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§1 . In trod u ction

In this short note we are going to prove a completeness theo­
rem for a logic that is adequate for the study of stochastic 
processes with 2-parameters, a result that can be seen as a 
natural step within the development of the so called probability 
logics. It builds on previous definitions and results o f Keisler, 
[Kl] and [K2], and in order to avoid repetitions we are going to 
assume the reader is already familiar with sections 1 and 2 from 
[Kl], so that here we just lim it ourselves to add whatever is 
needed to handle the new concepts. In this section we present 
the basic definitions o f the theory of 2-parameter stochastic 
processes, pointing out its differences with the one parameter 
case. A good introduction to the general theory of 2-parameter is 
[W] together with the collection of articles in [KMS].

DEFINITION 1. A 2-parameter adapted space is a structure of 
th efo rm fí= (Q ,(^ (s ,t))(s,t)e[o,i]2, P) where (^ (Sft))(s>t)e[o, i]2> called
2-parameter filtration, is a family o f a-algebras on Q, satisfying 
the following properties:

(i) (Q, i), P) is a probability space.
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(ii) Given (s, t) and (s', t') in [0, l ] 2 such that s s s '  and t * tf, 
-denote this relation by (s, t) =s (s', t')- then ^ (Sf t) c  ^ (s.f t-;.

(iii) ^(o,o) is P-complete.
(iv) For each (s, t), ? (s,t)= fl(s’,t*)e((s,t),(i,i,)]?(s\n, where the 

interval ((s, t), (1, 1)] denotes the set
{(s', t ' ) : s < s', t < t' and (s’, t') s  ( 1 ,1)|.

DEFINITION 2. A 2-parameter stochastic process on Q is a 
function X: Q x [0, l ] 2 -*• ÍR, measurable with respect to 3^1, d x £ ,  
where £  is the lebesgue measure on [0, l ] 2.

The point that makes the theory o f 2-parameter stochastic 
processes different from the traditional theory of stochastic pro­
cesses is the nonlinearity of the time set. This fact, in the context 
of the inform ation contained in the filtration, changes the 
theory in  m any aspects, so that results about 2-parameter 
processes are not just trivial extensions of known cases. For this 
reason, new conditions are im posed on the filtrations so that a 
reasonable theory can be developed in two parameters (see [W]); 
the following one, known as the Cairoli-Walsh condition or 
condition (F4), introduced in [CW], is crucial for the development 
of the general theory o f 2-parameter processes, in particular: 
martingales, stochastic analysis and related concepts.

DEFINITION 3. A 2-param eter filtrations (^(S,t))(s,t)eto, i]2» 
satisfies condition (F4) if:

Given (s, t) and (s’, t’) such that s s s '  and t * t \  then ^(S, t) and 
? (s., f) are conditionally independent given ^ (S) t»}.

The above definition involves the notion o f conditionally in­
dependent a-algebras, which is simple but not very well known. 
We present it here so that the reader can see how it is axioma- 
tized in the next section. In fact, the definition that we now give 
is one of the equivalent formulations of the original concept, see 
[L].
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DEFINITION 4. Given a-algebras 3% H on a common prob­
ability space, we say that % and § are conditionally independent 
given K, if:

for all X and Y positive integrable random variables measur­
able with respect to ¥  and § respectively, we have

E(XYIK) =E(XlK) E(YIK).

We are now ready to move on to the probability logic that al­
lows us to study the theory of 2-parameter stochastic processes 
from the point o f view of model theory. It is an extension of 
Keisler's adapted probability logic, Lad, and we denote it by Lad- 
Since it isn't our purpose here to deal with advanced probabilis­
tic concepts, the probability notions we have introduced above 
are the only ones we are going to use in the next section.

§2 . The C om pleteness Theorem

As it has become customary, the first step that is taken once a 
new logic is introduced is to prove a completeness theorem for it. 
This has been the case for the different probability logics that 
have been studied so far and the new  logic we are presenting 
here is no exception. Looking at the way previous completeness 
theorems have been proved in probability logic ([Kl], [K2], [H], 
[FI], [F2]) we can see that in general, when possible, one uses a 
translation argument in order to reduce the completeness prob­
lem for the new logic to a property of a logic for which we al­
ready have proved its com pleteness theorem. We are going to 
follow this idea here. Taking into account the observations of 
section 1, we can modify in a more or less straightforward way 
the proof of the completeness theorem for Lacj in [Kl].

In [Kl], page 69, Keisler explained that his proof, with the 
obvious modifications, also works for processes with several pa­
rameters. We don't bother to write down these obvious modifi­
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cations, instead we leave them to the interested reader. As we
2

explained in the previous section, the main new feature o f L^, is 
the nonlinearity of time and the way it affects the information 
contained in the filtration. Therefore, from the point o f view of 
the completeness theorem for the logic we are developing, all we 
have to do is to come up with an axiom that captures the Cairoli-
Walsh condition F4. The only change that we have to make with

2
respect to the presentation in [Kl] of L^, is to take into account 
that in the definition of L^-formulas the conditional expectation  
operator works with a 2-parameter filtration, therefore the new  
formation rule is : If a is a term then the expression E[a I (s, t)] is 
a term. Consequently, we have to rewrite the conditional ex­
pectation axioms that correspond to A7 in page 66 of [Kl] (we 
seem to need a slight change in Keisler's A7. (ii)). Here they are:

(i) For all r e  [R,

j  xir,°°) (E[al(s, t ) ) • pda> = | X[r,oo) (E[al(s, t))-E[pl(s, t)]daj.

Observe that Xfr, •) is the characteristic function of the interval 
[r, oo). Being rigorous, the above expression isn't a formula in  
our language since isn't a continuous function; but it can 
be seen as the abbreviation o f a countable conjunction of true 
formulas as the reader can easily verify.

(ii) S i t A U 5 V = >  E[E[a I (s, u)] I (t, v)] = E[a I (s, u)]. ‘
The new axiom that handless condition (F4) is:
(iii) For all terms a and p, and time variables s, t, u, v such 

that s ^ t  and u ^ v  then

E[E[d(s, u)]*E[pl(t, v)]l(s, v)] = E[E[d(s, u)]l(s, v)]-E[E[pl(t, v)]l(s, v)].

We are ready to give the proof o f the completeness theorem. 
As we indicated before, we present here what is really new with  
respect to [Kl]. Theorem 3.2 o f [Kl], module the obvious modifi­
cations suggested by Keisler, remains the same. We concentrate 
in the analog of theorem 3.3 for of [Kl]. Assume L only con­
tains a stochastic process symbol X. We include some details that
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w ere n o t exp lic itly  p resen ted  in  K eisler's paper.

THEOREM. L2¡d Is complete.
P r o o f . Let 0  b e  a  c o n sisten t L ^ -sen ten ce . We w ant to sh ow  

that it  h as a  m od el. As usu al w e w ork w ith in  an ad m issib le  se t  
w h ich  con ta in s 0  an d  h as en o u g h  o n  it for th e  con stru ction  w e  
are carrying out.

D efin e  as in  [K l] (a  s im ilar  a rgu m en t ap p ears in  [F2]) a 
translation  h  o f  L ^ -form ulas in to  Kd-formulas, w here K is a lan ­
guage th at h as the fo llow ing stoch astic  p rocess sym bols: o n e  for  
X, th e  orig in a l sym b ol from  L, an d  a lso  o n e  n ew  sym b ol XY for  
each  L aj-term  y o f  the form  E[a I (s, u )]. The translation  h  is then  
d e f in e d  in  th e  n a tu ra l w ay , f ir s t  fo r  term s a n d  th e n  for  
form u las:

h(a) = a, for a atom ic term ,
h(y) = Xy, w here y is the term  E[a I (s, u)],
h  com m utes w ith  in tegrals an d  resp ects com p osition .
The exten sion  to form ulas is th e  ob viou s one.

N ow  le t 2  be th e  set o f  K  ̂-form ulas m ade up  o f  th e  transla­
tions o f  the Laj -axiom s togeth er  w ith  h (0 ). The next step  con sists  
in  show ing that 2  has a Kd -m odel. This is th e  easy  part. Sim pty  
ob serve, as in  [K l], th a t th e  tran sla tion  p reserves co n sisten cy

2
d u e to  th e  fact the 1^ -axiom s are sou n d  an d  th e  in feren ce  ru les  
are th e  sam e.

So le t  r  = (r, X , Xy) a -m od el for 2 . From th is m od el w e w ill 
show  h o w  to construct an L^ -m odel for 0 . T his is rea lly  th e  m ain  
n ew  asp ect o f  th is proof, an d  h ere  w e are going  to see  h o w  the  
axiom  com es in to  the p icture.

For each  tup le (a, b) e  [0, 1] x [0, 1], le t  ^(a, b) be the o-algebra  
generated  by the sets o f  the form  {<« e  r  : XY(co, (a, b), ? )  2: r} w ith  
r E IR, y a  term  o f  the form  E[« I (s, u)] and  w here w e in terpret the  
variab le (s, u) by (a, b).
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We now prove that this family of o-algebras satisfies the fol­
lowing conditions:

(i) If (a, b) * (c, d) then &(a> b) c  ^ (c d) (i.e. it is increasing).
(ii) If a * c and b & d then b) and ?(Cl d) are conditionally 

independent given d).

In order to verify condition (i) we check that any generator 
A of the o-algebra 1F(a> b) belongs to ^(c, d)- This, o f course, gives us
(i). We use axiom (ii). First we need its translation:

If we let 0((s, u), (t, v)) be the formula E[E[a I (s, u)] I (t, v)] 
and 6((s, u)) the form ula E[a I (s, u )]f the translation says 
Xe(a), (a, b), (c, d)) = X^o, (a, b)).

From this we then have that for r e  IR,

Xo(<o, (a, b), (c, d)) * r  iff X5(co, (a, b)) *r.

Now observe that the event defined by the left hand side of 
this equation belongs to ^ (c, d)> taking (a, b) as a parameter, and 
the one on the other side o f the equation belongs to ^ (a, b>- This is 
wh^.t is needed since the generators o f ^ (a> b) are all of this form.

Condition (ii) is the one that shows that the new axiom does its 
job. The following fact is the key step:

(*) For every p, XE[p, (s, t)](«>, (a, b)) = E[h(p) I ? (a, b)](<o) a.s.

Since by definition, XE$ \ (s> t)](co, (a, b)) is ^ (a, b )-measurable, and 
the generators o f this a-algebra are o f the form XE[oJ (a, b]  ̂ r then, 
in order to prove (*) we have to check for all a and r:

(**) |  E[h(p) I ^ (a> b)] do> =
J{XElal(a,b)]

For this we are going to need axiom (i). Its translation is :

|  X[r, (XEfccKa, b)]) *h ( p) da) = j  X[r, ®) (XE[al(a, b)]) * (XEfeKa, b)]) dto.

In the model this equation means:

Xgp|(a, b)] do)*
IXRaKa. b)l *rl
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fXE[al(a, b)J

h(p) dco =
(XE[al(a, b)] *r{

% p l( a , b)]do).

By definition of conditional expectation, we have:

h(p) dcu = E[h(p) I ^ (a, b)] doj.
lXE[al(a, b)] *r) {XE(al(a, b)] * r|

And this last fact together with (***), gives us (**), as we 
wanted to verify.

With (*) we can easily see that condition F4 is satisfied. We 
need to translate axiom F4. Using (*) it becomes:

E[E[h(a) 13kb)]E[h(p)l Sfccd l^d)]=E |E [h(a) I %b)]l%d)]E[E(h(p)l ^ Qdil l^ d )]

And this is exactly the definition o f conditional independence 
of ^(a, b) and ?(c, d) with respect to ^ (3i d), taking into account the 
way these a-algebras were defined. The rest o f the proof is as in 
[Kl] and we don't bother to write it down. ■

§3. Comments

As an anonymus referee has pointed out, we could view the 
above theorem in a different way: what the completeness theo­
rem is proving is that a consistent theory closed under its conse­
quences in the stochastic process logic has a m odel in which 
property the Cairoli-Walsh condition (F4) holds.

This paper is just a first step in the development of and  
we haven't aimed for the most general results. There are several 
alternatives for continuing research in this area. As suggested  
by the referee, it could be interesting to prove, with methods 
similar to the ones presented here, a completeness theorem for 
the logic that one obtains replacing the Cairoli-Walsh condition  
by a weaker one, known as CQJ, that in some contexts is useful 
(see [KS] and [D]); or even for stochastic processes indexed by a 
general class of partially ordered sets.

Another important line o f work, o f interest also for proba-
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bilists, is the developm ent o f the hyperfinite theory o f 2-pa­
rameter stochastic processes using non-standard analysis. One 
should develop a theory of 2-parameter adapted distributions 
analog to the one in [HK], study the expressive power and then  
prove universality, hom ogeneity and saturation theorems for 
Lai, similar to those that Keisler proved for Lad in [K3]. We have 
begun work on this elsewhere. These developments in the the­
ory with one parameter have shown how useful the interaction 
of methods and ideas from model theory, nonstandard analysis 
and stochastic processes can be, and we expect that the same can 
happen in the context of two parameter stochastic processes.
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