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§1. Introduction

The purpose of this paper is to prove a fixed point theorem  
for Hausdorff first countable topological spaces and to show, that 
it is really a generalization of the following well-known Banach 
Fixed Point Theorem: Let f:(X, d) -* (X, d) be a contraction map
ping from a complete metric space into itself. Let x e  X. Then the 
sequence |f*n)(x)} converges to a point z0 e  X and f(zo) = z0. Fur
thermore, zo is the unique fixed point for f. (The definitions of 
notions not defined here can be found in [1 ]).

§2 . Result

Before presenting our theorem, we need to establish some 
terminology and to prove one lemma.

DEFINITION 1. Let X be an arbitrary topological space. Let 
f: X -*• X be a function .Then f is said to be topologically contractive 
(in what follows t-contractive) iff
(*) for every open cover r  of X and for every couple of points
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a, b e  X there exists n e  IN such that Vk a n, 3 U e f  such that 
PKa) e  U and f^b) e  U holds.

LEMMA 1. Let X be a Hausdorff first countable space. Let 
|xn} be a sequence o f points o f X. I f
(1) for every open cover r  o f the set X there exists U e T  
such that the set U n {xn} has at least two points holds, then the 
sequence [xn] has a convergent subsequence.

Proof. Suppose, contrary to what we wish to prove, there 
exists no convergent subsequence of fxn}. Then V x e  X exists an 
open neighborhood Ox of x such, that the set Ox n {xn} is finite or 
empty. Otherwise, by the Hausdorff and first countability prop
erties of the space one could construct a subsequence converg
ing to x. So the set Ux defined as Ux = Ox - ( (Ox n {xn]) - {x} ) is an 
open neighborhood of x such that Ux n {xn} c  fx} holds. Let us 
define an open cover T of X with aid o f the Ux's. Put r  = {Ux : 
x e  X}. Then VU E r  the set U n {xn} is empty or has only one 
point which is in contradiction with ( 1 ).

THEOREM 1. Let X be a Hausdorff first countable topological 
space. Let f :X -» X b e  a continuous, t-contractive function. Let 
x E X. Then
(A) The sequence ffln)(x)} has a convergent subsequence which 

converges to a point z0 eX  and f(z0) = z<>
(B) There is one and only one fixed point for  f.

Proof. Let us denote the sequence {x, f(x), ..., P^x), ...} by fxn]. 
First we show that (A) holds. We distinguish two cases.
- (I) The set I = {xn : n E IN] is finite. We will prove that in 

this case f(x) = x holds. Suppose, to the contrary, that f(x) * x. 
Then we can define an open cover T of X as follows: T  = (X - (xn} }
U fOj: i = 1 , 2 , . . .  , k] where k is a number of distinct points of {xn} 
and Oi are disjoint open sets such that Xj E Oj holds for i = 1, 2 ,..., k. 
Since f  is t-contractive, the points x, f(x) and the cover r  have to 
fulfill the assertion (*) o f Definition 1. But it is easy to see from  
construction of r  that this is not true. We have a contradiction.
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The assertion f(x) * x is false.
(II) The set I = |x n : n e  DM} is infinite. In this case (:, k e  DM, 

k *Jt implies f*(x) * fk(x) and, o f course f(x) * x. Again, the points 
x, f(x) and an arbitrary open cover f  of X fulfill (*) of Definition 
1. Therefore the assumptions of Lemma 1 are fulfilled for {xnl 
and it has a convergent subsequence {an} which converges to a 
point z0. Suppose, contrary to what we wish to prove, f(z0) * z(). 
Then there exist two disjoint open sets U, O such that z() e  U, 
f(zo) e  O. The continuity of f and an -* z() imply that there exists k 
e  IN such that Vj & k, ^ e  U and f(a,) e  O. Let us define an open  
cover C of X as follows: put A = {z(), ak, ak + 1, ...}; B = {f(z0), f(ak), 
f(ak + ,), W = X-(A u B) and C = {U, O, W]. The sets A, B are 
closed so 'C is an open cover o f X. Then the points x, f(x) and the 
cover <, must satisfy the condition (*). Therefore there exists 
n e  IN such that Vm 2 n3Y e>c such that fm(x) e  Y and f^ifix)) e  Y 
holds. Let us take a m  ̂ n such that f̂ Mx) = ai for some aj e  U, 
where i * k. Except for U, a, = f^ix) belongs to no other set from  
'C. To fulfill (*) fm(f(x)) e  U must be true but fm(f(x)) = f(aj) e  O 
and U and O are disjoint. This is a contradiction. So f(zo) = Zq holds 
and (A) is proved.

To prove (B), suppose that there exist two points y, z e  X , y  * z 
such that y = f(y), z = f(z). Take two disjoint open sets U, V for 
which y e U and z e  V holds. Let us consider the open cover a of X 
defined by a = {U, V, X - fy, z}}. Since Vn e  IN, PMy) = y  and f ’(z) = z 
the points y, z and the cover a do not fulfill the condition (*) 
from Definition 1. This is a contradiction. ■

The next example shows that the theorem fails if  the function  
f  is not continuous.

EXAMPLE 1. Let X = {1, 1 /2 , ..., 1/n, ...} u [0] with the natural 
metric inherited from 1R. Let us define f: X -* X as follows: f(0) = 1 
an d f(l/k ) = l / ( k + 1 ) for k =  1 , 2 , __
Then X is a complete metric space, f  is t-contractive, but f  has no  
fixed point.
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In topological spaces, the concept of "completeness" has no 
meaning. Therefore our theorem  works also for noncom plete 
metric spaces. The next example illustrates this and also shows 
that the assumption of t-contractivity of f  cannot be omitted.

EXAMPLE 2. Let the sets X = IE], Y = (EJ - fO} be equipped with 
the natural topology inherited from the real numbers. Let the 
functions f: X -* X, g: Y Y be defined as follows:

Vx e  X, f(x) = x/2  
Vy E Y, g(y) = y /2  

The space X and the function f  fulfill the hypotheses of Theorem 
1. The fixed point is 0. But it is easy to see, that (0 being not a 
point of Y) the function g is not t-contractive. It has no fixed 
point.

Next we show that Theorem 1 is really a generalization of the 
Banach Fixed Point Theorem. We recall that a function f: X -* X 
defined on a metric space (X, d) is said to be contractive provided 
there exists a real number «  such that 0 s  cx < 1  and for all x and y  
in X, d(f(x), f(y)) s ad(x , y). We have to prove the following 
assertion:

LEMMA 2. I f  X is a complete metric space and f: X -* X is a 
contractive function then f  is continuous and t-contractive.

Proof. Let us show the t-contractiveness of f. To prove this, 
we use the fact, that (according to Banach Fixed Point Theorem) 
our f  has a fixed point z and that 
(**) Vx E X, VO open, z e  O, 3n E DM, V£& n f*(x) E O.
So if a, b E X and r  is an open cover of X, let us take a set U e  f  
such that z E U. Then by (**) 3n E QM, Vt n f* (a) E U and 
f'(b) E U .b

Open problem. Let X be a metric space, let f: X -* X be a con
tinuous t-contractive function. Under which hypotheses is f  
contractive?
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