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ON TWO SYSTEMS OF ORTHOGONAL POLYNOMIALS 
RELATED TO THE POLLACZEK POLYNOMIALS

by

Jairo A. Charris,* Claudia P. Gömez and Guillermo Rodriguez-Bianco

A B S T R A C T . The spectral properties of two systems of orthogonal polynomials 
related to the Pollaczek polynomials and of their corresponding Jacobi operators 
are examined. The continued fractions and orthogonality measures of the 
polynomials and the spectra and spectral resolutions of the operators arc 
determined. End point and embedded eigenvalues are detected for appropriate 
values of the parameters. Kxplicit representations of the polynomials in terms of 
the Pollaczek polynomials are included.

§1. Introduction. We study in this paper two systems of or­
thogonal polynomials determined by recurrence relations of the 
form

x S2n(x) = S2n + i (x) + ai ) s2n. 1 (x) (1.1)
x S2n + ] (x) = S2n +2(x) + ai  ̂S2n(x), n & 0

and initial conditions

S-i(x) = 0, S(,(x) = 1 (1.2)
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nomials, continued fractions, orthogonality  measures, Jacobi operators 
and matrices, spectrum  of an operator, spectral resolution of an operator.
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An early example, a ^  = a, ai,1* = b, a, b, > 0, is in [13], p. 91 (see 
also [8]). Rank 2 perturbations of this particular system are 
studied in [12]. The first system, denoted with {pn(x)| , is given by

af,1* = 2Xbc; a(n0) = a, a(n1} = Ik± JL b , n *  1. (1.3) 

The second, ip ^ ix )} , by

ai,IJ = a; a(n0) = Z^_±iLb, a(nn = a, n;> 1. (1.4)

For both systems we assume

X>0; a, b, c > 0 . (1.5)

As a matter of fact, except for Theorem 4.4 below, only the case 
X * 1/2 is actually relevant, and could be assumed througout. We 
observe that (pi^ix)} is the system of first associated (numer­
ator) polynomial o f {pn(x)} (see Section 2 for the appropriate 
definitions).

Recurrence relations of the form (1.1) have appeared in the 
study of certain processes in physical chemistry. See [29], [34]. 
They usually arise in the description of quantum phenomena in 
terms of the Heisenberg - Jacobi matrix analysis or by diagonal- 
ization of Hamiltonians in appropriate L2 - basis ([5], [7], [17], 
[26]). As a matter of fact, (1.3), (1.4) are first approximations to 
the description of some diatomic processes where a, b depend on 
the components, X* 1/2 is a coupling parameter and c depends on 
the initial conditions. The support o f the orthogonality measures 
yields the spectrum of the Jacobi matrices (or the Hamiltonians) 
involved and, therefore, the energy levels of the processes. Both 
systems have, under certain assumptions on the initials condi­
tions, endpoint or embedded eigenvalues, which correspond to 
spectral concentrations suggesting resonances. Both phenom ­
ena are rather exotic in orthogonal polynomial systems explic­
itly given by recurrence relations ([11], [12], [14], [20],), spe­
cially of such innocent looking recursions as (1.1). This is the 
main justification for the present paper.
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Recurrence relation (1.1) is also a special case of general 
symmetric sieved polynomials in the sense of [10]. Indeed, the 
polynom ials Jpn(x)} and {pi1}(x)} are closely related to sieved  
Pollaczek polynomials. It is worth mentioning, however, that the 
techniques used in [2], [9], [18] to determine the orthogonality 
measures are not appropriate in these cases, as neither {pn(x)j 
nor {pi1}(x)} seem to originate in a sieving process in the sense 
of these papers. We will follow, therefore, the more direct ap­
proach in [10]. As a matter of fact, it was the research for the 
present paper which motivated some o f the ideas in [10]. We hope 
this work will illustrate the technical difficulties encountered in 
the spectral analysis of systems such as (1.3) and (1.4), and how 
to overcome some of them.

The paper is organized as follows: Section 2 is a brief account 
of background material. Its main purpose is to fix the language. 
Section 3 is a review of basic facts about Pollaczek’s polynomials. 
Section 4 deals with the system {pn(x)j given by (1.3), and Sec­
tion 5, with the system of their first associated (numerator) poly­
nomials. Section 6 contains some final observations.

This paper originated in research carried out by the second 
and third authors for their M. S. dissertations at the National 
University of Colombia in Bogotá, under the supervision of J. 
Charris.

§2 . Background

Let [Pn(x)} be the system of polynomials determined by

(An x + B „ )  Pn(x) = Pn+1(x) + Cn P n - i ( x ) ,  n * 0, (2.1) 

and the initial conditions

P.jtx) = 0, Pn(x) = 1  (2.2)
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If the coefficients An, Bn, Cn are real numbers, which we will as­
sume henceforth, the polynomials {Pn(x) | will be real polyno­
mials. Clearly Pn(x) has degree  ̂n, and exact degree n if  and 
only if An * 0 for 1 1 2 O.

The system of polynomials {P(n* }(x)L i = 0 ,1 , 2 ,..., determined by

(An + l x + Bn + i) P i l)(x) = P j^ W  + C n H P ^ ix), n sO , (2.3) 

and the initial conditions 

P-i’fx) = 0, P(',n(x) = 1, (2.4)

is called the system of ith - associated polynomials of {Pn(x)j. 
Clearly P™(x) = P„(x) for all n a 0.

The following well know results will be used in the sequel.

THEOREM 2.1 (Favard). Let {Pn(x)} be determined by  (2.1) 
and  (2.2). Then (Pn(x)} is a system o f orthogonal polynomials, i. 
e., there is a positive measure pi supported by the real line IR 
such that

I Pn(x) Pm(x) dji(x) = Xn 6mn, > 0, m ,n .i 0, (2.5) 
j -  00

i f  and only i f

Cn- 1 > 0 , n sO . (2.6)
An An+ 1

A measure n satisfying (2.5) is called an orthogonality measure 
or an spectral measure o f the system {Pn(x)|, and the Pn(x)’s are 
said to be orthogonal with respect to p. If \i is so chosen that jx(IR)
= 1 , in which case it is called a normalized orthogonality measure 
o f  (Pn(x)}, then

Xo -  1; Xn = ^2.CiC2...Gi, n i l ,  (2.7)
An

and, if
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then

[

P„(X) = M i l ,  n * 0 , (2.8)
V x7

+  x

Pn(x) Pm(x) djn(x) = ômn. m, n * 0, (2.9)

xP n(x) = bn + iPn + i(x) + anPn(x) + bnPn-i(x), n 2: 0, (2.10)

and

P.,(x) = 0 , P„(x) = 1, (2.11)

w here

an = bn +1 = /i/  — Çq.+.J—', naO  (2 .1 2 )
Af, V An An + I

The system {Pn(x)} is called the system o f orthonormal polynomi­
als of {Pn(x)J, and n is called an orthonormality measure o f 
{Pn(x )}. As a matter of fact, any system determined by (2.10) and
(2 .1 1 ) with an, bn real and bn+i > 0 , n & 0 , is orthonormal for some 
normalized measure. This follows at once from Favard’s theorem  
and from (2.7).

With the notations above we have:

THEOREM 2.2 In order for the normalized orthogonality 
measure \i o f  {Pn(x)] to be compactly supported it is necessary 
and sufficient that there is M > 0 such that

Bn
An

M., . /  Qi+i a M, n sO , (2.13)
3 V An An +1 3

in which case Supp pi c[-M , M]. I fv  is any other orthogonality 
measure o f  {Pn(x)| then v = z/ (ER) ji, and ^ is the only measure for 
which  (2.5) and (2.7) hold
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Remark 2.1. If An = 1 for all n * 0, the leading coefficient o f 
Pn(x) is 1 for all n  ̂ 0, i. e., Pn(x) is a monic polynomial. This is 
the case of the polynomials {Sn(x)} determined by (1.1) and (1.2) 
and in particular of ipn(x)l and [pi^ix)}.

Remark 2.2. If |Pn(x)}, given by (2.1) and (2.2), is a system  
of orthogonal polynomials, then the same is true of [P ^ ix )} , i = 
0 , 1 , 2 , ..., and their normalized orthogonality measures fij have 
compact support in [-M, M] if  (2.13) holds. In general fij if 
i * j. We observe that if IBn/Anl sMq,

— Qùîjü—  <: Mi and / \ / — Cfti+2  ̂ M2, n^O , then
A2n A2n + 1 V A2n + 1 A2n + 2

Supp^iÇ [-M,M], M = M )+M ,+M 2, i = 0 , 1 ,2 ,... (2.14)

Let P(x), xe(D, denote the limit of the continued fraction

,— 1— 1 -,— — I - , — &— l-: ..  (2 .i5)
•A0x + B0 1A 1X + B] 'A2x + B2

wherever it exists. Then (see [13], Chap. Ill)

P(x) = lim  go.:j,(x)  ̂ (2.16)
n 00 pn(x )

Assume {Pn(x)j is a system of orthogonal polynomials given by
(2.1) and (2.2). Also assume that (2.13) holds. Then:

THEOREM 2.3. (Markov). The lim it (2.16) exists for  a i /z e (T -  
[-M, M], and i f  ¡.i is the normalized orthogonality measure o f  
iPn(x)}, then

P(z) = niijPg, P"'-Il(z) = -L f z<£[-M,M]. (2.17)
P n ( z )  A ) J_ œ Z - t
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Furthermore, the convergence is uniform on compact subsets o f 
(E - [-M, M].

The Stieltjes - Perron inversion formula ([3], [6], [8], [13], [28]) 
allows to recover ^ from P(z) via

i*+00 r+co I X
I f ( x ) d j i ( x ) =  Hm  I \ P ( x - i e ) - P ( x + i E ) / f ( x ) d x ,  (2.18)

J-00 e -> o+2ni

which holds for any bounded measurable function f on IR. Let

o(x) := f  dfi(t) = ii((-oo, x]) (2.19)
J-00

be the distribution function of \i. It follows from (2.18) that

a(x)  - a(xo - 0) = l im  ^ 0 -  f (p(t - is) - P(t + ie ) ) )d t , (2.20)  
e — o+ 2jri Jxo

where a(xo - 0) = lim a(t), and in particular, that
t - >  X o -

a(x) = l im  *>-(  ( p ( t - i e )  - P ( t  + i s)) )dt .  (2.21)
e - *  o+ 2jti

Remark 2.3. In practice, P(z) is determined, regardless of 
Theorem 2.3, by calculating limn ^ 0CP(n1.)1 (z)/Pn(z) from the asymp­
totics of the polynomials or by any other means. Then (2.18) is 
used to determ ine jx. The function P(z) itself will be called  
hereafter the continued fraction o f  fPn(x)f.

Clearly Supppi is the set of points of increase of a , i.e., the set 
of points x in IR such that o(xx) < o(x2) for all x i, x2 with Xi < x < 
x2. If a(x) * a (x  - 0) then x e  Suppfi, and the set of such points, 
which is necessarily countable, is called the point support of
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and is denoted with P .̂ Points in PM are also called mass points of
and x E P̂  if and only if

n(rx}) = o ( x ) - a (x -  0 ) * 0 . (2 .22 )

The following characterization of points in P  ̂ is useful:

THEOREM 2 .4 . Assume fi is the normalized orthogonality 
measure o f  {Pn(x)| and that Supp\xc[-M, M ],M >0. Let ¡Pn(x)¡ be 
the orthonormal system o f  (Pn(x)}. Then x e  P ̂  i f  and only i f

x ^2
Pn (x)<+oc,

n = 0

and in such case

H<fx)) = —— L ------ (2.23)
I  Pn(x)

n = ()

Let be the set of isolated points of Suppjx. Then D^cp^. The 
set D^is called the discrete support of \i and a point in is called 
an isolated mass point of\i. Under the assumptions of Theorem  
2.4, we have:

THEOREM 2 .5 . A point x is in D^ i f  and only i f x  is an isolated 
pole o f  P(z). In such case,

[a({x]) = Ao Res(P, x) (2.24)

The set o f points x in Suppji such that o(x) = o(x - 0) is called 
the continuos support o f  \i and is denoted with C .̂ Clearly Suppjj.
= Ĉ  U P̂  and Ĉ  H P  ̂ = 0 . We observe that C  ̂and P  ̂may not be 
closed subsets of Supp^.

Points in P  ̂which are interior to Supp^i are called embedded 
mass points. A point x in Supppi is embedded if and only if x is
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interior to the clousure of Ĉ t. Points in P  ̂which are in the 
clousure of but are not embedded are called end - point masses.

The orthogonality measure ^ has the Lebesgue decomposition

H=fic + Hp + [is (2.25)

where pic is absolutely continuous and carried by a subset of C ,̂ 
jis is singular continuous and carried by a subset o f o f  
Lebesgue measure 0, and jxp is a jump measure carried by P^. The 
measure ¡ic can be uniquely written in the form

dfic = qp(x)dx (2.26)

where cp(x) is integrable with respect to Lebesgue measure and is 
called the weight function of (or of {Pn(x)}).

Assume the normalized orthogonality measure \i of {Pn(x)} is 
compactly supported. We have

THEOREM 2.6. For each e > 0 let

P(E)(x) = -J -(p (x  - iE) - P(x + ie)). (2.27)
2jti

Let I be an open interval o f  IR such that for each a, b in  I with 
a < b there are e(a, b) > 0 and C(a, b) > 0 such that IPt(x)l s  C(a, b) 
for almost o f  x in [a, b] and all 0  < e < e(a, b). Further assume that 
limE_̂ 0P(e)(x) exist a.e. on I. Then

cp(x) = lim  _ i_  P(c)(x), a.e. on L (2.28)
e —*■<) 2jti

Moreover ED P(1 = 0 , and i f  cp(x) * 0 a.e. on I then ICC^.

Theorem 2.6. is an easy consequence of Lebesgue's dominated 
convergence and Levi's theorems (see [27], p.36 and 32).

A tridiagonal symmetric real matrix

ON TWO SYSTEMS OF ORTHOGONAL...
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JT =

a<) bi 0 0 0... 0

bj ai b2 0 0... 0

0 b2 a3 b3 0... 0 (2.29)

such that bn > 0 for all n  ̂ 1 is called a Jacobi matrix. The matrix JF 
is bounded if there is M > 0 such that

|an12S M/3, bn +1 * M/3, n a 0. (2.30)

Let ¿2(C) be the Hilbert space of complex sequences (xn), 
n s  0 , such that

X | |̂  < +00»
n = 0

with the inner product
x

((xn) ; ( y n))= 2  xnyn. (2.31)
n = 0

A bounded Jacobi matrix J defines on l i  a bounded linear opera­
tor J by

Jen = bn + 1 en + 1 + anen + bnen.!, n & 0, (2.32)

and continuous linear extension. Here en = (6()n, 6 in, ...), n * 0 , is 
the canonical basis of and e.j = (0, 0, ...); JT is the matrix of JT 
relative to {en}. The operator J is called the Jacobi operator de­
termined by J. If J satisfies (2.30) then II J II < M.

Let |Pn(x)} be the system of polynomials determined by  JT 
through

xPn(x) = b n+iPn + ,(x )+ an P n(x) + bnPn-i(x), n ^ l  (2.33)

and

P„(x) = 1, P,(x) = J _ (x -a „ )  (2.34)
bi
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Then |Pn(x)} is an orthonormal system of polynomials with re­
spect to a positive measure such that (i(iR) = 1 , called the poly­
nomials o f  JT. The measure \i is unique and compactly supported 
if (2.30) holds, in which case S u p p le  [-M, M], It can be^shown 
that in such case Suppn coincides with the spectrum  a p( J) of JT, 
Cjt is identical to the continuous spectrum  o c( J), and ap( J), the 
point spectrum , is P .̂ The embedded mass points of \i are the 
embedded eigenvalues of J, i.e., the eigenvalues of J which are 
interior to the spectrum. The points in D^ are the isolated  
eigenvalues o f X If (Et) te iR is a righ t continuous spectral 
resolution of J and a  is the distribution of \i (i.e.,a(x) = ji((-°°, x])) 
then a(t) = (Et eo; eo). Conversely, (Et) can be obtained from fi by 
means of

|  ej,n = 0 , 1 ,2 ,... (2.35)

and continuous linear extension. The system of orthogonal poly­
nomials determined by the matrix may be of help in the search 
for the spectrum of the matrix.

Standard references for the results in this section, including 
the connection with functional analysis, are [1], [13], [28], [30], 
[31]. See also [8], [12], where most of the results are proved, and 
where the connections between spiectral resolutions of Jacobi 
operators and orthogonality measures of their polynomials, and 
between spectra and supports, are examined. For continued  
fractions and their relation to orthogonal polynomials, [3], [13], 
[28], [33] are excellent sources.

§3. The Pollaczek polynom ials

The following notations will be used in the sequel.

Exen=  2
j = o £ P n iO P K tJd jiit)
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With (x2 - 1) ,/2 we denote the branch of the square root of 
x2 - 1 in C which behaves as x when x -»  oo. Hence (x2 - 1)1/2 = 
Vx2 - 1 for x > 1  (here, V" denotes the usual non-negative square 
root of a non-negative real number) and (x2 - 1 ) 1/2 = - Vx2- 1 if  
x < - 1 . Also (x2 - 1 ) 1/2 = i Vx2 - 1 if -1  < x < 1 . It can be shown that 
(x2 - l ) l/2 is analytic in C - [-1, 1] (see [9] for details).

Let

a(x) = x + (x2 - 1)1/2, p(x) = x - (x2 - 1 )1/2, x e  <L (3.1)

Then a , p are analytic in C - [-1, 1], a(x) + P(x) = 2x, a(x) - p(x) = 
2(x2 - 1)1/2 an d a(x)P (x) = 1. It follows (see [9]) that la(x)l * 
lp(x)L with la(x)l -  ip(x)l if and only if x e  [-1 , 1 ], in which case 
a(x) = p(x) and la(x)l -  1 .

If a is a complex number and n > 0 is an integer, the 
Pochhammer shifted factorial (a)n is

(a)n “ I 1, n = 0  (3.2)
ja(a + 1 ) ... (a + n - 1 ), n & 1

If a is not an integer < 0 then

(a)„ = n iO , (3.3) 
r(a)

where T(x) denotes the Gamma function (See [15], [21], [25]).

Let a, b, c be complex numbers, c not an integer < 0. The hy­
pergeometric series jFi and 2Fi are defined by

oo

l F i  (^ | x) =  J  — x n, (3 .4 )
n=0 n! (c)n

and

2 *?i K b |x )-  X -(- )l1- b)n x",bd < 1 (3.S)
n=0 n! (c)n

Properties o f jFi, 2F 1 can be found in [15], [21], [25]. In particu­
lar,

1 1 2
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' r(b) r(c - b) Jo
r (c ) tb' ' ( l  - t ) c"b' ' ( l  -tx )‘adt,bd<l,(3 .6)

0

provided that Re(c) > Re(b) > 0. This is known as Euler's formula. 

Now we define

whenever c and c - b are not integers < 0 and b > 0. The integral 
in (3.7) is called a Hadamard integral. Details about the Hadamard 
integrals can be found in [9], [24]. If a, b, c are analytic func­
tions of x, the Hadamard integral in (3.7) is analytic in x, Ixl < 1, 
except where c or c - b are integers < 0 .
If (an) and (bn) are sequences, the notation an ~ bn means that 
limn-*xan/b n= l, and we say that (an) and (bn) behave asymptoti­
cally equal as n -* °°. The asymptotic formulae

simple consequences of Stirling's formula (see [21], [25]), will be 
needed.

f 1\ b" '(l - t)’ ‘b‘' ( l  - tx)'adt _ r(b) r(c - b) 
r(c) b  x , bd <  1 , ( 3 . 7 )lo

r(a + n) 
r(b + n)

_  - b (a )n  _  H b )  n a - b 

( b ) n  r(a) (3.8)

The associated Pollaczek polynomials R^ix), n ir 0, j = 0 ,1 , 2 ,..., 
are defined through

2[( n +X+a + j ) x +b]RÎ,j, ( x ) =( n +1 + j ) R„ + ! + ( n +2X- 1 + j ) R ^ -1 (x), (3.9)

n * 0 , and initial conditions

R(-1 (x) = 0, R!,j)(x) = l  

We will write Rn^ix) = Rn(x), and also

(3.10)

Rn (x) = Pn (x; X, a, b), n & 0 (3.11)
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The polynomials Rn(x) are simply called the Pollaczek polyno­
mials; the R ^ xV s are the jth - associates of the Rn(x)’s. It is as­
sumed that X, a, b are real numbers. The positivity condition

X > 0 and X + a > 0 (3.12)

ensures that (Rn (x)}, j = 0, 1, 2 ,. . . ,  is a system of orthogonal poly­
nomials.

Let

A = -X + —ax + b b = - X - ax + b 
(x2 - 1 ) 1/2 (x2 - l ) 1' 2

(3.13)

Darboux's method ([22], Chap. VIII) and some simple analytic 
continuation arguments allow to prove (see [9] for details) that

THEOREM 3.1 . I f  {Rn(x)} is given by  (3.9) and X, a, b are 
real numbers, X > 0, X + a > 0, then {Rn(x)| is a system o f orthog­
onal polynomials, and

R(x) = = ßj (1 - p2u)"A' ' ( l  - u )'B‘ ‘ du

Furthermore, for i & 1 ,

A + 1 1 W
-B +  1

(3.14)

R(i)(x) = lim  Rn-i (x) _ j . f l  o 
7 n ->  oo _ /h : P

p u ^ - p V ' - ' d - u ) - “’ 1
n -1 ( X)  _ i + l  o JO

du

Rn}

JO

r 11 2uM (1-ß u ) ' A' 1 ( l - u j ' ^ d u

114



ON TWO SYSTEMS OF ORTHOGONAL...

A+ 1 , i+  1  

-B + i + 1____  ______
ß

2

(3.15)

Relations (3.14) and  (3.15) hold f o r x e  C - [-M, M], M = (1 A )  
(Ibl + Xy/2).

Remark 3.1. As matter of fact, (3.14) holds for x £  Supp m, 
where m is the normalized spectral measure of (Rn(x)}. Since

is analytic for x £  [-1 , 1 ] except possibly for simple poles at the 
points x, if any, where B(x) = n, n = 0, 1, 2, these poles must 
belong to Supp m, and have to be located on [-M, 1 ] U  (1, M].

Remark 3.2. Relations (3.14) and (3.15) still hold for -1/2  < X
< 0, provided that 0<A. + a +  l < l ,  but we do not need this (see [9]).

Remark 3.3. Let {Rn(x)| be a system  o f Pollaczek's poly­
nomials and assume that R(x) is given by (3.14). From simple 
properties of a , p and of A, B, it follows (see [9]) that

—L- lim  (r(x - ig) - R(x + ie)) = ImR(x), (3.16)
2jti P o+

and also that

ImR(x) =

0, x £ [ - l ,  1], B(x) * 0 ,1 ,2 ,...
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Hence, the absolutely continuous part nic of the spectral measure 
m of fRn(x)j is

dnv h  Yl -x 2 1(1 - p2)‘A1| xh,
j t r ( 2 ? j

(x) dx (3.17)

where X(-l, l) (x) is the characteristic function of (-1, 1). Also 
(see [1 1 ] for details), for the spectral measure m i1) of {R ^ix)}, 
we have

d m ^  =
n-B  + 1)|2 |d - p 2)'A' f  XM,.) (X)

j t r m  + 1)
2F 1

A + 1 , 1 2
P

-B +  1

dx (3.18)

Observe that if X * 1 / 2 , the series in the denominator of (3.18) 
converges absolutely.

We will also need the following result:

THEOREM 3.2. Let (Pn(x)} be the system o f  orthogonal poly­
nomials defined by the recurrence relation

Pn(x) = (n + 1) Pn + i(x) + (n + 2 \  -l)Pn-i(x), n^2,

(3.19)
Pi(x) = P2(x) + X cPo(x)

and the initial conditions

Po(x) = 1, Pi(x) = 2x + 1 / E + (1 - 2 X 0  (3.20)

where

X>0; a ,b ,c > 0 . (3.21)

Then, the continued fraction lim it P(x) o f  [Pn(x)| is

1 1 6
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P(x)________R(x). ,------- , x e l  - [-M, M], (3.22)
c + Î2x+ a + b) R(x)

Vab

where

M=2X + 2 max I

r l l
R(x) = ß I ( 1 - ß  u ) 'A_1 ( 1 - u) 'B’ 1 du, (3.23)

JO
and

Î — + a  l / ~  + ß 
a------ > B = - 2X Y a (3.24)

ß - a  a  - ß

Proof. That iPn(x)}, as above, is an orthogonal system with 
respect to a positive measure e  such that Suppe c  [-M, M], is a 
consequence of Favard's theorem, Theorem 2.2, and (2.14). Now, 
from (3.19) and (3.20) we obtain ([11], p. 157)

P0(x) = 1; Pn(x) = cRn(x) + |2 x  + ^±^)Rn_)i(x), n i l  (3.25) 

w here

Rn(x) = P„|x; X,-X, - K y i ^ n  iO  (3.26)

is a Pollaczek polynomial. As for fP ^ ix )} , this system satisfies
(i )  (i) the recurrence relation o f {Rn (x)} for n t  0. Hence, P n (x) =

R (n1}(x ) ,  n * 0. We observe that R (n1}(x )  is an orthogonal system but
iRn(x)} is not (as Ri(x) = - X V b /a ). Hence, Markov's theorem does
not hold for [Rn(x)}. However, it is easy to prove that we still
have (compare with (3.14))
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lim  Rn_- 1 (x) o f  (l-ft^u)"A ^(l-u)"B ^du, xgC-[_M,M],(3.27) 
n - >0° R„(x) Jo

with A, B as above, and (3,21) follows at once from (3.25), from 
Rn}(x) = Pn^x), n ^0, and from (3.27). ■

The associated Laguerre polynom ials {L^°(x; i)}, i = 0, 1, ..., 
L(1J‘)(x;0) = L̂ a)(x), n * 0, are defined by the recurrence relation

(a +2n+2i+l-x)Lna)(x;i)=(n+i + l)L n“ i (x;i)+(n+a+i)L n“i(x;i)(3.28) 

and the initial conditions

L(r }(x;i)= a  L(?(x;i)=l. (3.29)

The system  { ^ ( x ) }  is called the Laguerre polynomials, and 
[L(na)(x; i)}, their ith - associates. A deep study of the Laguerre 
polynomials is in [31]; their ith - associates are carefully exam­
ined in [4]. We observe that if {P ^ ix; X., a, b)} is the system of the 
associated Pollaczek polynomials then

Pn’(-1; X, a, b) = (- l)nLn2X",,(2(a-b); i), n a 0 (3.30)

and

Pn’d ; K, a, b) = Ln2x l)(-2 (a- b); i), n a 0 (3.31)

The Pollaczek polynomials were introduced by F. Pollaczek in 
[23], [24]; see also [31], Appendix. A study of the singular cases of 
Pollaczek's polynomials is in [9].

§4. The system  [pn(x)J

We denote with fpn(x)} the system |Sn(x)} determined by (1.1) 
and ( 1 .2 ) with a(n \  a ^  given by ( 1 .3 ).
Results in [10] and Theorem 3.2. imply, with

1 1 8
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—  x2 - a - bCO-------- , — >
2V ab

(4.1)

that

po (x) = 1; P 2n (x) = n(Vab )̂ (cRnico) + Rn1- 1 ( co) |, n i l ,  (4.2)
\ Vab '

so that p2n(x) = Pn(w), where {Pn(x)J is the orthogonal system in 
Theorem 3.2

The system (Pn^x)} o f the first associates of ipn(x)| is deter­
mined by

XP2n(x) = P2n+l(X> + atf* p £ _ i(x )  

x p (2n + l(x) = P(2n+2(X) + Æ  P2n(x)

(1) «(1)
(4.3)

and the initial conditions pil^x) = 0 , po^x) = 1 , with a i0), ai+i 
given by (1.3). Again, results in [10] and Theorem 3.2 imply that

P(2n + i(x) = (n + 1) (Vab*) xRi1}(co), n ^ O  (4.4)

It follows from (4.2) and (4.4) that the continued fraction limit 
p(x) O f {pn(x)] iS

p(x) =_  Väb
R(o>)

(4.5)
c +

l ^ b
R(co)

w here

R(tt>) = ß((o) f  ( l - ß 2(c o )u ) ’ A(to)‘ 1 ( l -u ) 'B(o))1du 
JO

- - P(co) 2F i f  A(0)) + 1 
B ( w )  1 - B (cd) + 1

(4.6)

ß2(co)

w ith
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A(co) = 2k JLa----------- , B(co) = 2k J L a J H ------ (4 .7 )
p(co)-a(co) a (to )-p (a ))

This is an analytic function of x for w(x) £  [-1 , 1 ], i.e., for x £  L, 
the clousure of

u ( - i £ - i / b , - | i £ - V b | ) u ( | , & - ^ | , ^  + V b), (4.8)

except perhaps for simple poles, which are necessarily located  
on [-M, M] - L, where

M. ■ Max |V2Xbc + Va, J(l + 2k)b  + 'Js^. (4.9)

We observe that if  ^ denotes the normalized orthogonality  
measure of |p n(x)} then S u p p le  [-M, M]. Also.

f  + <x>

L
Pm(x)pn(x)dfx(x) =Xn6mn, m, n s= 0, (4.10)

w here

(2X )n  
( n - 1 )!

b(ab)n'*c, X2n=-(— )n (ab)"c, n *  1 (4 .1 1 )
( n - 1 )!

A calculation which takes into account (3.16) and (3.17) also 
shows that the absolutely continuous part n c of ^ is d^c(x) = 
<p(x) dx, where

<p(x) = - c Ixl X(-i.i)(M)
jt Vab c + R (a> )

ImR(co) (4.12)

i.e.,

cp(x)= c lx lr (-B )

Váb

Yl-rn2 l ( l - p 2)'A' '|

u V a b i m )

^ i n  f ib  Jo
c + - £ = |  ( l - p 2u ) A' 1( l - u ) ' B 1 du 

Vab,

(4.13)

1 2 0
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for x E L and <p(x) = 0 for x E IR - L. Since Im R(«>) < 0 when x E L, 
(Remark 3.3), the denominator in (4.12), (4.13) does not vanish 
on L, and tp is continuous and positive on this set. Hence, L c  Ĉ .

To determine whether LCC^ amounts to decide whether

zo |Æ -V b |, Zi-Va + i/b (4.14)

belong to P ,̂ i.e., are mass points of \i. This is not an easy task, 
and little can be said. For this purpose we observe that from  
(3.30), (3.31) and (4.2) it follows that

P2„ (z o )= (-l)" n (lS b )n(c U 2x' 1, ( z i ) - ^ = L“ V ,)( z o ; l ) l n a li4 .15)
Vab

and

P2n(zi) = n(VaF)"|cLn2>l l>(zi)+-^LrL^2.V1'(z*i; l)j, n i l ,  (4.16)

where {L„y)(x; j)} is the system of the associated Laguerre polyno­
mials (as in Section 3) and

^ - 2 ^.(1 - y r j ,  z ; = 2 x ( i + y i r )  (4 .1 ?)

We observe that z() (resp. z\)  is a mass point o f pi if and only if the 
same is true of -zo (resp. -z\ ) .  Note that ±Z\  would be end-point 
masses o f fi, and the same would be true of ±zq if a * b.
Let

inY)(x) =  ̂f — ai-------l ' ^ x ) ,  n a 0 (4.18)
V r(y + n + 1 )

be the orthonormal Laguerre polynomials.

THEOREM 4.1 . I f  a = b, Zq = 0 is not a mass o f  jl 
Proof. From (4.17), Zo = 0; and from (4.18), (4.16),

d n i0 1 = c r ( 2 X ) n i l^ > > ) l= c r ( 2 X ) n ( 4 n - ,,(0))2. (4.19) 
^2n (2X)nr(2X)

n!
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Since z = 0 is not a mass point o f {¿n * "(x)! (see [4], [31]), 
£n=o P2n(0 )/k Zn diverges, and so does£ " =0 The assertion
then follows from Theorem 2.4. ■

COROLLARY 4 .1 . I f  a = b then (-2Va, 2Va) c  Cn. Hence, jx has 
no embedded mass points.

LEMMA 4.1. L et X > 0, b z a. Then, there is at most one value 
o f  c for which z0 is a mass point o f  fpn(x)|.

Proof. Assume z0 is a mass point of [x. Since zj s 0, Ln2k_1)(zo) * 
0 for n 2 0. From (4.11), (4.15) and (4.18) we get

\2
.2P2n(ZQ) _ H2X)
tan C

. .  zo
T (2X* 1) / * -v
Ln-1 (Zp, 1)

Vab L ^ ' V o )
nUn (z0)

Since I ^ , 0 P2n(zo)/x2n is con vergen t, and n ^ n 2*" 1}(zq)) 2 

~C n 1/2 e4 ‘̂ nZ(’’ (where C, which depends on X, a, b, is independent 
of n) follows from Perron's formula for the Laguerre polynomi­
als ([31], p. 199), we must have

c _ lim  ___
H " * 00 V ib

z,*, l ‘2. W , ; 1 ) (4.20)

and the assertion follows.

A value of c for which z{) (resp. z t ) carries a mass of n, if it 
exists, will be called an internal critical initial condition forX, a, 
b (resp. an external critical initial condition). The internal criti­
cal condition given by (4.20) will be denoted with c0(X, a, b). If 
zq, z\ do not carry masses for a certain value c, c will be said to be 
non-critical.

THEOREM 4.2 . For c to be non-critical i t  is necessary and 
sufficient that C  ̂= L.

P roof. If L = Ĉ  then z0, zj are not mass poirus of n. Hence, c is 
non-critical. Conversely, if  c is non-critical, L CC^, and since
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p(x) is analytic in [-M, M] - L, except possibly for isolated singu­
larities, then = Supp^iH ([-M, M] - L), i.e., H ([-M, M] - 
L) = 0 . Therefore, CL, ■

Now we prove a result on the presence of masses of |x at z0. We 
will use a result of Askey and Wimp in [4].
We recall that the Tricomi - function x|>(a, b, x) is defined by

ti>(a, b, x) = - .1 — ( e'xtta*1 ( l+ t)b'a’ 1dt, (4.21)
H a) J°J

provided that Re(x) > 0  and a is not an integer < 0. The integral is 
in the Hadamard sense (See [9]).
For Re(a) > 0, the integral in (4.21) is proper. When Zo in (4.17) is
< 0, the result of Askey and Wimp is (see (3.5) of [4])

L if -W o ;  1) = ^ (2X> 2X; "Zo) -u n(^- (4.22)
Ü 2k' l)( z0) ip (2 X -l, 2X; -z^)

i.e., (see [18]),

1}(zo; 1) = e-zó(.zJ ) 2̂ -1r ( - 2A.+l,-A)) + o(e* 4V’ nz°)> (4 -23> 
Li2^ 1}(zo) 

w here

1+°0 .
e '1 1 dt, 5 > 0 , (4.24)

is the incomplete Gamma function (see [22], Chap. II). Let

o a . a . W - e - M - z ^ ’ n -a k + l.-z S ) , z'o = Z k \l-1 ¡ % ). (4.25) 

Then

THEOREM 4.3 . For b > a and X> 1/2, z0 is an end-point mass 
o f  ipn(x)}, provided that
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c = -M _ 0 (X) a ,b ). (4.26)
Vab

Proof. Since X > 1 /2 , it follows that 0(k, a, b) > 0. On the other 
hand, since zo < 0 is not a root of Ln2X_1)(x) forn&O, (4.11), (4.15) 
and (4.20) yield

E lniM . = n (c - -ijL 0(x, a, b) + o(e"4 V7"^)] (i,!2̂  l,(zJ)) 
x 2n c ' Vab /

Hence, if (4.26) holds then

ElniEol _ r m i n ( o ( e -  4 v ^ ) ) 2( ^ - v 0) f  
^2„ C

Now, Perron's Formula for the Laguerre's polynomials ([31], p. 
199) shows that

n ( ¿ 2X X)(zq) ) ~  C n 1/2 e4 nzo, n +oo

where C is a constant (which depends on zjj but not on n). Thus, 
for some constant N > 0,

2
P2n(ZQ)  ̂ N n l/2 e- 4 ^

X2n
Hence

J  pjn(Zo) <+00-

n- °  X2n

To prove that Zo is a mass point we still have to show that

£  P 2 n + l(Zo)
n = 0 fon + l

converges. But this is a consequence of
'

, zo * 0,P 2n + l(ZQ) 2 a P2n + 2(ZQ) + n + 2X. b P 2n(Z0 ) 
^2n + 1 Zq 1 .̂2n + 2 X2n
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as follows from the recurrence relation o f |p n(x)} and from 
(a + b)2 < 2(a2 + b2) .*

Remark 4.1. The Jacobi matrix J of {pn(x)l is (2.29) with an =
0 for n a 0 and

Theorem 4.3 then implies that a rank two perturbation of J  can 
add or remove end point eigenvalues.

Now we state some results on the absence of masses either at 
zo or z\. They also follow from asymptotic formulae in [4].

THEOREM 4.4. Assume X, a, b are rational or, more generally, 
algebraic numbers. Also assume that 0 < \< l/2  and b < a. Then, zo 
is free o f masses o f  ¡i-

Proof. Observe that z!̂  > 0. Under the assumptions, is ir­
rational, so that

A proof of this can be found in [32]. Hence, for some subse­
quence (nk) of (n),

(4.27)

Now, from (2.16) of [4], and taking into account that

n! ~ r(2W
we get

Hence,
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nkl4u (Z0)j —/-*•(),

and arguing as in the proof of Lemma 4.1, and using again (2.16) 
of [4], we obtain

2 T (2X-1), * 
c  =  l i m  z 0 L nk- l  (Zp, 1 )

k “> 00 Vab" U 2tx' l)(z,*,)

lim
k —> oo

e x p i - z J i .F ,
V^b 2 K -1 '  n k '

co sj2 V(nk- l)z¿ - jt - 3-jj

1-2X *
zo

{2 -2 X
(4.28)

COS 2VnkZo - jt - i-J

Hence

cos |2  V(nk- l)zo - Jt |A. - i-j

k ->  oo co s|2  V ñkZo"-jt |x  -

(4.29)

exists. Since Ynk7<* - V(n̂  -i)/<* -* 0 as k -> oo, it follows that I  > 0. 
Given that

i IF ]

it is impossible for c to be > 0.

/
1- 2 \ *

Z()

2-2X t

> 0 if X < 1/2,

THEOREM 4.5. Assume  a, b, are rational or, more generally, 
algebraic numbers. Then, for each n * 1, there is n /2  < a n < 
(n + 1 )/2 , unique, such that i f  n/2 < X < a n is rational (or alge­
braic) then zj is free o f  masses o f  jll
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Proof. The same argument as in the proof of Theorem 4.4  
shows that if c exists such that Zi bears a mass of pi then, for some 
subsequence (nk) of IN,

c = -zi
Vib 1-2X

I — e-zi 1 F 1 1- 2},

2-2X
zi

cos 
lim  ___

k —> oo

|2Y (nk-l)z o  - J t |x  - i-JJ

cos I z V n i ^ - J t  |x  - l - j |

Now, the sign of the right hand side is determined by that of

f(X) =_  1
1-2X

lF i 1- 2X ♦
Zl

^2-2X )
= In = o n! (1 - 2X + n)

-(zî)1

But f'(X) > 0 for X > 0, X * n /2, n = 1, 2, ..., so that for some a n, 
unique, in (n /2, (n+l)/2), n t  1, f(a n) = 0. Hence, if n/2 < X < a n 
then f(X) < 0, and it is impossible that c > 0. ■

Remark 4.2. We have not succeeded in establishing results 
on the existence of masses at z\. The condition on the rationality 
or the algebraic character of X, a, b in Theorems 4.4 and 4.5 is 
not too restrictive from the physical point of view, where X, a, b 
depend rationally or algebraically on certain quantum numbers.

Now we examine the discrete support D^. We observe that P̂  c
U f±zo, ± z !}, with P^= ^  if and only if c is non-critical. All 

along the rest of this section and in Section 5, the meaning of A = 
A(o)), B = B(co) will be that of (4.7), with to as in (4.1).

THEOREM 4.6. Let D be the set o f points where the denomi­
nator

G(x) = c + R(<o)
Vab

o f  p(x) in (4.5) vanishes. Then D C D ^ C D U  {0}. Furthermore,
0 6  Du i f  and only i f  b < a, and in such case, = D u {0}.
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Proof. Since F(x) = (x/Vab ) R(cu), the numerator of p(x) in
(4.5), and G(x) can not vanish simultaneously, any point in D has 
to be a pole of p(x). On the other hand, F(x) and G(x) are analytic 
in [-M, M] - L, except for simple poles. Since F(x) and G(x) have 
the same poles, except for x = 0, and p(x) = 1 /x  at any non zero 
pole x, theses are not singularities of p(x). Thus, the poles of 
p(x), if any, are zeros of G(x). Hence, D C D ^C D  U {0}. Now we 
prove that 0 e  if and only if b < a (we recall from Theorem 4.1. 
that 0  £  if a = b). If a < b and x = 0 then

and, since X > 0, the right hand side integral is convergent. 
Therefore F(0) = 0 and G(0) = c, so that p(0) = 0; i.e., p(x) is ana­
lytic at x = 0, and vanishes there. Hence, 0 is not a mass point if 
a >b.

Now let b < a. Then B = 0, and x = 0 is a simple pole of

and A = 0, B = -Ik. Thus, at x = 0,

i 11( l - p 2u)'A' 1( l - u r B‘ 1du =B_1du = j 11 ~~"Uj ( l  u)
JO

A simple calculation shows that

i i 1 Res(F, 0) = lim  XF(x) = _!_ [ 1  - b_)
x - * 0  2 \  b \ a /

Since

( 4 .3 0 )

0 is a simple pole o f p(x), and
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Res(p(x))----------------1---------------(4.31)
1 + 2 X c i . i i  - k j " 2'1'" 1

Hence, 0 is a mass point of ja, and ¡x{0} is given by (4.31). This 
proves the theorem. ■

Now we determine the set D where G(x) vanishes. We observe 
that D = D0 U Di where D0 Q (-z0, zo) and D! c  [-M, -z\) U (z, M]. 
Furthermore 0 £  Do, and if Eb = (0, zq) fl D0 then D0 = Db U (- Eb). 
A lso D ^ D lu  (-E)J ), where Di = D1fl(z1, M].

We will show that D is infinite countable with ±Z\ as its only 
limit points, whereas Dq is finite with at most two elements if 
a < b and infinite countable with ± z0 as its only lim it points 
when b < a. Obviously D0 = 0  if a = b. The next two results are eas­
ily established. The following formula, which allows to deter­
mine where B is increasing or decreasing, will be useful:

dx Vab ( 1 - p 2)3

where a  = a(m), p = (5(a)), B = B(<o), co = (x2 - a - b)/2 Vab.

LEMMA 4.2. As a function o f  x, B is decreasing in (zj,  +<») 
and tends to 0 as x -* +°° and to +<» when x -> z\+. Hence B is posi­
tive in this interval, and there are M > y 2 > y2 > ... yn> ... > zi such 
that B(yn) = n, n = 1, 2 , . . . .

LEMMA 4.3. As a function o f  x, B is negative on (0, z0) i f  a<  
b and positive and increasing in this interval i f  b < a. In the lat­
ter case, B tends to 0 as x -* 0+ and to +°° i f  x -* z0-. Hence, there 
are 0 < x i <x2< .. <Xn<... <z0 such that B(Xn) = n, n = 1, 2 , . . . .

Somewhat more delicate is the following
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LEMMA 4.4. Let |xn}, {yn] be as in Lemmas 4.2 and 4.3. Then 
{xn], iyn] are poles o f  G(x), and for each n = 1, 2, ... there are 
x b ,^ ,y n, unique, such thatO<x0 <xi <xn+uyn>yn >yn+i,
and  G(x0) = G(Xn) =G (yn) = 0. Furthermore, these are the only  
points in [-M, M] - L where G vanishes.

Proof. Clearly xn, yn are poles of G(x), and a simple calcula­
tion shows that if en = xn, yn then

Res(G,£n) = - 1 e S ( l - P n ) 2X' 1(dS-(£n)j1, n 2 l , (4.33)
fa.b n! Idx /

where pn = P(con)> con = o)(En), and (dB/dx)(En) is given by (4.32) at x 
= sn. Hence, Res(G, en) > 0, n *r 1. It follows that

lim  G(x) = +oo, lim  G(x) = -oo, n * 1. (4.34)
X—*■ Xfj’ X—* Xn + i'

Also

lim  G(x) = +oo, lim  G(x) = -oo, n 2: 1. (4.35)
X -*• Yn + r x -> yn-

Since G is continuous (in fact, analytic) in each interval (xn, 
xn+J) and (yn, yn- i), there are Xn,yn in these intervals such that 
G(Xn) = G(yn) = 0. Since G(0) > 0 (see (4.29)), also G(x0) = 0 for some 
x()e  (0, xi). Clearly, X,,, yn are simple poles of p(x), and Res(p(x), 
8n) = F(En)/G'(in), En = Xn, yn, n > 1. Now assume there are other 
points x in (xn, xn+]) (or in(0, xj)) where G vanishes. These can 
not be infinite in number; so, we can choose two of them, %[’, 
with x̂ ’ <Xn” and G non-vanishing in (x̂ ’, Xn”). We have G'(Xn’) * 0 * 
G'(x̂ ”)> as x̂ ’, x̂ ” are simple poles of p(x). Hence, G'(Xn’) and G'(Xn”) 
carry opposite sings. But F(Xn’) = -c/%’ <0, F(xn”) = -c/Xn” < 0 . Hence, 
Res(p, x) carries opposite sings at x = x̂ ’, x̂ ”. This is impossible, 
since Res(p,x)=fx(fx}) 2r0.The same argument applies to (yn+i,y n)- 
Since G does not vanish at Xn, yn, this argument also shows that G 
only vanishes at x=x(), , yn, n > 1. ■
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LEMMA 4.5. Assume b > a. Then, i f  c 2 1/2X, D0 = 0 . I f  on the 
contrary  c < 1/2X, there is N > 0 such that i f  b /a  > N then D0 =
{ - x q ,  x o h  where x*0 e  ( 0 ,  zq).

Proof. Under the assumptions, zo < 0 and B < 0 on (0, z0). More­
over, B is decreasing in this interval, and B -*  - 00 when x -> z0 - . 
Hence, if

G(x) = c + - ^ L r(io)
Vab

then

G(x) = c + f (l-fi'u )""  ' ( l-u )" “‘ ‘du,
Vab Jo

the integral being proper. An application of L’Hospital's rule 
and Levi's theorem ([27], p.32) shows that

lim f
X - *  Zo /:

0̂ ) f ( i - u ;

J o
= exp(-z0) I ( l - u j ^ ^ e x p du

1- u

exp(-z0)J u 2̂  exp(zo u) du

*  r+°° 
exp(-zo) exp(zo u)du

*
Zo

Since ß -*• -1 when x -> z0‘, and z0 = ( Vb - Va), i  = 2X(1 - Vb/a), 
then
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G ( x ) iC  + — 2̂----= C - + aIIL 2: -I/HT>0,
x-*zo ¿ f i *  2X Vb Vb

provided that c * l/2 k .  This and G(0) = c > 0 imply that G(x) > 0 in 
(0, z0). (Recall the proof of Lemma 4.4 to conclude that (0, z0) can 
not hold more than one zero o f G(x); and can not hold one, since 
G'(x) * 0 for x E (0, zo); otherwise, x would be a double pole of 
p(x)).

Now we prove that if c < 1/2X and b »  a then G(xo) = 0 for one 
value xp e  (0, z0) and, therefore, exactly for one. Let e = -z^ = 
2M Vb/a - 1). Then Vb/a = (e/2K) +1 and Va/b = 2A/(e + 2X). Now

lim (  (1 - r 2u ) 'a_1 ( l - u ) ’ B-1du = e Ee2X' 1 f u ‘2^e'udu.
x->z0- ; 0 ^

Hence

lim  g (x )  = c - e E e- ^.(£ f u'2*e‘udu.
x - > z 0- 2 \  (e +  2 X ) J*

Let G(z0) = limx_>Zo- G(x). Then, an application of L'Hospital's rule 
shows that lime_,+00 G(z0) = c - (1/2X) < 0. Since G(0) > 0, the asser­
tion follows . ■

With the notations in Theorem 4.6 and in Lemmas 4.4 and 4.5 
we then have the following consequence of them:

THEOREM 4.7. The support Supp ¡j. o f the orthogonality mea­
sure (i o f  {pn(x)J is for non critical c as follows:

1) b > a, c * 1/2X. Then

Suppji =Di U L, PlA=D (X=D i, C  ̂= L, (4.36)

where

D i= {±ynln2:lj,L=(-Va-Vb,Va-T/b)u(Vb-T^L,Va + Vb), (4.37)

2) b »  a, c < 1 /2X. Then
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Suppfx=Di U L U | _Xo, xj>j, P̂ l=D li = Di U {-x^, xS),C^ = L, (4.38)

with Di and L as in (4.37) and xj>e(0, Vb- Va) such that G(xo) = 0.
3) a = b. Then

Supplì -  I}u |-2^ r, 2ÆJ, P^-E^-I}, C ,-  -2Æ 2Æ ], (4.39)

where  Di is as in (4.37).
4) a > b. Then

Supp[i =Do UDi U LU  {0}, P ( ^ D ^ D o  UDi U |0}, C ^ L ,  (4.40)

where  D0 = {±Xn I n > 0}, Dj = {±yn I n s  1}, and  L = (- Va - Vb, 
Vb - Va) u (V a-V b, Va +Vb).

The absolutely continuous part\ic o f the orthogonality mea­
sure ¡1 is in all cases

where %(x) is the characteristic function o f  L, and its support is 
L; the singular continous part fxs vanishes; and nPis purely dis­
crete and has at each poin t ± z ,z  = x0, xj),xn,yn, n * 1, a mass 
whose value is

|x ||r (-B )[2 Yi-tu2 | ( i - p 2)'A' j Zx (x) dx,(4.41)
2

(4.42)

where

F (z )= _ l=rR(to(z)), G (z)= -lL R ((o (z)) + c, 
Yab Vab

and, when b < a, a mass at x = 0, whose value is

(4.43)
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= 1 (4.44)
l  + 2X c & { l  1a \ a

Remark 4.3. We observe that z = x0> xj,, yn> xj), and therefore 
H({zj), can not be exactly determined, as G(x) = 0 can not be 
solved in closed form. However, xn, yn can be obtained by solving 
the equation B(x) = n.

Remark 4.4 . We remark that when b >  a, “k  > 1 /2  and c = 
c0(X., a, b) (given by (4.20) or (4.26)), then zq = Vb - Va carries a 
mass of \i. As for |x({z0}> , only estimations based on (2.23) can be 
given .

§5 . The system  {pn}( x ) |

Now we consider the system  {pnI}(x)} o f first associates of 
(pn(x)}. From (4.17) we have

where {Ri1}(ou)] is the system o f first associates o f {Rn((o)|, Rn(x) 
given by (3.26), and to is as in (4.1). To determine the continued  
fraction limit p(1)(x) of iPn1}(x)}, we need to consider the system  
{p£2)(x)} of second associates o f {pn(x)]. These are given by

and the initial conditions pl^ix) = 0, Po }(x) = 1, where ai0), a ^  are 
as in (1.3). Results in [10] and Theorem 3.2 yield

P(2n + i(x) = (n + 1) (Vab) x R^ico), n * 0, (5.1)

(5.2)

p®<*) = (n + 1 ) (V5b r  Ri1’
2 Vb

and p(1)(x) is
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P m (x) = 1
A

i + 1 - / 1 T r (1)( û))
2 Vb

w here

M' = V(1 + 2)J b+VT,

(5.4)

(5.5)

as follows from (2.14). If ^  is the normalized orthogonality mea­
sure of {pi1}(x)} then S lip p y  c[-M \ M'], and (2,5), (2,7) yield

i :
P!i1}(x) Pm(x) djXi(x) = ?,„ Ômn, m, n & 0, (5.6)

w ith

\ 2n = ( 1 + (ab)n, = (1 + 2Mn a (ab)", n * 0 . (5.7)
n! n!

Now, R^Hco) is analytic for x £  L, L given by (4.8), except pos­
sibly for simple poles on [-M', M1] - L. These poles are located at 
those points x such that ou(x) is a pole o f R(^(w) and, perhaps, at x 
= 0 (when a * b).

We also observe that the absolutely continuous part of jii, ^i0  
is given by

2x-A-ll‘
. w m  . 4 .  J T  1 1 - " .* .1']  la ;i>  >' ’ I » w  ^  ,(5 .8 ) 

-M  Vb n a . i ,  I Atl l
-B + l

where x(x) is the characteristic function of L and A, B, p are 
functions of co. This follows from (3.18) and (5.4), and implies 
that L cC jxj. We now prove that L C ^  and, since ([-M\ M'] - L) D 
Supplì = Dj ,̂ that L = and = D,^. To do so, observe that at x = 
Zo = l v s -  Vb I, (5.1) becomes

P 2n + i(zo) = (-1)" ( n +  l ) ( V à b ) n z o U 2 v l , (zÓ; 1), n » 0 ,  (5 .9)
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with Zq given by (4.17) Since

1) = / r(2^ +1) ( n t 1)] L ^ ' V ; ! ) ,  n * 0, (5.10)
V (2\+ l)n

is the orthogonal system of fLn2X_1)(x;l)}, it follows from (5.9) 
that

(p(2n+i(z'))) _ ,2  r(2X+l) (n+1) ( 4 2VI>(-,n. 1 )) n a 0. (5.11) 
' a

X-2n + I

In the same way we prove that

(p2n tl(z l)) r(2X + l )  (n+1) 1 )) n i 0 . (5-11.)

^2n + I

Since {in2X °(x; 1)} has no mass points (see [4]),

j  (P2n+l(x))

n = 0 tan  + l

is divergent for x = z x, and this also holds for z = z0 if a * b. Hence

THEOREM 5.1. The points z = ± (Va + Vb) do not carry masses 
o f  Hi, and the same is true o f  z = ± ( Va - Vb) when a * b. Under 
this assumption, L = and  P^ = D^.

From (3.15) it follows that

Jr11
u(l-p2u)'A'I( l - u ) 'B_Idu

2----------------------------------- (5.12)n->°°  Rnl)(co)
(  ( i - p V ^ d - u ^ d u

Jo

where a  = a(co), p = p(co), and A, B are given by (4.7). 
To determine P^, we first prove
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THEOREM 5.2. For a * b the point x = 0 is in i f  and only i f  
b > a. In theses circumstances,

2 F 1 1 1 a.
[2X+1 b

)

(5.13)

Provided X> 1/2, (5.13) still holds i f  a = b, and jai({0}) = 2X-1/ZL 
Proof. Assume first a * b, so that 0 is an isolated singularity 

of p(1)(x). We have

Res(p(1)(x), o) = Km xp<i>(x) = Km i+ l  , r r  R(1)(o))
' 7 x - * 0  x - * 0  2  V b

Now, when b < a and x -» 0, we have that a) -* - (a + b)/2Vab, 
P(co) - Vb/a, a(o)) -» - Va/b, A(co) -* - 2 \  B(co) -* 0. Then, using
(5.12), we get

lim
x-*0

i +i - / i : r (1)( ü)) 
2 V b

= 0 .

Therefore, p(1,(x) is analytic at x = 0. On the other hand, when 
b > a and x -*• 0 then a(to) -*■ - Vb/a, P(co) -» - Va/b, B(ou) -* - 2X, 
A(to) -*> 0, so that

lim
x-»0 2 Vb

[2X.+1

Now assume a = b. From (1.1), (1.3) and (5.1) it follows that 

P2n(x) = (n+1) an 

which in view of (5.9) gives

P2n(0) = (-1)" ( n+1) an LÄ2X‘l,(0; 1) 1)
n + 1

A calculation based on (3.28) shows, on the other hand, that
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so that p2n(0) = ( - l)n an. Hence

(P2n(0))2 _ n l
X 2n ( 2 X  +  l ) n

and

n 2\ -  1
(5.14)

Since p 2n +1 (0) = 0, the assertion follows from (2.23). This com­
pletes the proof. ■

Now numerator and denominator in (5.12) have , outside o f L, 
simple poles as their only singularities, and these are located at 
the same points, i.e., at the points x where B(co(x)) = 0, 1, 2, ... ; 
hence, these are not singularities of R(1Hou). The poles of R(1)(co), 
if any, will then be located at those points x where

provided that

r 11
I ( l - p  u r ^ ' d - u r ^ ' d u x O  (5.16)
Jo

at those points. We need:

LEMMA 5.1 L e t  x e  IR be such that (5.15) holds and assume 
that there is n a l  such that A + k * 0, k = 1 ,2 ,. . . ,  n and that - B + 
n > -1. Then (5.16) holds.

Proof. Since the integral in (5.15) is * 0 if x e  L, i. e., if a £ 
(-1, 1), as follows from (4.12) and (4.13), for example, we may as-

n
(5.15)
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sume that x £  L, so that p2 < 1. Now assume that the integrals in 
both (5.15) and (5.16) vanish. Then

(  ( l - ß 2 u )-A 1 ( l - u ) Bdu
Jo

r 11 r 11
= |  ( l - p 2u )'A' 1 ( l - u ) ' B' 1 d u -  |  u ( l - p 2u )-A' 1 ( l - u ) ' B‘ 1 du = 0 .

Jo Jo

Since

rn
(A + 1) p 2 1 u ( l - p  u )'A' 2 ( l - u ) ' Bdu  

Jo
- n  , n

+ B j  u ( 1  ~ p u)"A* * ( 1  - u)"B" * du + I ( 1 - p  u ) 'A_1( l - u ) ‘ Bd u = 0  
Jo Jo

when the integrals are all convergent (integration by parts), 
the same is true of the Hadamard integrals (which are analytic 
continuations of the proper integrals). Then, taking into ac­
count that A + 1 * 0, we conclude that

r 11
I u ( l  - p2u)'A"2( l  - u)’ B du=0  

Jo

and, from  

-n
f  ( 1  - ß 2u ) 'A_1 ( l - u ) ' Bdu  

Joto
.11 ,11

= (  ( 1  - p 2u)‘ A_2( l  - u ) 'Bd u - ß 2 (  u ( l  - ß2 u ) 'A_2( l  - u ) 'Bdu,
Jo  Jo

that

. nJr 1
( l - p  u ) 'A_2 ( l - u ) ' Bd u = 0 .

0
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Hence

f  ( l - p 2u)'A'2( l - u ) ' B+1du = 0.
Jo

Iteration of these arguments, using that A + k * 0, k = 1, 2, n, 
shows that

f 11
I ( l - p  u)'A'""1( l - u ) " B+ndu = 0.
Jq

But this is impossible, since the integral is convergent and A is 
real. ■

Remark 5.1. Observe that the integrals in (5.15) and (5.16) 
can not vanish simultaneously if B < 1, as in that case also

r n
I ( l - p  u)‘ A' 1( l - u ) ' Bd u = 0

Jo

even if A + 1 = 0, and this is absurd.
Let

F ( x ) = [  u ( l  - p 2u)'A' ' ( l  - u ) 'B-‘ du,
Jo

(5.17)

G{ x) = |  ( l - p V ^ ' U - u r ^ ’ du.
Jo

The poles of G(x) are located at those points ±yk, yi > y2 > ... > yn> •••
> Va + Vb and yk -* Va + Vb, such that B(w(yk)) = k s l .  When a < b, 
these are the only poles of G(x), since G(x) is then continuous 
and non-vanishing in (Va - Vb, Vb - Va). When a > b, G(x) has 
also poles at those points ±xk,0 < x b < x i < ... <Xn<...< Va - Vb and 
xk such that B(w(xk)) = k  ̂ 0. This was established in
Section 4. Since
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at x = x„, yn, we can prove that

LEMMA 5.2. There are y n > % > Yn+i» n * 1, and xm<xm <?w i, 
m * 0, unique, such that G(xm) = G(yn) =0* Furthermore, F( xm) * 0 
*F(yn) for  m a  0, n & 1, a n d x m, yn are poles o f  R(1>(u>(x)). More- 
over

ResiR(1)(o)(x)), x) = S^L p(o)(x)), x = xm,y n. (5.19)
G'(x)

Proof. Since Res(G, x) > 0 at x = xm, yn, G(x) vanishes in (xm, 
xm+i), m fe 0, and in (yn+1, yn), n & 1, at least once. The same argu­
m ent as in Lemma 4.3. then shows that exactly once. Relation 
(5.19) is a simple consequence of xm, yn being simple zeros of G. 
Now we prove that F(xm) * 0, m  ̂0, so that Res(R(1)(c»(x)), xm) * 0. 
In (xo, xO we have that 0 < B < 1. Since G(x0) = 0> Remark 5.1 en­
sures that F(xn) ** 0. On the other hand, in (xm, xm+i) m * 1, we 
have m < B < m + 1, so that -B + m > -1 . Since A + k = - B + k - 2 \  < - 
m + k - 2X* - Ik, k = 1, 2 ,..., m, Lemma 5.1 then implies, as G(xm) =
0, that F(xm) * 0 .  The proof of the assertion F(yn) * 0  follows 
essentially the same argument. ■

Hence

THEOREM 5.3. Assume a *  b. Then the support Supp^i o f  pi 
is L u  Dm , with L given by  (4 .8) and Dm = D() U Di, where Dj c  
(-iVa - Vb 1,1 Va - Vb I) and  D, c  ([-M\ - Va - V b ) u ( Va + V b , M'] 
are as follows:

i) If a. < b, then D0 = JO}, Di = ynl n * 1}.
ii) Ifa>  b, thenD] = {±Xf,l n;>0},Dj = {±yiil n a  1}. 

Futhermore, the absolutely continous part\i lc o f  m is supported 
b y  L and given by  (5.8), and the discrete part, has masses in 
DHi as follows:
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\

a
b

/

n(I±ÿhl)=J- i/âT ± i M .  ptcoiÿn)), n * l .  (5.22) 
yn V b  G' (ÿ n)

Proof. All that remains to be proved is relations (5.21) and 
(5.22). But (5.21) is a consequence of (5.19), taking into account 
that

Res(pU)(x), xô) ==î- Res(R(l)(co(x)), xii).
Xn

The proof of (5.22) is similar. ■

Remark 5.2. If a = b, Supp^i = LuD|, with Di as in Theorem
5.3., but Ĉ j = L - {01, = Di u {0], so that 0 is an embedded mass 
point of jij; i.e., if JT is the Jacobi matrix (2.29) with

a„ =0, b2n + i = Vâlb2„ + 2 = ^ / ^ ± n ± I b , n ï O ,  (5.23)
V n + 1

its Jacobi operator J has 0 as an embedded eigenvalue. This is the 
interesting feature o f the system {p̂ 1}(x)}.

§ 6. Final observations

As mentioned in the introduction and in Section 2, the sys­
tems of polynomials considered in this paper originated in some 
models in solid state physical-chemistry. The models are usually 
handled numerically or by simulation, and conclusions are thus 
obtained. In the case of our polynomials, for example, there is 
evidence supporting the infinite number of discrete energy

142



ON TWO SYSTEMS OF ORTHOGONAL..

levels and o f resonances suggesting end-point or embedded  
masses. The available data also support the existence of end-point 
masses when a * b and the end-points are limit points of discrete 
masses, a situation we have been unable to deal with.

From the mathematical point o f view, our models disprove 
what intuition says about embedded mass-points being obtained 
though a sieving process when disjoint intervals, one of which 
at least bears an end-point mass, are brought together, or when 
an isolated mass in between two intervals is trapped when the 
intervals weld. In the case o f the polynomials in section 5, for 
example, the intervals of L weld when a = b and an embedded 
mass shows up, but the end-points o f theses intervals are free of 
masses and no isolated mass is trapped when a -* b+. On the con­
trary, the polynomials in Section 4 have masses at end-points of 
intervals, that vanish when the intervals are brought together, 
and no discrete mass in (Vb - Va, Va - Vb) is trapped when b -* a-.
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	(An + lx + Bn + i)Pil)(x) = Pj^W + CnHP^ix), nsO, (2.3) and the initial conditions P-i’fx) = 0, P(',n(x) = 1,	(2.4)

	Cn-1 >0, nsO.	(2.6)

	Xo - 1; Xn = ^2.CiC2...Gi, nil,	(2.7)

	Vx7

	A2n A2n + 1	V A2n + 1 A2n + 2

	P(z) = niijPg, P"'-Il(z) = -L f	z<£[-M,M]. (2.17)


	X | |^ < +00»

	((xn);(yn))= 2 xnyn.	(2.31)

	(a)„ =	niO,	(3.3) r(a)




	l Fi (^ | x) = J — xn,	(3.4)

	2*?iKb|x)- X -(-)l1-b)n x",bd < 1	(3.S)


	A+1 1 W

	dnv h Yl -x21(1 - p2)‘A1| xh,

	2Vab


	H"*00 Vib

	Vab


	k “> 00 Vab" U2tx'l)(z,*,)

	k-> oo cos|2 VñkZo"-jt |x -

	fa.b n!	Idx /


	{ -xq, xoh where x*0 e (0, zq).

	M' = V(1 + 2)J b+VT,
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