <h(x). Since t < h (x), 
x ^ U (t ) .  Also, since t 1 <t,xj - scl U ( t ' ) Q x2 - s in t U ( t )  Q U (t) . 
Thus x e X  - Xi - scl U (t'), axi - sem i - open set. Now consider teQ . 
such that t < t'. We have U (t) Q x ^ s c lU i t )  Q x2 - s in t U ( t ' )  
Q X] - scl U ( t?). So, if p eX  -X] - scl U (t'), then for t < t \  p ^ U (t ) .  
Therefore, h(p) > t'. Thus for p e X  - X] - scl U (t'), h(x) - e < 
h (p). Hence h is Xj - q. 1. s. c. Let us now take t* in Q. such that 
h (x) < t 1 < h(x) + e. Choose t in Q, such that h(x) < t < t *. Since 
h (x) < t ,x e U ( t ) .  Since t < t ’,x i - s c l  U (t) Q x2- sint U ( t ’). Thus 
x e x 2-s in t  U (t'), a x2 - sem i-op en  set. Hence h is x2 - q .u .s.c. 
Thus the proof is complete.
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1.16 DEFINITION [13]. A subset A of a space X is said to be 
an a  - set if  A £ in t(c l(in t A))).

1.17 LEMMA [1]. Let Y QX be semi - closed and a . I f  A is  a 
semi- closed subset o f  Y, then A is a semi - closed subset o f X.

1.18 THEOREM. Every bi- a , bi- semi- closed subset o f pair­
wise s - normal space is pairwise s- normal.

Proof. Using Lemma 17 and the fact that the intersection of 
a semi- open set with an a  - set is semi - open [13], the result can 
be easily proved.

1.19 DEFINITIONS. A function f: X Y is said to be semi- 
continuos  [9] (respectively, irresolute  [4] ) i f f " 1 (A) is sem i­
open for every open (respectively, sem i-open) subset A of Y. 
f  :X_>Y is said to be semi- closed [15] if the image of every closed 
subset of X is sem i- closed.

1.20 DEFINITION. A function f: X -  Y is said to be p re -  
semi- closed  if the image of every sem i-closed  subset o f X is 
sem i- closed.

Clearly, every pre - sem i - closed function is semi - closed. But 
the converse is not necessarily true as can be seen from the 
following example.

1.21 EXAMPLE. Let X = {a, b, c], Xj = {0 , X, {a]} and x2 = {0 , X, 
{a}, {a, b }}. Let f: (X,xi) “* (X,x2) be the identity function. Then f  
is semi - closed but not pre - sem i - closed.

1.22 DEFINITIONS. A function f: (X, x i, x2) — (Y, Ulf U2) is 
said to be pairwise semi - continuos  (respectively, irresolute, 
semi - closed, pre - semi - closed ) if f: (X, x ^  (Y, Ui) and f: 
(X, x2) (Y, U2) are semi - continuos (respectively, irresolute, 
sem i - closed, pre - sem i - closed).
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1 .2 3  THEOREM. A  pairwise irresolute pairwise p re-sem i - 
closed image o f a pairwise s- normal space is pairwise s- normal.

Proof. Let f: (X, x 1; x 2) “* (Y, Ui, U2) be pairwise irresolute 
pairwise pre- semi - closed and (X, xi, x2) be pairwise s -  normal. 
Let A be a Ui - semi - closed and B be a Uj - sem i - closed subsets of
Y such that A n B = 0, i * j; i, j = 1, 2.
Then there exists a xj - semi-open set P and X} - semi-open set K 
containing the x¡- semi- open set f " 1 (A) and xj - sem i- closed set 
f “ 1 ( B ) respectively and Pn K = 0 . Let Pi = Y - f (X - P ) and Ki = Y 
- f(X - K). Since f  is pairwise pre - sem i- closed, Pj is Uj - sem i- 
open and Ki is Ui - semi- open where i * j, i, j, = 1, 2. Also AQ P 1 
and B £ K j where P if iK i = 0 . Thus (Y, U j, U2 ) is pairwise 
s - normal.

1 .2 4  THEOREM. Every pairwise semi - continuos, pairwise 
pre  - semi - closed image o f a pairwise s - normal space is pair­
wise semi- normal.

Proof. Is similar to the prof of Theorem 1.23.

§2 Examples.

2.1 Examples o f  pairwise norm al but not pairwise 
s-norm al sp aces.

2 .1 .1 . Let X = { {0} U IN U 0 + (1/n ) : j, n e  IN - f l ] }  where IN 
is the set of positive integers. Let X] be generated by the follow­
ing open set base: ( 1 ) the relative open sets from the set of real 
numbers in X - {0 , 1}; (2 ) all subsets of the form {0} U fj 
+ ( l /2 n ) ,  j ;> k; k, n e  IN where k ;> 2}; and (3), all subsets of the 
form fl}  U  {j + ( l / ( 2n + l)), j 2: p; p, neIN and p 2= 2}. Letx2 be the 
topology defined by the following open set base: ( 1 ) the relative 
open sets from the set of real numbers in X - {0, 1}. (2) all subsets 
o f the form {0} U  {j + ( l / ( 2n + 2)); j ;> k; k, n e  IN and k ;> 2}; and
(3), all subsets of the form {1 } U  {j + ( l / ( 2n + 3)), j s  p, p, n e  IN
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and p & 2}. Then (X, xi, x2) is a pairwise normal but not pairwise 
s’- normal. X is a pairwise normal space because, for auiy two 
disjoint sets A and B such that A is xi - closed and B is x2 - closed  
but neither of which contains either {0 } or {1 }, we can easily  
find x i-o p e n  sets and x2 -o p en  sets satisfying the required  
condition. Also, it should be noted that both {0} and [1} are Xi - 
closed as well as x2 - closed. Any set of the form {1} U {j + ( l / ( 2n 
+ 3)), j  ̂ 2 and for some n e  IN } is Xi - closed as well as x2 - sem i­
open and {1} U {j + ( l / ( 2n + 3)), j  ̂2, n e  IN} = U isx2 - open. Also 
|0} U  fj + ( l / 2n); j & 2 and for some n e  IN } is x2 - closed as well 
asxi - sem i- open and V = {0} U  {j + ( l /2 n ) ,  j ;> 2, n e  IN} is Xi - 
open and U HV = 0 . Thus (X, x !,x 2) is pairwise normal. X is not 
pairwise s - normal because, consider the xi - sem i- closed set U = 
{1 } U {2n: neIN} U  {2n + ( l / 2n) : neIN} andx2 - semi- closed set
V = {0} U  {2n + i  : neIN} U  {2n + 1 + ( l / ( 2n + 1 )) : neIN}. Any Xi - 
sem i- open set containing {0} has to contain a set of the form {j + 
( l / 2n) : j a p, p * 2  and for some neIN} which has to intersect 
U. Therefore there is not xi - sem i- open set G containing V and a 
x2 - sem i-open set H containing U such that G D  H = 0 . Thus 
(X, xi, x2) is not pairwise s- normal.

2.1.2. Let X = [-1, 1] and xt = f0 , X, [-1, b), b > 0} and x2 = {0 , X, 
[-1, l / 2 n ), n = 1, 2, ...}. In both topologies, a n on -em pty  sem i­
open set is the super set o f a non - empty open set. This space 
(X, xi, x2) is vacuously pairwise normal since every xi - closed set 
intersect every x 2 - closed set. X is not pairwise s - normal be­
cause for some b > 0 , the set of rationals in [b, 1 ] is xj - sem i- c lo ­
sed and the set of irrationals in [b, 1] is x 2 - sem i- closed. But 
there is not x\ - sem i- open set U and x2 - sem i- open set V such 
that U f lV  = 0  and U containing the set o f irrationals in  [b, 1] 
and V containing the set of rationals in [b, 1].

2.1.3. Let X = (0, 1) andxi = (Un = (0,1 -j-); n = 2, 3 ,...}  U  {X, 0 ! 
andx2 = (U„ = (0, £■); n = 2, 3 ,.. .)  U  {X, 0}. (X, x i , t 2) is vacuously 
pairwise normal since every non-em pty Xj - closed set as well as
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every non- empty x2 - closed set contains points very close to 1 . 
Since every - sem i- open set intersect every x2 - sem i - open set 
and since there are xj - semi- closed sets disjoint from x2 - sem i­
closed sets, X is not a pairwise s -  normal space.

2.2 Examples o f  pairwise s-norm al but not pairwise 
norm al spaces.

2.2.1. Let X = [-1, 1] and X! be generated by the family {[-1, 
b ), b > 0; (a, 1], a < 0}. Hence, sets of the form (a, b), a < 0, b > 0 
will also be open. Letx2 = {[-1 , 0 ), (0 , 1 ], {1 }, {-1 }, f-1 , 1 }, [-1 , 0 ) U  
(0, 1]}. This space (X, x }, x 2) is not pairwise normal because 
[b, 1], b > 0, isx! - closed and {0} is x2 - closed. Every x\ - open set 
containing {0 } contains an interval with 0 as interior point and 
hence intersect the smallest x2 - open set (0 , 1 ] containing [b, 1 ]. 
It is easy to verify that X is pairwise normal.

2.2.2. Let X = (0, 1) and Xi be the topology generated by sets of 
the form Sa = {x e  X I x>  a, a eX  ] andx2 = {Un I Un = (0, l / 2n ); n = 1, 
2 ,...}  U  {X, 0 }. (X, x i,x 2) is not pairwise normal because for some 
n e  IN, [ l / 2n, 1) isx 2 - closed and (0, a] where l /2 n + l < a <  l / 2n is
xi - closed and (0 , a] D [ l / 2n, 1) = 0 . Then every x2 - open set 
containing (0 , a] intersect any - open set containing [ l / 2 n, 1 ). 
Since in both topologies, a super set of non -em pty open set is 
semi-open, it is easy to verify that (X, x i, x2) is pairwise s- n o r ­
mal.

2.3 Examples o f a pairwise semi-Tj space which is nei­
ther pairw ise s-regular nor pairw ise s-norm al.

2.3.1. Let X = {-1, 1} a n d x t be generated by the family {[-1, 
b ), b > 0 ;  (a, 1], a < 0}. Then the sets of the form (a, b) are also 
open. Let x2 be defined as follows: For each x e  [-1, 0], a basic 
open set is of the form [-1 , l / 2n); n = 1 , 2 , . . .  and for x e  ( 0 , 1 / 2), a
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basic open set is of the form (0 , l / 2n); n = 1 , 2 , . . .  and for x e  [ 1/2  ,
1] X is the neighborhood. Then (X, x\, x2) is pairwise semi - T! but 
neither pairwise s - regular nor pairwise s - normal. X is not 
pairwise s-regu lar  because [-1 , a], a < 0 is x\ - closed and 
0 £  [-1, a]. Every Ti - sem i- open set containing {0} will intersect 
any x2 - sem i - open set containing [-1, a ]. X is not pairwise 
sem i-norm al and hence not pairwise s-n orm al since [-1 , a], 
a < OisT! - closed and [ l / 2n, 1] for some n e  X isx 2 - closed. Every 
x\ - sem i- open set containing [ l / 2n, 1 ] has to contain an interval 
with 0 as interior point and hence intersects every x2 - semi - 
open set containing [-1 , a].

2.3.2. Let X = (0, 1) and let xj = [o, Xj HO, 1 / 2"), n = 1, 2, ... }} 
and let x2 be the co - finite topology. Then (X, xj, x2) is pairwise 
sem i-T ]. But it is not pairwise s-regu lar because [ l / 2n, 1) for 
some n e  IN is x\ - closed and let a < l /2 n. Every x2 - semi-open set 
containing [ l / 2n, 1 ) intersects every X! - sem i-op en  set contain­
ing a. X is not pairwise s - normal because consider the x\ - sem i­
closed set {b} U [a, 1 ) where b < a. Let c and d be two distinct 
points of X such that b < c < d < a. Then {c, d} is x2 - sem i- closed. 
Every x2 - sem i- open set containing fb} U [a, 1] intersects every 
xj - sem i- open set containing {c, d }.
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